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On Distributions and Moments of Order Statistics for Random Sample Size

O rozkładach i momentach statystyk porządkowych dla próby o losowej liczebności

О распределениях и моментах порядковых статистик для выборки случайного объема

1. Introduction. Let (X2, X2,.., Xn) be a sample from a population having distribution 
function (d.f.) F(x) and probability density function (p.d.f.)/(x). Suppose that X2 < 
< X2 < ... < X„ is an ordered sample of size n. Properties of order statistics (o.s.) for 
fixed sample size n were widely investigated, while a literature on this subject in the 
case when n is a value of random variable V is not so rich. Some studies on order statistics 
for random sample size can be found, e.g. in f 1], [21 and [6].

In this note, we will study distributions and moments of order statistics in the case 
when N has a power series distribution (e.g. [3], [5]) and an inflated power series distribu­
tion. In particular cases, some of our result reduces to those of [6]. It is worth mentioning 
here that such types of distributions are of interest in mathematical statistics ([4], [7], [8],
[9], [10]).

2. N has a power series distribution.
(i) Distributions of order statistics.
A random variable N is said to have the power series distribution (PSD), if 

the probability function of N is of the form

(1)

'0:O<0 the

Parameter space, and p is the radius of convergence of the power series of f (0), and N 
denotes the set of all integers.
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In what follows we write fi for fixfi, F/ for F(xf) etc., and put

4,(0) = 2 a(k) 0k, Di(0, F) = Z (f)d(*)[fl(l-F/)]* 
k>i . k&T ‘
k (=T k> i

Ei(e,F)= (.f)a(k)[eFN_Ul]k, 

k&T

Lj(0,F)=Z k-;Wk)[0(l-Ff)]k,
k J

where (^ j is the multinomial coefficient.

Lemma 1. If Xx < X2 < ... < Xjy is an ordered sample of size N, where N has the 
power series distribution (1), then:

a) the conditional p.d.f. of Xj, 1 < i^N, conditioned on the event [N> z] is

=
DiV.F)

Ai(0)
(2)

b) if T is finite, then the conditional p.d.f. of XN - i+i , conditioned on the event 
pV > Zj is

EdO.F) , , ,
g(xN-i+J~ aza-. 't1 _FAr-/+l) FN-i+ l ^N-i* l ’

c) the joint conditional p.d.f. of X{ and Xj, .1 < i < / < N, conditioned on the event 
[N>j}is

*(*„*/) = ^-F^-«-1 [X-FjY’fifj. (4)
4/(0)

Proof. Let G denote the conditional cumulative distribution function of Xt, conditioned 
on the event [TV > i], i.é. C(x,) = P [Л7 <x,1 N> i]. For a given sample size к let us put 
H{Xi \k)=P [Xj<Xi\N = k] and A(x, |*) = Я’(х, | k). We have

G(x,) = P[X,<x,|iV>i] =■
P [TV> z]

2 P[X,<x,|iV = jfc] = 
к > i 
ke.T

P[N>i\ k>i 
к <= T

2 Æ(x,|ifc)F[iV = it].

1
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Hence, we get

g(*l) = -
1___

P [TV > z]
2 h(xl\k')P[N = k]. 

keT

(5)

By (1), we have

2 /i(x, | k)P [TV = fr] =
k > i 
keT

k\

k> i (i-l)! (k-i)\ 
keT

a(k) 6k 

№)
fi =

since h(xj | k) =
k\

(i - 1)! (k - 0!

IF/'1 (1- Ff)~7f 

7(0)

Fj 1 (1 — F/)* ' */?, z = 1, 2,fc Moreover,

F[TV>t]
MO)
f(P)

Di(.e, F),

Hence we obtain (2).
The formulae (3) and (4) can be obtained in an analogwuway, using

k'.

(i-l)! (*-/)!
0— F \t~1 pk- i f

N-i*i> rN-i+ i 'N-i+ t

and

hfa, Xj | k) =
Jfc!

