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Let B denote a real Banach space of infinite or finite dimension 2 2. We denote by
GL(B) the group of all continuous and linear automorphisms of B. Let v € B be a non-

-zero fixed vector and A,(B) = iA €EGLB) : Ay = vj The group H,(B) will be called
the isotropy group of the vector v.

In this paper we consider a certain complemented group to /,,(B). We obtain a decom-
position similar to the Gauss decomposition of GL(n).

Let w be a fixed non-zero linear function defined on B. Consider the linear mapping
Ap : B~ B, p € B, defined by the formula

Apx = x + w(X)p. )

We note that 4, is invertible iff 1 + w(p) # 0. Moreover, since

Ap © Ag = Ap.qew(q)p 2

Lu(B) = [4p:p€B, 1 + w(p) # o} @3)

forms a subgroup of GL(B). In this paper, we will consider the group GL(B) with the
topology given by the norm || 4 || = sup I NAx |l : I x| = l} We prove the followmg
propositions: (a) L ,(B) is a closed subgroup of GL(B). Consider a sequence {Ap"j

in L,(B) converging to some A in GL(B). We have A5, x = x + w(x)pp. Hence we
obtain Ax = x + w(x)p. Since 4 € GL(B), so A is an invertible transformation. Thus
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1 + w(p) # 0 and A4 = 4. (b) For w(») # 0 we have L ,(B) N Hy(B) = [ I}. Suppose
that Ap € L,(B) N Hy(B). It means

Apy = v + w(vp and  Apy = V.
Hence we have p = 0. This implies that 4p = 1. L,(B) and
Bw) = {x€B:1 + w(x) # 0f @)
with multiplication given by the rule
xp =x+ y+ w@¥)x 5)

are isomorphic groups. It follows from (2) that the mapping A, — x is an isomorphism.
It is easy to see that the identity element of B(w) equals to 0 € B and the inverse
element to x € B(w) is of the form

i

Uphee (e e
S o) ©

We show the following

Theorem 1. B(w) is a Banach-L ie group.

Proof. Obviously, B(w) is an open subset of B.

The Fréchet derivatives of a mapping F : B(w) X B(w) -’B(w) given by the formula
(5) are equal respectively

dF(xy,x3,hy, hy) = by + hy + w(x)hy + w(hy)x,,
d*F(x,,x,, hi, h}, Y, h3) = w(h3)h] + w(h})h],
d"F(xy,x;,h} b}, . K} W3) =0 forn> 2.

We'll show that the n-th Fréchet derivative of a mapping G : B(w) = B(w) given by the
formula (6) is equal

=)

d"G(x, hy, .., hy) = ey

(aSp — n! Qnx) ¢

where
=1+ w®)
Qn = wlhy) ... w(hy)
Sp = Ew(hu(l )) “’(ho(n- 1))ha(n)
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From the equality
Sney = nSpw(hney) + 1! Quhpy
we obtain

A(h) = " dnc(x + hryl » ey J’n)_dnc(x-)"l 0 --r)lﬂ] _d’l’ lG(x,)ﬁ. e Vn. h) " =
(@ + wh)Sn — n! Qux — n! Quh aSp — n! Qpx

M+ (n + Ddw(h) + r(h?) !
a(nSpw(h) + n! Quh) — (n + 1)! Quo(x
an+2 T
= : lan**n(n + 1)Spw(h)® +

[d"* @ + wkr)'!' |

+ "'+ 1) Quoyh — (n + 1) (n + DT Quw(h)ix +
+ r(h®)[—a®Sy + an! Qux + anSpw(h) + an! Quh — (n + 1)! Quw@x 11,

it implies at once

AB L 0 for hail = 0.
Al
Let
Bo(w) = {x€B:w(x) = 0}. @)

It is easy to see that By(w) is a closed, abelain subgroup of the Banach-Lie group
B(w). We show that By(w) is a normal subgroup of B(w)-
In fact, for a € B(w) and b € By(w) we have w(b) = 0 and

w@ba )y=w@+b+w®)a+ a' +w@')fa+d+ wbd)])=
=w@+ad ' +w@ ) =w@s)=w0)=0.

