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Andrzej BUCKI

. On the Existence of a Linear Connection so as a Given Tensor Field
of the Type (1,1) is Parallel with Respect to This Connection

O istnicniu koneksji liniowej takiej, aby dane pole tensorowe typu (1,1)
byto réwnolegle wzgledem tej koneksji

O CcyuecTBOBaHMM JNMHEHAHOA CBA3IHOCTM TaKoi, YTOOL! NaHHBIN TeH30p X
Tuna (1,1) 6sL1 NapanaenbHbIl OTHOCUTENBHO 3TOW CBA3HOCTH

This problem is solved by means of conjugate connection:
Conjugate connections have been investigated by a number of
authors, among others [3]. In this paper some applications of
this concept will be introduced. Suppose that two linear con-
nections F and fA and a non-singular tensor field M of

the type (1,1) are given on an n-dimensional manifold M.

DEFINITION 1. The connections I~ ana /A are said to
be conjugate with respect to the tensor field I of the type
(1,1) 4ir and only if the following condition is satisfied
along every curve 7% on M: if an arbitrary cove;:tor a is
parallel displaced along 7 !jfﬁ Ezgnsense of the connection

[5 then the covector T, s is parallel displa-
= V—T(¥,8)



24 Andrzej Bucki

A

ced along 7 in the sense of the connection [ .

. The following theorem characterizes these connections:

THEOREM 1. The necessary and sufficient condition for the
A
comnections /~ and /  to be conjugate with respect to the
tensor field ' of the type (1,1) is that their local
! 1 aF!
goordinates F;jk and de be related by the relationt

1) F;E-ij" 'Ipvarg

where V denotes Yhe covariant differentiatiog operator with

- i ~ |
respect to the connection / , and I 4is the inverse to I .

Proof. The covector g is parallel dispaced along
every curve 3’ on M in the sense of [ , 80 its coordina-

tes satisfy the following condition:

Qiak-["kapao

The covector T, is parallel displaced along every curve 7
on M in the sense of f_', 80 its coordinates .'Iia satisfy
the condition:

oF:
Ip(Tag) - [gyalay =0
or
8 '8
VieTiay + 23 Ryay - PRawday = 0
This equality holds for ahy covector &, 80 wWe havet

~
Verd + xlryy =l
hence -

ey = My + 73 Gad GED
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As an example of the application of the theory of conjuga=
te connections with respect to the tensor field X of the
type (1,1) we’ll give the following:

THEOREM 2. If a non-singular tensor field W of the

type (1,1) on a manifold M with a given connection i

satisfies 3_133 conditions

o1l
(2) Vil{xiXg) = 0
n
then there exists the connection [~ gn M such, that:

i
VT = 0.
£
Proof. We define the connection r' on M in the

following way:

. A A
(3) [=ae [

where [ 1s the conjugate connection with f" with respect
to T « In the local map U, the coordinates of this conne-
ction are the following:

i A4 1 .1~ p
( [Mje = C5c * 2T Vyog
Now, let’s compute the value of QI;' 1
£ 4 i O . 21 : 1 s _14
VT3 = OuXy = [0y Te + [ ka®3 = T3 - [py7s +
1 : e o~
+ ks X§ = 3055 ATd + 37352 Vexd =
1.1 1, 1=~
= Vexy - 2Vhws+ 2% 7 ol

-

Using the condition 2 we havep

~
1 1 1 1z
Vk'ﬂ'a =z W7y - 2Wpx3 Vkﬂfg - %Vﬂf: i '}Vk'«T;' =0
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We’ll need the following:

THEOREM 3 [2], [#], (5], [6]. If a temsor field T of
the type (1,1) is covariantly constant with respect to o gi-

ven connection on a manifold M, then there oxists an atlas

(in the main-nonholonomic) on M guch, that the tensor field

IT has constant coordinates 31: each map g_g this atlas,

Now we havet

THEOREM 4. _]E_f_ a non-singular tensor field qr of the

type (1,1) on a manifold M with a given connection [

satisfies the condition (2), then there exists an atlas (in

the main-nonholonomic) on M such, that the tensor field I

has constant coordinates at each map of this atlas,

Proo#f, Itis the obvious consequence of the theorems
2 and 3,

Pinally, if we proceed similarly to [1] we’ll have the
followings

THEOREM 5, The curvature tensp‘:_r:_&_;. ﬁ 329; R _g_f !;1}9_

conjugate connections [ amd [ respectively, with respect
to the tensor field T of the type (1,1) are related in

the foliowing ways

o § ~3
(5) del = jrpﬂrgngm
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STRESZCZENIE

W pracy tej zdofiniowane sg koneksje liniowe sprzezone
wzgledem pola tensorowegoe typu (1,1) a naste¢pnie ich zastoso-
wanie miedzy innymi w podstawowym wyniku pracy tzn. twierdzeniu
2 o istnieniu koneksji liniowe] takiej, aby dane pole tensoro-
we q typu (1,1) bylo réwnolegle, przy warunku, %e pole
xa Jest réunolegte wzgledem danej koneksji oraz w twierdze-

niu 4 o lstnieniu atlasu w ktérym pole 9 ma state wspdirzed-
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ne, przy zatozeniu e pole Jr2 Jest révmolegle.,

w twierdzegiu 5 podany jest wzér na tensor krzywiznowy koneksji

sprzezonej.

Pe3woue

B aToit padore onpeleneHo JNUHENHHE COMPAXBHHHE CBA3HO-
CTH OTHOCUTENBHO TeH3opa Tema (1,7) -, 8 3aTeM ux ynorpedne-
HWe HanpuMep B OCHOBHOM pe3ynbTaTe pacOTH, 3TO 3HAYUT B TeO-
pexe 2 0 CymeCTBOBEHUU auHeliHo! cBA3HOCTM Tako#A, UTOOH NaHHHA
Ten3op JI Tuma (17) Oun napannensu!t npu yciosuu, YTO J? sens-
eTCA MapanjeNlbHHM OTHOCUTENBHO N8HHON cBA3HOCTU. Jpyroe ymoT-
peCneHue BHWCTYMaeT B TeopeMe 4 O CYNECTBOBAHUM 8TIAC8, B KOTO-
pou JT uMEET NMOCTOAHHHE KOOPAMRATH, NpU yCaoBuu, yTo JL*ABRAET-
CA napanienbHuM. B Teopemd S npeAcTaBiAE:o (GOpMyNy TEH30pa

KPMBU3HH CONPAXEHHOW CBA3HOCTH.



