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On a Complemented Group of the Isotropy Group

Pewna grupa dopełniająca grupy izotropii

Некоторая дополнительная группа группы изотропии

Let B denote a real Banach space of infinite or finite dimension > 2. We denote by 
GL(5) the group of all continuous and linear automorphisms of B. Let r € B be a non- 
-zero fixed vector and HV(B) = e GL(2?) : Av = rj. The group HV(B) will be called 
the isotropy group of the vector v.

In this paper we consider a certain complemented group to HV(B). We obtain a decom
position similar to the Gauss decomposition of GL(n).

Let w be a fixed non-zero linear function defined on B. Consider the linear mapping 
Ap :B-*B,p&B, defined by the formula

Apx = x + <x>(x)p. (1)

We note ihat/lp is invertible iff 1 + o(p) =# 0. Moreover, since

Ap o Aq = Aptg+U)^p (2)

so

L^(B) = [Ap-.p<=B, 1 + w(p) ¥= 0] (3)

forms a subgroup of GL(B). In this paper, we will consider the group GL(jS) with the 
topology given by the norm || A || = sup 11| Ax || : || x || = lj . We prove the following 
propositions: (a) LU(B) is a closed subgroup of GL(fl). Consider a sequence plpnJ 

in 1-^(5) converging to some A in GL(fi). We have APnx — x + <x>(x)pn. Hence we 

obtain Ax = x + w(x)p. Since A e GL(5), so A is an invertible transformation. Thus
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1 + u>(p) #= O and A = Ap. (b) For co{v) =#= 0 we have L^{B) O HV(B) = {l]. Suppose 

that Ap e £W(B) H It means

?lpv = v + and Apv = v.

Hence we have p = 0. This implies that Ap = I. LU(E) and

fl(w) = [x£B : 1 + o(x) # Oj (4)

with multiplication given by the rule

xy = x + y + w(y)x (5)

are isomorphic groups. It follows from (2) that the mapping Ax -*■ x is an isomorphism. 
It is easy to see that the identity element ofB(w) equals to 065 and the inverse

element to x £ B(cu) is of the form

1 + w(x)
(6)

We show the following
Theorem 1. fifcu) is a Banach-L ie group.
Proof. Obviously,B(tu) is an open subset of B.
The Frochet derivatives of a mapping F : 5 (co) X 5 (co) -*B(co) given by the formula 

(5) are equal respectively

jrj./ij.Aj) = h, + /ij + w(x2)/»i + co(/j2)x, , 

diF(xi,x2,hi,h2,h*,h2') = co(/i|)/jJ + cj(/i|)/j? , 

dnF(xi.x2,h\,h'2,.., ft, ft) = 0 for n > 2 .

We’ll show that the n-th FrSchet derivative of a mapping G : 5 (co) B(co) given by the
formula (6) is equal

(aSn - »! fi„x)

where

<r = l + co(x)

£2„ = co(/j,)...co(/j„)

•S„ = 2 ))... w(/la(n_ 1 ))ACT(n)

(7)
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From the equality

$n+i = ^„^(^»1) "*■ ^zi^n+t

we obtain

A (7i) = || dnG(x + h,yl,..,y„)~dnG(x. <f"+1 G(x, j„, h) || =

(a + to(/i))5rt — zi! n„x — zi! £l„h aSn — n'. Sl„x
_I1 a"*1 + (zz + l)rz"co(Zi) + r(hJ) a"+1 +

a(ziS„co(/i) + zi! fin1!) — (« + 1)! fZ„to(/i)x 
flZI* J

an n(n + i)Sna>(/i)2 +
|a”+2(a + to(/i))n+I |

+ y+,(zt + 1)! n„to(/i)/i - (zi + 1)! (zz + l)a"£2„co(/z)2x +

it implies at once

z4(A)
--------- * 0 for || h || - 0.