0-1)! <7—»- 1)! (*-/)!
F/->

for i <j.
The p.d.f. of the smallest and largest (when T is finite) order statistics are directly 

obtained from (2) and (3) by putting z = 1.
Lemma 2. Let R be the range of zn ordered sample xl<x2<...<xN, where N is 

a random variable distributed according to (1). Then

2 d^aWO11 f“[F(x + R)—F(x)]k~2 f(x)f(x + R)dx. (6) 

keT

Proof. Since the p.d.f, of the range R ([ 11 ] p. 248) is, for fixed k,
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h(R) = k(k - 1) f [F(x + R) -R(x)]* -2 /(x)/(x + R) dx,
— M

therefore the p.d.f. of R for random A' with the distribution (1) is given by (6).
(ii) A sample from a population uniformly distributed in (0; 1).
We now consider a sample (Xt,XN) of size N from a population having the uniform

distribution in (0; 1), i.e. F(x) = x for x £ (0, 1). In this case we can prove
Theorem 1.//A', < X2 <... <XN is an ordered sample from F(x) = x, x S (0, l)and

N has the distribution given by (1), then:

2(1—R)02 r. . ,
g(V= ® <*> № 'î( }

for m > 1,

_ / kt (m + i — If. (k — i)\
EX™ =--------- 2 (?) a(k) 0K -- -------------—------ —

' Ai(0) k>i 1 (m + k)'.
ke T

and '

(7)

(8)

EXfXj i(j + 1) a(k) 0k

4/(0) k > / (k + 1) (k + 2) 
k e T

, for i<j. (9)

Proof. (7) is a straightforward consequence of (6), while (8) and (9) we obtain from 
Lemma 1.

(iii) Particular cases. It is knownthat (1) with T - ^0, 1, nj, a(k) = (f£), f (0) = 
= (1 + 0)n, 0 = p/q, where 0 < p <1, p + q = 1, reduces to the binomial distribution 
with parameters p and n.

{0}, «(*) = (-1)* (~2),7(e) = (i =«7.0<?<i, then(l)
gives the negative binomial distribution with parameters <7 and n.

Putting T = N U (0), a(k) = 1/fc! ,f (0) = e6, 0 = A > 0, we get the Poisson distribu­
tion with parameter A.

Using the above facts one can get from (2) - (4) and from (6) - (9) the results of [6].
The above given considerations concerning the moments of the ordered statistictlead 

us to the following combinatorial formulae:
Corollary. If T, 0, f(6) and a(k) are quantities determining the binomial, the negative 

binomeat and Poisson distribution, then for m > 1

it!
2 ------------------

k> i (m + k — 1)! 
JteT

«z(*)0*[-^- (A+l) a(k + 1) i! . ,-------- £------ ù-------£_ ]=-----------------a(i)0'~1 f
m + k a(k) (m+i — 1)!

i.e. explicite
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n k\
S ------------------

Jfc-f (m+k — 1)! ” q ' q 

k\

* " " m + k (m + j — 1)! * q

t . 1 n + k f! t .
-( < k>q (----------- = 7-I—77 (_1> < P>q •

k - i (m + k — iy. " q m + k (wt +1 — 1)! ‘

1> J 1•x* lr--------—]=■ >1-1
k*i (m + k — 1)! X m + k (zn + j'—l)!

Proof. The above formulae we obtain from (8) and from the results of [6].
3. N has an inflated power series distribution.
(i) Distribution of order statistics.
A random variable N is said to hive the inflated (at the point k — I, l& T) power series 

distribution (IPSD), + the probability function of TV is of the form

p(k; 6,a)=P[N = k] =

a(k) 0k 

f(0)
for k=l

(10)
a(k)dk

/(«)
forker- I

where O<a<l,tt+0=1, and the symbols T, a(k),f(Q), Q are the same as in the 
definition of PSD.

It is obvious that in the case a = 1 IPSD reduces to PSD. Putting y(0) = (fi/a)f (0), 
We have

Lemma 3. If < X2 < ... < XN is an ordered sample of size N, where N has IPSD 
(10), then:

a) the conditional p.d.f. of Xj, 1 < i <TV conditioned on the event [TV> j] is

8(*i) =

£>,(fi,/0+ Y(0)({)(1-*/)' , f .
----------------------------------------------- iF/ ‘ 1 (1 - F/) "' fi for i < I

MM»)

D-^e’ Q- i F!'1 (1 - F,) -' ft for i > I;
A((0)

(11)

b) if T is finite, then the conditional p.d.f. of X^-i* 1. conditioned on the event 
I# > 1] is
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>1/(0)+ 7(0)

