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1. Introduction. Let (X, X;, .., X,) be a sample from a population having distribution
function (d.f.) F (x) and probability density function (p.d.f.) f (x). Suppose that X, <
< X, € ... € X, is an ordered sample of size n. Properties of order statistics (o.s.) for
fixed sample size n were widely investigated, while a literature on this subject in the
case when n is a value of random variable N is not so rich. Some studies on order statistics
for random sample size can be found, €.g. in[1], (2] and [6].

In this note, we will study distributions and moments of order statistics in the case
when N has a power series distribution (e.g. [3], {5]) and an inflated power series distribu-
tion. In particular cases, some of our result reduces to those of [6]. It is worth mentioning
here that such types of distributions are of interest in mathematical statistics ([4], [7}, [8].
[9), [10]).

2. N has a power series distribution.

(i) Distributions of order statistics.

A random variable N is said to have the power series distribution (PSD), if
the probability function of M is of the form

p(k;0)=PIN = k] =

k
4‘;_—-"—)3—— forkE€T, 1)

)

where T€ N U {0},a(k) >0, (0) = Z Ta(k)ek for0€Q={0:O<0 <p},the
€

Parameter space, and p is the radius of convergence of the power series of f (6), and N
denotes the set of all integers.
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In what follows we write f; for f(x;), F; for F(x;) etc., and put

AO)= T a(k) 6%, Dy, P =Z T({-‘) a(k) [0(1 — Fp],
keT k>i
E@P=ZX G Yaky (6 Fyy_,, 0%,

keT

LO.P=E kh=DG_y ;501 k- pa®ea =Rk,

where ( k,, ,:;’ k,j is the multinomial coefficient.

Lemma 1. If X, € X; < .. € Xy is an ordered sample of size N, where N has the
power series distribution (1), then:
a) the conditional p.d.f. of X;, 1 < i< N, conditioned on the event [N 2 i] is

Dy6,F) .. r
8(xf)=_/;_(7)'—lp,-l A=) A, (@)
]
b) if T is finite, then the conditional p.d.f. of X Pk 112 conditiored on the event
(N> i]is
Ef(of l?) H i= -
AL ST R/ T AR ©

c) the josnt conditional p.d.f. of X;and X;,.1 < i <j <N, conditioned on the event
N>)]is

Li6, F a e
s(xs.xz)=—f,.(7;;,)—) FlmV /=Ryt n=-F17 hg. 0

Proot, Let G denote the conditional cumulative distribution function of X;, conditioned
on the event [N > i), i.e. G(x;) = P[X; <x;| N > i]. For a given sample size k let us put
H(x;1k)=P[X;<x;|N =k}]and h(x; | k) = H'(x; | k). We have

1
G(x))=P[X; < Nzl =———— Z PX;<x;|N=k] =
xi)=P[X;i<xql i FIN>T Ko (X1 <xq] ]
keT
1

=P_[N—>—i]— 'r(x‘lk)P[N kj.

mv



On Distributions and Moments of Order Statistics for Random Sample Size 53

Hence, we get

1
g(xt)='m kz>’,h(xllk)P[N=k]- (%)
kET
By (1), we have
k! a(k) 6%

: =k]= e on el plabuy, pAREl =
LG kz>l(i—l)! G-y i A-F) 70) Ji
keT kET

i1 -1
i-Bpei (b= B vl
= = Dy@, F),
70) 16, F)
since n1(x; | k) = gl F,f-l (l—F-)k"fi i=1,2, ..,k Moreover
G — D! (k=0 ' S ’
A;(6)
PIN3il= —
W=0=7e

Hence we obtain (2).
The formulae (3) and (4) can be obtained in an analogoasway, using

1
- (=1 pk-i
My -io 0= e T B e

and

k! - o ke
h(xy, xj 1 k) = =D —i=D) &I} Fr U E=FY-"n—-F1t
fori<j.

The p.d.f. of the smallest and largest (when T is finite) order statistics are directly
obtained from (2) and (3) by putting i = 1.