Thusaba™! € By(w).
Since By(w) is an abelian normal subgroup of B(w), so B(w) is a solvable group.
It is known {2] that 1-parameter subgroup ¢ - x(f) of B — L group satisfies the
following differential equation

X = (Ryx)eu with the initial conditionu = x(0), 9)

where R denotes a right translation.
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In our case equation (9) is of the form
= (1 + w(x))u with the initial condition u = x(0). (10)

The solutions of (10) are given by
( wu) _
i, u for w(u) # 0
x(f) = exp(tu) =4 w() (1)

tu for w(u) =

We denote by B(w) the B — L algebra of B(w).
Theorem 2. The Banach-Lie algebra B(w) is the Banach space B with a commutator.

[x.y] = wO)x — w(x)y (12)
Proof. We put

Fr = exp(rx) exp(ty), G; = exp(—tx) exp(—1y)

where exp is given by (11).

Using (11) we obtain
d
;!o Fr=x+y
d2
(F : F; = wx)x + w(y)y + 2w(y)x
L = + 2w(
el A wx)x. — w()y + 2w()x
d
;—!o w(Gr) = —w®) — w().

Since Fyg = Gy = 0,50

a? a?
2x,y] = ‘dTI;Io (FiGy) = 70 lo Ft + Gy + w(Gp)Fy) =

d d d
d = o Fr + dr’ lo Gr + 2 ""|o w(G;) lo Fy

From the above equalities we obtain (12).
Moreover, we have

Hoe Y10 < 20 lilix iy,

which finishes the proof.
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Now, we will give a characterization of derivations in the algebra B(w)-
Theorem 3. A4 linear mapping T : B = B is a derivation in the algebra B(w) iff

wcT=0. (14)
Proof. For arbitrary linear mapping T : B -+ B and x, y € B we have

T(x,»] = w)Tx — w(x)Ty

.
Tx.y] + 0 Ty] = wW)Tx — w(Tx)y + w(y)x — w(x)Ty ¢
Let T be a derivation of B(w). From the equalities (*), (12) and
Tix,»] = [Tx,y] + [x Ty] (15)
we obtain
w(Tx)y = w(Ty)x foralx,yEB, (16)
Suppose that w(Ta) # 0 for some a € B. Then from (16) we have
%a forall x€EB,
which denotes that dim B = 1. This contradiction proves (14).
Now, let w o T = 0. Using (*) we obtain
[Tx.)] + (£ T¥] = @0)Tx — w(X)Ty = T[]
so (15) is satisfied.
Suppose that w(¥) # 0 and put
Gy = {Fe GL(B): w(Fv)# o} an
LH = {ApoF :4p €L ,(B). FGH,(B)}. (18)

Theorem 4. For C € G, there exist mappings Ap € L,(B)and F € Hy(B) such that

C=ApoF . (19)

This decomposition is unique.
Proof. Let CEG_, and
Cy ¥

w(v)

(20)
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We have 1 + w(p) = -i,-((c—;l # 0. Hence p € B(w). Let us take F = Ap-1 0 C. Then
w(v

due to (6) and (20) we obtain

o —v w

Fv=(4,10 =Cr + WC)p! =0 - Cy
v=(A4p 0O = Cv + w(Cr)p e Bty

so FE H,(B). It impliesC = Ap OF.

Now we have to show uniqueness. Let C=Ap, 0 F= Ay 0 G for some Ap, Aq € L (B)
and £, G € Hy(B). Then it follows from the above equality that 4451 0A4p =G © F-t.
Because Ag-1 0 Ap € L,(B), G © F~! € Hy(B) and L ,(B) N Hy(B) = {Ij we obtain
4p = A4, F=G. This ends the proof. From the Theorem 4 we see that G_, c LH. We show
the converse inclusion. For A, € L,(B), F € H,(B) we have

WAp O Fy) = wdpy) = w(v + w®)p) = w()(1 + w(P)) # 0.
This means LH C G, and we proved the equality
G, = LH. @n

Consider the Hilbert space I2. Let ¢; = {6’,} i,j =1, 2,... be the standard basis in /2.
We'll identify [1] an operation A € GL(/?) with a matrix of infinite order [a, a;... }
where a; = Ae;.