8(*N-i. i) = *

,(1 ^v-/ti)"ł <;'-/* ,/k./+i

for i < /

(12)

£j(e,F)
>1/(0)

fori>l

c) the joint conditional p.d.f. of X, and Xj, 1 < i <j <N, conditioned on the event 
[N>j]is

?7(6, F) + 7(0) C(/ ~ 1 ) (,• - b y Jj -21, / -/> O ~

4/(0)+ 7(0)

g(Xj. Xy)=<

7- F/’1 [Fy-F,y-'-‘ [1-F/J-^ijÇ

[Fy-

forj<l

(13)

forj>l
>1/(0)

Proof. Consider the case when i < /. By (10), we have

F[A>/] = 2 P(A = fc] = 2 P[A = fc]+P[A = /]+ 2 P[N = k] = 
k > i i < k < I - l k > I
keT keT keT

/(0)

Moreover, in this case, we have

2 A(x, I k} P[N = Jt] = -— [ 2 /<$) F/ 1
k>i ' 1 J f(0yk>i w z
ke T keT

[l-Fi]k-ifia(k)0k +

LP/(0, F) + 7(0) ({) » (1 ~ F,)'] F‘ - ‘ /(1 - Fj)~ ' f ]

Hence we obtain the first part of (11).
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Similar evaluations allows us to get for i> i.

P[N>i}=-^— Ai(Q)

and a
S A(x, | *)P[JV = *] = ■=—-iFf’* (1-Fjy‘fJUO.F).

k>i J (?)
kcT

This leads us to the second part of (11). The formulae (12) and (13) can be obtained 
in an analogous way.

The p.d.f. of the smallest and largest (when T is finite) order statistics are directly 
obtained from (11) and (12) by putting i = 1.

Lemma 4. Let R be the range of an ordered sample < X2 <... < X^, where N is 
a random variable distributed according to (10). Then

<?(*) = , f"[F^+R)-F(x)]k^f(x)f(xAR)dX +
A2(0) + y(0) k>2 c

keT

+ y(P)(k) f‘[F(x+R)-F(X)],-If(X)f(x+R)dX). (14)

Proof. Since the p.d.f. of the range R is, for fixed k,

h(R) = k(k - 1) f [F(X + R) -F(x)]*’ 1 f(x)f(x + R)dX ,
* M

then the p.d.f. of R for random N distributed according to (10) is given by (14).
(ii) A sample from a population uniformly distributed in (0,1).
We now consider a sample (Xlt X2, ... Xjg) of size N from a population having a

uniform distribution in (0, 1) i.e. F(X) = x for x 6 (0; 1).
Theorem 2. If A\ < X2 < ... < Xf/ is an ordered sample from F(x) = x, x e (0,1),

and N has the distribution given by (10), then

for m> 1

*(*) =
2(1—7?)

F2[A(0) + 7(0)]

p i(m + /—1)! 
I X,(0) + 7(0)

[2 (k2)a(k)(0R)k+y(0)(l2)R']-,
k > 2
kET

[2 (k-)a(k)Ok
k> i
k^T

(*~Q! 
(m + k)\

+ 7(0) (J) (/-0!

(m + /)!

(IS)

) fori<l

(16)

i(m + i — 1)!
-4,(0)”

I

2 (kf)a(k)0k 
k> i 1 
k&T

(*-Q!

(m + fc)!
for i> I;
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EXtXj =

r ł'(/+ 0 2 a^ek
A,(0) + y(d) lk*j (k + l)(k + 2) 

Łe T
<

/(/ + 1) a(k) ek

A,(0) k>j (k + 1)(k + 2)
V k e T

7(g)
(/+!)(/+2)

] forj<l

for j>i.

(17)

+

Proof. (15) is a straixghtforward consequence of (14), while (8) and (9) we obtain 
from Lemma 3.