Lemma 2. Let R be the rangeofanordered sample X, < X, <... < Xy, where N is
a random variable distributed according to (1). Then

2
A1(0)

z &) ak) 6% [ (F(x +R) = F))¥ ™2 f(x) fx + Rydx. (6)
2 - -
eT

>

Proof. Since the p.d.f. of the range R ([11] p. 248) is, for fixed X,
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h(R) = k(k —1) § [F(x + R)— F(x)]* = ? f(x) f(x + R) dx,

therefore the p.d.f. of R for random N with the distribution (1) is given by (6).

(ii) A sample from a population uniformly distributed in (0; 1).

We now consider a sample (X, .., Xy) of size M from a population having the uniform
distribution in (0; 1), i.e. F(x) = x for x € (0, 1). In this case we can prove

Theorem 1. If X, € X; <... KX, isan ordered sample from F(x) = x, x € (0, 1) and
N has the distribution given by (1), then:

-M ky. k-2
R = 40 I.'E?: (3)a(k) (6R) @)
keT
forma> 1,
i X o (mti—1) (k=)
Ex = Ai(0) oo a8 (m + k)! ®
keT
and °
e K
T F 7 plciiiell S B\ LML ©)

B AT P (k+ 1) (k +
A;(6) f;'r( )(k +2)

Proof. (7) is a straightforward consequence of (6), while (8) and (9) we obtain from
Lemma 1.

(iii) Particular cases. It is knownthat (1) with T = {0, 1, v n], atk) = @), F(0) =
=(1+0)", 6 =p/q, where 0 < p<1,p + q.= 1, reduces to the binomial distribution
with parameters p and n.

HT=NU {0} a)=CD* TH.FO)=(1—6y"0=q 0<g<1,then(1)
gives the negative binonual distribution with parameters ¢ and n.

Putting T = N U {0}, a(k) = 1/k! ,f(8) =€/, 6 = A > 0, we get the Poisson distribu-
tion with parameter A.

Using the above facts one can get from (2) — (4) and from (6) — (9) the results of [6).

The above given considerations concerning the moments of the ordered statisticslead
us to the following combinatorial formulae:

Corollary. If T, 8, [ (6) and a(k) are quantities determining the binomial, the negative
binomxad and Poisson distribution, then for m 2 1

- .k! a(k)ak[l——(k+l) atk +1) 4 i!‘ a(iyei- 1,
’I:Z;‘ (m+k—1)! 6 m+k a(k) (m+i—1)

i.e. explicite
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3 k "._k L —al=1
kzi( +k— 1)'(")1},) [(’) +k (m+i—l)! (?)c} X

- _k'__ 1 n+k i . NS
tf(mﬂf ) Dt et [ m+k ]_(m+i—l)! CDCpeT
> : )\k[-’—— a 1= I wi-1

ey A
kai (m+k—1) A m+k (m+i—1)

Proof. The above formulae we obtain from (8) and from the results of {6).

3. N has an inflated power series distribution.

(i) Distribution of order statistics.

A random variable N is said to have the inflated (at the point k = [, I € T") power series
distribution (IPSD), if the probability function of N isof the form

_a(k) 0" ok
(ﬂ o fork=l

pk; 8,0)=P[N=k]= (10)
a(k) 6*
a———— fork€T— |

f®)

where 0 < a < 1, @ + 8 = 1, and the symbols T, a(k), f(O), 0 are the same as in the
definition of PSD. B

It is obvious that in the case a = 1 IPSD reduces to PSD. Putting v(8) = (§/a)f (8),
we have

Lemma 3. If X; < X; < .. < Xy is an ordered sample of size N, where N has IPSD
(10), then:

a) the conditional p.d.f. of X;, 1 <i<N conditioned on the event [N>1]is

" Dye, P +v@) O —F

Ai6) +7(6)
g(x)) = (099

iF[~*Q—=F) 'fi fori<i

Dy(8, F)

iFi~V(L=F) ' fi fori>l;
A(6)