IIA ||

Let

5o(to) = {x6B:w(x) = oj. (8)

It is easy to see that B0(to) is a closed, abelain subgroup of the Banach-Lie group 
fi(to). We show that 50(w) is a normal subgroup of fi(to)

In fact, for a e B(to) and b 6 5o(w)we have to(Z>) = 0 and

Gi(aba~1) = to(a + b + to(b)a + a 1 + to (a”1) [a + b + to(Z>)a]) =

= to (a + a 1 + to (a'1 )a) = to (a a"1) = <o(0) = 0 .

Thus aba"’ €Bo(to).
Since /f0(to) is an abelian normal subgroup of 5(to), so 5 (to) is a solvable group. 
It is known [2] that 1-parameter subgroup t -* x(f) of B - L group satisfies the

following differential equation

x - (Rx)*u with the initial condition « = x(0), (9)

where R denotes a right translation.
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In our case equation (9) is of the form

x = (1 + o>(x))u with the initial condition u = x(0).

The solutions of (10) are given by

f «M") _ i
u for ûj(u) =# 0

for o>(u) = 0 .

</<*>(«) _ j

x(f) = exp(ru) =^j °(u)

tu

(10)

(11)

We denote by B(w) theB -L algebra ofB(cj).
Theorem 2. The Banach-Lie algebra B(u>) is the Banach space B with a commutator.

[x,y] = w(y)x - cj(x).v (12)

Proof. We put

F, = exp(rx) exp(iy), Gt = exp(-ix) exp(-fy)

where exp is given by (11).
Using (11) we obtain

d I
— Ft = x + y
dt * 
d2 I
— jo F, = w(x)x + w(y)y + 2w(y)x 

cP I
77 I Gt = -w(x)x. - oj(y)y + 2coQ)x 
dt2 'o

dt 'o

Since Fo = Go = 0, so

<F

w(Gf) = — w(x) — to(y).

cP
2[x,y] = — Io (FtGt) = — |0 (Ff + Gt + u(G,)F,) =

cP cP
~ d?'°F’+ a'+ 2 "57“<c,)

From the above equalities we obtain (12). 
Moreover, we have

II [x,j] II < 2 || w || ||x || ||y ||,

which finishes the proof.
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Now, we will give a characterization of derivations in the algebra B(w)- 
Theorem 3.A linear mapping T -B B isa derivation in the algebra B(w) iff

uoT = Q. (14)

Proof. For arbitrary linear mapping T \B~* B and x, y £ B we have

r[x,j] = oi(y)Tx — cj(x)Ty
(*)

[Tx, v] + [x, 7>] = u(y)Tx — u(Tx)y + u(Ty)x — u>(x)Ty 

Let T be a derivation of B(w). From the equalities (*), (12) and

_y] = [Tx.y] + [x,7>] (15)

we obtain

u(Tx)y = u(Ty)x for all x G 5. (16)

Suppose that gj (Ta) =#= 0 for some a&B. Then from (16) we have 

w(7x)x  ---------— a for all x&B,
u(Ta)

which denotes that dim 5=1. This contradiction proves (14).
Now, let u> o T = 0. Using (*) we obtain

[7x,j] + [x,7>] = toQ’) Tx - w(x)7> = T[x, y]

so (15) is satisfied.
Suppose that w(v) =# 0 and put

= j>eGL(5):w(Fv)#=o] (17)

LH = [Ap o F : Ap e £w(5), FeHv(B)j. (18)

Theorem 4. For C € Gu there exist mappings Ap G £w(5) af,d F&HV(B) such that 

C = ApOF . (19)

This decomposition is unique. 
Proof. Let C G and

P =
“O')