(iii) Particular cases.
a) If the random variable N has the inflated binomial, distribution with the parameters 

a, p, n, i.e. the probability function is of the form

ppv = fr] =
0 +a (%)pk qn~k fork = l

afyp* (ln'k for fc = 0, 1,..,/- 1,/+ 1,.., n,

where 0 < a < l,a+^ = l,O<p<l,p+(j = l,„eN, then the formulae (11) - (17) 
take the forms:

1f
Bi(n,p) + y

[«p('JZi)(pFf)'-‘(l-pF,)'’-7L+

1-i, for i < I

S(xi) =

1
(Ila)

£»(«. P)
«p("/Zi)W'‘ (i-pf,)"-'^ for i> I,

where 7 = ^/a and B,(zt, p) = 2 (?) pk qn ' k;
k‘i

F,(n. p) + 7
["P'(”- I )(1 ~fN-i. i)’‘1 (<7 +PfN-i+1)',‘' Zv- /+1 +

i- l pi-i+ 7/(!_})( 1 "Fat.,>,)’-* F^_'.tl/)v.f+l] fort</

p)
npZ(”_ |)(1 -Fn-^ lY'^P + pFN-i-,1

for i > I;

1

(12a)
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f ^7?<"<"- Op'/7?-2-P/7)"-> +

1 + 7/(1 - IX, - 1, Z -!?_2- F,)'-'] F'- 1 [F, - F,r1 fifi

?(xi, */) =

for/<Z
(13a)

£/(«. P)

Id -pFlf-'fifj

»<» - Df'f'- • [Fz -f,)/-<-■(,_ u

for/>Z,

g(R) = „ z \ : {"(" - 1)P2 S“\PV\x + R) - F(X)) +1? ]" - J /(x)/(x + Rydx +

5:(«,P) + T *■

+ ?/(/- l)f[F(x +*)-F(x)]'- 2 /(x)/(x + Rydx}; (14a)

(1 -RXq + pR)'2 , „ ,
*(*) = ■ — K" “ Op2 (<z + p*)" + 7z(z - DOz + pR)1] ; (15a)

£j(«. P) + 7 

C m + i - 1 (« — t)(m + i — 1)/
EX™'1+ It(n + m) p ' (n + m)[Bj(n, p) +.7] *’ p(m + iy

•(Jlj)0O« + »-U-/+ 1) —(^Z })«P/_ 1 a""'* 1 ] for/<Z

EX™ =

m — 1 + 1

L

(16a)

(n + tri) p (n + »i)J9/(n,p)
("Zi)Pf_1<7',_/** for/>Z,EX™’1 -

where 0(a. by = f x®-1 (1—x)b" 1 dx-;

f ‘V+
5,(n,p)

1) Bj . 2(n + 2, p) +

Bj(n, p) + 7 1 p2(n + l)(« + 2) (Z+l)(Z + 2)

EX/X,= 4

] for/<Z

(17a)

i(f + 2)Bj+i(n + 2,p)
(n +!)(« + 2) Bj(n, p)
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b) If the random variable N has the inflated negative binomial distribution with the 
parameters a, q, n, i.e. the probability function is of the form

0+a( fypH(-<tf iork = l 

-n „\k
P[Jy=(fc] = -

«( JpP (“<Z) for fr = 0,1, 1, / + 1,

where 0<a<l, a + 0 = 1, 0< q < 1, p + q = 1, nSN, then (putting 8*(i, p) =

~ 2 d)Pk qi~k) the formulae (11) and (13>-(17) take the forms:
Jt- o *

r n(n+i~li)pnqiF‘-7t+r/(i:jXp +<?V+1 [(p+qFJFj-1 (1 -F^-'/i

n + il^_,(«-»'+ i.p) + 7] (p + qFj
for i < Z

g(*,) =

«(" + £ ibp" q‘F‘-' fr

B*_A(n + i-[,p)(p+qF.y

(lib)

for i > I;

7

g(*i. Xj) =

n+/-3
[fiJ-1(«+/'-1>P) + Y]<P+tf/)"*/ 1 1,7 ' 1,71 1

+ /- 1)P"?+7(Z_ u/;.2!,/_/)(/" l)/(l -Fp'-^ + ?F.)"+/] 

for j < I
(13b)

, „+,-3

k_
for/> fr

S(F) =
Pn q1 f(x)f(x + R)

^„*.1(" + l.P) + 7 - [l-?(F(x + F)-F(x))]
dx +[ f

+ ?/(/- 1) /"[F(x +F)-F(x)]'-J /(x)/(x +F)dx]; (14b)
— M

n + 2
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g(R) =
Pn q2(l~K)