~

b) if T is finite, then the conditional p.d.f. of Xy _ .. conditioned on the event
W>iyis
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3 E;(&,F)+7(a)(;’.)p§_f” -
i(1—F, i-y =1
4,0) +0) HA=Fy o0 ) FRb ey et
fori<|
g(xN-iol)=< (12)
E;(, : ‘
::GF) i(l—FN-l¢l)l-lF;".i*lf[v_l,l fori>1
. 4i10)

¢) the jaint conditional p.d.f. of X; and Xj, | < i <j < N, conditioned on the event
[N>7)is

L0, P+ 1O L= DGy ;LT pa—EY

: F{~'(F-
Aj(6) +7(0)
— R =B AL forj <1
8(x;, x;)=" (13)
Li@.F) . R > _
~i0h FVIE=FYSEAN=FRE 4 forj>1
Proof. Consider the case when i < /. By (10), we have
PINZI]= 2 P‘[N=k]= o3 PIN=k)+P[N=0+ T P[N=k]=
k>i i<k<l-1 k>1
keT keT keT
a
- lAt(0)+‘r(9)l
'(U)
Moreover, in this case, we have
Ky i1 k-i k
Yl k) P[N = k-———z N F 1 —-F; ja(k)8” +
£>;. (xi 1 5) P[ ] f(o)[k T’(,) il il fia(k)
e

.

+§fmmbﬂ”u—m“%=

Hence we obtain the first part of (11).
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Similar evaluations allows us to get for i > /:

L
P[A’>’]" f(ﬂ) Ai(o)
and

1

hxi | K)PIN = k] = —— i F{=1 (1= F)~ 1/, D0, F)
L J ()

my

k
k

This leads us to the second part of (11). The formulae (12) and (13) can be obtained
in an analogous way.

The p.d.f. of the smallest and largest (when T is finite) order statistics are directly
obtained from (11) and (12) by putting i = 1.

Lemma 4. Let R be the range of an ordered sample X, < X; <... < Xy, where N is
a random variable distributed according to (10). Then

2

- SN k kTR Fy k-2
SR = O +@) [é;‘zmk)g S IFee+Ry=F())* 72 f(x) fx + Rydx +

+70) () J 1FG+R)~F@))'™? ) fx + Ry x]. (14)

Proof. Since the p.d.f. of the range R is, for fixed k,
hR)=k(k—1) § [F(x + R)=F()]¥~? f(x) f(x + Ry dx,

then the p.d.f. of R for random N distributed according to (10) is given by (14).

(i) A sample from a population uniformly distributed in (0, 1).

We now consider a sample (X,, X3, .., Xy) of size N from a population having a
uniform distribution in (0, 1) i.e. F(x) = x for x €(0; 1).

Theorem 2. If X, < X, ... < Xy is an ordcred sample from F(x) = x, x € (0, 1),
and N has the distribution given by (10), then

20K k k INply .

= T (%)ak)(OR NOLIE 15

B @ o §oy DUOCR OO a9
form> 1

i(m+i—1) ky 203 ok (k—)! B T -y -
(A.(e)+7(6) [éfr(’)a( Y YOOy 1
Ex!= J (16)
i(m +i—1)! ¢ 1560 ok k- I

4:0) & PO it

‘L keT
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- . k
r i(j+1) -~ a(k) 6 . v(6) | fori<i
A;(0)+7(8) 'ié’r *k+1(k+2) g+1)(+2)
EX,/Y} S (17)
oo h k k
i(j+1) - a(k) 6 S

A0) K> (k+1)(k+2)
_ keT
Proof. (15) is a strai-ghtforward consequence of (14), while (8) and (9) we obtain
from Lemma 3.
(iii) Particular cases.
a) If the random variable N has the inflated binomit distribution with the parameters
a, p, n, i.e. the probability function is of the form

"a+a( o 'k fork=1
P[N=k]= |

a@F ek fork=0,1,.,1-1,1+1,..n

where0<a<1,a+f=1,0<p<1,p+q=1,n€EN, then the formulae (11) - (17)
take the forms:

(o (T DR (1= pF)"ifit

Bi(n,p)+vy
v HEF Q=R for i< !
&(xj) = (11a)
-1 ioy n-i )
———np(t Z D @F) " (L —pFY" i fori>1,
\.Bi("' p) = ! ( .