We put w(x) = (v, x) for some fixed v # 0. Let Ap €L, (1?). Since Apx =x+ (», x)p
forx €12, so0

ok = Apex = ¢ex + (v, ex)p = e + v"p

and A is identified with the matrix
fes + v'pe, + v2p..) (22)

where 1 + ¢, ) # 0.
Let M(1?) denote the set of operations] + A € GL (/) such that

Ty, ap)< + o (23)

Let (/ + A)™' =1 + C. Since operations which satisfy the condition (23) form an
idcal [3] in the ring of all automorphisms of the 2 so C satisfy (23) also. This means that
M(i?) is a group.

For Ap € L,(1*) using (22) we obtain

T@rar) =1+ 20,p + 0. N, p).
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Thus
L (*)C M@*F (29)
Let
K@I*) = H,(I*)NM(?).

and let M, L, K denote B —L algebras of the groups M(i?), L,(1*) and K (I*) respectively.
In the space M we introduce a scalar product [3]

(4,B) = I G, by (25)
Theoren 5. L and K are orthogonal subspaces of M and
M = HeolL (26)
Proof. Let us consider the linear map ¢ : M — /2 given by the formula ¢4 = Av.
We note that H = Ker¢. We will show that L = Tm@¥*, where ¢® : I = M is the conjugate
map to ¢. Since .
(A, ¢*x) = @4, 0 = Uy, x) = (EFag, 0 = @, Fx)
so we have
¢*x = P'x vix..]. . (01))
It follows from (22) and (27) that L = Im¢*. The orthogonal decomposition M =
=Kerp ® Tmg® gives (26), [1].
Let B =R", 0 #» €R",(, ) — the euclidean scalar product and w = (v, ). With
respect to (22) a matrix Ap € L, (R") has the following form
[e, + V'p .. e + V'p)
where 1 + (v, p) # 0. Evidently w(v) # 0, so L ,(R") N H,(R™) ={1}..

For Lie’ algebras GL(n), L, H of the groups GL(n), L,(R"), H,(R"), similar to
Theorem S, we obtain an orthogonal decomposition

GL(n) = HelL.
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STRESZCZENIE

Niech B oznacza rzeczywisty przestrzen Banacha nieskoficzonego lub skoficzonego wymiaru > 2.
Ponadto, niech GL (B) oraz H\{B) oznaczaj§ odpowiednio grup¢ wszystkich ciagtych liniowych auto-
morfizméw przestrzeni B, grupe¢ izotropii niezerowego wektora v € B. W pracy tej rozpatrujemy
pewng grupe Banacha-Lie'go dopetniajgcy do y(B). Otrzymujemy rozktad analogiczny do rozkta-
déw Gaussa i biegunowego grupy GL(n). Ponadto znajdujemy algebr¢ Banacha-Lie'go grupy dopet-
niajgcej i podajemy jej wiasnosa.

PE3IOME

Mycts B o6Go3HawaeT nefACTBHTeNLHOe NpocTpaHCcTBO BaHaxa GeckoHeyHOR WIM KOHewHOfl pa3-
mepHocTH > 2. [lycts ewe GL(B) u Hy(B) 0603HaMAIOT rpynny BoeX HenpephBHBIX MHHERHBIX
aBTOMOpPQHIMOB IPOCTPAHCTBa B, Fpyny H rpymny H3OTPONHH HeHyNeBOro BekTopa v € B. B 3roft
paboTe paccMaTpHBaeTCA HekoTopad rpynna bBanaxa-JIu, mononmurensHyio x Hy (8) . MNonyvaem
painoxeHHe aHANOMMYECKOEe K MONAPHOMY PaIOKEHHO H padnoxeHHio [aycca rpymnm GL(n) .
Haxomim anre6pn BaHaxa-Jln nononbHHTENBHOA rPyTINK H c¢ CBOACTRA.