*;_,(" +i.p)+ 7 (p + qR)\n + i + yl(l-l)R'-2] ; (15b)

for m > 1

r 1
ex!” '* 1p(m + i- 1)

<7(n-7n) ' («-»»)[£*_, (» + «-l,p)+7]

(m-qn+pl) >_ , „ p" q‘~1
[ 7 - ; + /- DK« + ‘ -l> l~i + 1) + ——T

q(m + /) 0(n, i)
1

for i < /
EX"

EXiXj =

where

p(m + i - 1) 

q(n- rri)
EX™ ’ 1

P>'-‘

(ft - m)B*_'(n + i-\,p)P(n, f)

(16b)

for i > I

/(/+!) /?/,(/+ 2,»-2)

5*.,(«+/-l,P) + 7 t?2(«-2)(n-l) (/+l)(/+2)

f(/-H)Pt/y(/+2,»-2)..... for/>/

B*_i(«+/- !,P)<7J(«- OC"-2)

■]for/</

(17b)

/3(fl,z>)/? («,/>)= ;V-*(i-o&-‘ dt

c) If the random variable N has the inflated Poisson distribution with the parameters 
a, X, i.e. the probability function is of the form

6 + a — e~K for k = I 
ki

P[Ar = it] =

a— e'K for it = 0,1, ..,1-1,1+ 1,. 
L ki

where 0 < a < 1, a + /3 = 1, X> 0 then the formulae (11) and (13) - (17) take the forms:
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g(*i) =

1 [—forz</
Ą(X) + r (z-1)!

(He)

( X(XF<)>..ł/ć. ę-^Fj f0T i>li

(_ P/(X)(/-1)!

where Ą(A) = 2
- Xk e~ x

k.i k!

1____ X1 (XFf)f- 1 e- KFi [X(FZ - F,)f -1 +

(/-1)! (J-i- 1)!W+ 7

g(Xi, Xf) ■■
for i < i

(13c)

A* W 1 e- KFi [\(Fj- F,)V-f- ».££■
for j > l,

(/-!)!(/-Ż-1)!Ą(X)

g(R) =---------------- [A2 e'x f‘eK[F{x + R'>-F^f(x)f(x + R)dx +
^i(X) + 7

+ 7/(/~ 1) /"[F(x + R) - F(.v)]'- 2 /(x) f(x + 7?) dx] (14c)

1-7?g(R) = -- -------------[X2 e~ X(1 _A) + 7/(/- l)R'~ 2 ];
A(X) + 7

(15c)

for m > 1

C OT + i-1

X

,/- h

^(X) + 7

1 (m + i- 1) (m + f-X)f
(7 —

X(m + /)

EX™ =

‘ •(<_l)P(m + /-l,/-«+!)+ —— e’x] for/<7

(16c)

m + i - 1 \i.~l e~K--------- EX> 1-------------
0 - D! Ą(X)

forf>£

EX'n '1

< X
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EXiXj =

/(/ + 0 Ą+tPO J 7 

P/(X) + 7 XJ (/+!)(/+2)
for j < I

(17c)

/(/+0
XJP/(X)

for / > I.

Remark. The results of [6] can be obtained from (iii) by setting a = 1.
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STRESZCZENIE

Niech X, < Хг < ... < Xjq będą statystykami porządkowymi dla próby o liczebności N, gdzie N - 
zmienna losowa o wartościach całkowitych nieujemnych.

W pracy podaje się wzory na rozkłady i momenty statystyk porządkowych, w przypadku, gdy N 
ma rozkład typu PSD i IPSD.

W szczególności rozpatrzono przypadek, gdy X, ma rozkład jednostąjny na (0, 1) a N - dwu­
mianowy) ujemny dwumianowy i Poissona oraz powyższe rozkłady uogólnione.

РЕЗЮМЕ

Пусть X) < X, < ... < Xjq- порядковые статистики выборки объема N, где N-случай­
ная величина, принимающая неотрицательные цели значения.

В работе дается формула для разпределений и моментов порядковых статистик в случае, 
когда N имеет распределение типа степенных рядов и обойденных степенных рядов.

В частности рассмотрено случай, когда X, имеет равномерное распределение на (0, 1) 
и N- биномиальное, отрицатслыю-биномпальное и Пуассона распределения и эти же распреде­
ления обобщенные.