where y = §/a and B;(n, p)— 2 (,,)pk n-k,

+71(1—])(1_FN Hl)' FIIV-_“-'lfN-lol] fOl"i<l

g("..\'-fol (122)

"p'(;—])(]—FN i#l)’ '(q+pFN- i)' fN-iol
fori> I

SB (. p) + v [n pi(’}:i)(l—FN‘i‘l)i-l(Q+pFN-i+l)"_ifN-iu +

31(" p)
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l = Y,
(B,-(n,p)+-y (r(r =17 Gy, j 2721, =) —PE)"] 4

R R S (R AR [ (R Al )
b, forj <!

8(xi, Xj) = (13a)

ey T -2
By " OPETE R G R

a-pFp" ' 15 forj > I;

&(R) =;:(;'—l;+—7 {nn - l)p’_f:[p(F (x +R) — F(x)) +q]" " ? f(x) f(x + Rydx +
1= 1) § [F(x + R)=FEN'? f(x) fx + Ry dx}; (143)

(1-R)@+PR)"*

- — 1)p? n fw Iy.
&R) LY [n(n—1)P"(q + pRY" +yI(1—1)(q + PR)'] ; (158)
m+i—1 EXm-1 4 1 Iy (n—l)(m+i—l)l.
(n+mp ; (n + m)[By(n, p) +.7] p(m+1)
.d:{)ﬁ(m+i—l,1—i+l)—(':-:})np"'a""”] fori<!
EX" = | (163)
m—i+1 m-o_ % B n—=1y i-1 n-ie1 g0
wrmp T emBm gy G-DPTOTE o>

where 8(a. b) = fl PR (| —x)b_ Vdx;
0

(_iG+1) | Bat2p) v e
| Bnp+1 ' P+ D(n+2) (+ 1D +2)
EX,X; = y (172)
i(J+2)By,,(n+2,p) forj>1.

(n+ 1)(n+2)Bj(n p)
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b) If the random variable N has the inflated negative binomal distribution with the
parameters a, g, n, i.e. the probability function is of the form

{ﬂ+a(_£)p"(—q)k fork =1
PIN=k]= 4 \
la( P (-q) fork=0,1,..,1-1,1+1,..,
where 0<a< 1, a+f=1, 0<¢g<1, p+g=1, n€EN, then(putting B:(i,p) =

= £ (})p* ¢'~*) the formulae (11) and (13) — (17) take the forms:
k=0

nC TP F I X+ aF )™ p + aF R (- F i
(B ,(n=i+1,p) +y)(p +qF)"*!

fori<!
g(xf)= (llb)

n(’l+l l)p F;l-lfl'.

B (n+i-1,p)(p+qF)"*!

fori>I;

F’i-ltpf—Ff)I-i— Y1 [ n+j-3 )(n +i=2)(n+
= nej i=1,j-i=-1,n~1 ‘
By, (n+i=1,p)+7])(p +aF)"*/

+=0P"¢ +9Go ;152 - pE-DIA~F) T p+qF)m )

forj <1
&(x;j, xj) = (13b)

F"‘[F ~FY-"Lhe"d | naj-
_(n+i=1,p)(p +aF)"*! G=1,71-1, n-

D +j=2)(n+i-1)
forj > I

p" ¢ - fx)f(x +R) .
S+ 1L,p)+y - [1-qF(x+R)-Fx)]"**

g(R) =

+yi(1-1) f- [F(x +R)—F(x)]l' ? fx) f(x +R) dx); (14b)
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p" ¢*(1-R) 1
R)= +yl(l-1)R!"?);
i B (n+1,p)+y [(p+qR)"” LG ] (155)
form> 1
p(m+i-1) EXm - 1
q(n—m) (n-m)[By_ (n+i-1,p)+7]
(m=gqn+pl) ,_, ) ‘ phqi-1
{ o fy— 2 d=Yum+i-1 +i=11-i+ 1)+ ——
[ Py G=pPlm+i-Dpm+i=-1,1-i+1) Y ]
fori<!
EX[" = (16b)
i — n_i-1
__p(m____+l 2 EXJM-I‘ sl - fori>1
. a(n—-m) (n=m)By _ (n+i-1,p)p(n, i)
-~ Y] 2 .+2, _
’(J.+ 1) p'lg (j n=2) = ¥ Jforj <1
By (n+i-1,p)+y " q*(n=-2)(n-1) (+1)(i+2)
EX;X; = (17b)

iG+0np*ly (j+2,n-2)
B (n+j-1,p)q*(n-1)(n-2)

forj>1

where
B(a. b) Iy (a,b)= feta-nt-tar
0

¢) If the random variable N has the inflated Poisson distribution with the parameters
a, A, i.e. the probability function is of the form

lk
B+a— e fork=1
k!
PN =k]=
Rk
a«— eM fork=0,1,.1-1,1+1, ..

where 0 < a< 1, a+f=1,\A> 0 then the formulae (11) and (13) — (17) take the forms:
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ST A R

Py + (- 1) e-RFH“?!d:%)Ff_i(l‘pf)f"‘f},] fori<!
i Y = 1)

g(x'-)= (110)
’L(l’i)'_'_'_ﬁ.e—w for i>1
l_ PN (- 1)
- e A
where Py(\) =k21 P
1LY NaF) Tt e MInNE-FRYTT ARG
P\ +7v G- G-i-1)

: forj <1
&(xi, x5) = - 158

NQF) e MinNE-FY LR g
F-DG-i=D B

forj>1,

__1_ 2 =& ¢ LA|F(x+R)- F(x)]
g(R) = PTAFe (e h Mo f(x) f(x + R)dx +
+4i=1) [ [F&x +R)=FC)'™? f(x) f(x + Ry dix] (14¢)
1-R 2 -A(1-R) 1-2
g(R)=T(R—):[k e +yi(l- DR ] (15¢)
2
for m=1
Cm+i-1 A (m+i=-1)(m+1-N)1
: PO+ A(m+ D)
=1
i “dohsm+i-1,1-i+ 1+ P e fori<lt
Ex;” = (16¢)
m+i-1 AMited
_______Exﬂ-l LA S .
Y i (-1 QY fori2.b
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G+ P 7
Bty ¢ N a+1N0+2)
EX;X; = (17¢)
i(j + 1)
AP0

] forj<!

Ploa)  forj>1.

Remark. The results of [6] can be obtained from (iii) by setting a= 1.
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STRESZCZENIE

Niech X, < X, <... € X beds statystykami porzagdkowymi dla préby o liczebnofd N, gdzie N —
zmienna losowa o wartosciach catkowitych nieujemnych.

W pracy podaje si¢ wzory na rozktady i momenty statystyk porzqgdkowych, w przypadku, gdy N
ma rozktad typu PSD i IPSD.

W szczegblnodci rozpatrzono przypadek, gdy X, ma rozktad jednostajny na (0, 1) a N — dww-
mianowy, ujemny dwumianowy i Poissona oraz powyisze rozkiady uogéinione.

PE3IOME

Mycrs X, € X, € .. < Xy - NOpANKOBME CTATHCTHKH BRIGOPKH 06beMa N, rae N — cywaf-
Has BeMYHHA, TPHHHMAIOWAR HEOTPHLATEIBHBIC LIE/IH JHAYCHHA.

B pa6otc nactcA opmyna ma paslipedeficHHA H MOMEHTOB NOPANKOBLIX CTATHCTHK B CySae,
xorza N MMceT paclipenie/ieHHe TvNa CTeNeHHRIX PAAOB H OGULLEHHLIX CTeNeHHbIX PANOB.

B waCTHOCTH paccMOTpeHO cnywafi, korga X, WMceT paBHOMepHoe pacnipencnete Ha (0, 1)
u N — 6uHoMNanEHOe, OTpHUATENLIO-GuHOMNATEHOe K [lyaccoHa paciipenesieHHS H 3TH xe pacuipene-
JleHHR 0606LLeHHNIE.