(20)
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We have 1 + a>(p) = - #= 0. Hence p6fi(<o). Let us takeF = ,4p-i oC. Then
w(v)

due to (6) and (20) we obtain

Fv = (Ap-> oC)v = Cv + u(Cv)p-1 = CV - w(CV) —----- - ——■■ = v,
u>(v) w(CV)

so F€HV(B). It implies C = ApoF.
Now we have to show uniqueness. Let C=ApoF-AqOG for some Ap, Aq 6 £w(fi) 

and F, G 6 Then it follows from the above equality that .4^-1 oAp =GoF~i.
Because AQ- > o Ap 6 Lw(fi), G o F~2 6 HV(B) and L^(B) n Hv(ff) = {/J we obtain 
,4P =Aq,F=G. This ends the proof. From the Theorem 4 we see that c LH. We show 
the converse inclusion. For^p 6/.w(fi),Fe//y(fi) we have

w(ApofiV) = u(Apv) = w(v + w(r)p) = co(r)(l + w(p)) =#= 0.

This means/.// C Gw and we proved the equality

Gu = LH. (21)

Consider the Hilbert space I2. Let e,- = {fijj, i, / = 1, 2,... be the standard basis in I2. 
We'll identify [1] an operation A 6 GL(/2) with a matrix of infinite order J,
where a,- = Aej.

W'e put w(x) = <v,x> for some fixed v^O. LetAp 6/,w(72). Since Apx=x+ (v,x)p 
forx 612, so

ak — ^pek = e% + (v, e/c)p = Q + )’*p

and Ap is identified with the matrix

[e, + v’pej + v2p...] (22)

where 1 + (r, p) 0.
Let A/(/2) denote the set of operations/ + A 6 GL(/2) such that

• L (ak, < + °° (23)

Let (/ + X)"* = / + C. Since operations which satisfy the condition (23) form an 
ideal [3] in the ring of all automorphisms of the Z2 so C satisfy (23) also. This means that 
Af(/J) is a group.

For?lp 6LU(/2) using (22) we obtain

2 to*. ajt> = 1 + 2 <v, p> + <v, v> <p, p>.
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Thus

(24)

Let

K(/2) = tfp(/2)nM(/2).

and let M, L, K denote B-L algebras of the groupsM(J2), L,j(/2) and K(l2) respectively. 
In the space M we introduce a scalar product [3]

(A, £) = Z <«*,**> (25)

Theorem 5. L and K are orthogonal subspaces ofM and

M = H®L (26)

Proof. Let us cqnsider the linear map <t> ■ M -+ I2 given by the formula <I>A -Av. 
We note that H = Ker0. We will show that L = Im#*, where <p* ■ I2 -* M is the conjugate 
map to if). Since

(A, 0*x) = (<t>A,x) = <Av,x) = x> = Z (a*, v*x>

so we have

0*x = [f’x v2x... ]. . (27)

It follows from (22) and (27) that L = Im0*. The orthogonal decomposition M = 
= Ker0 ® Im0* gives (26), [1].

Let B = R”, 0 =# v € R", < , > - the euclidean scalar product and to = <v, >. With 
respect to (22) a matrix Ap G LW(R”) has the following form

[«i + vlp ... e„ +, v"p]

where 1 + (v, p) #= 0. Evidently to(v) ¥= 0, so Lu(Rn') A Hv(Rn') = {/}..
For Lie’ algebras GL(n), L, H of the groups GL(n), LW(R"), Hv(Rn), similar to

Theorem 5, we obtain an orthogonal decomposition

GL (n) = H ® L .
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STRESZCZENIE

Niech B oznacza rzeczywistą przestrzeń Banacha nieskończonego lub skończonego wymiaru > 2. 
Ponadto, niech GL(B) oraz H^B) oznaczają odpowiednio grupę wszystkich ciągłych liniowych auto- 
morfizmów przestrzeni B, grupę izotropii niezerowego wektora v S B. W pracy tej rozpatrujemy 
pewną grupę Banacha-Lie’go dopełniającą do HV(B). Otrzymujemy rozkład analogiczny do rozkła
dów Gaussa i biegunowego grupy GL(n). Ponadto znajdujemy algebrę Banacha-Lie’go grupy dopeł
niającej i podąjemy jej własności.

РЕЗЮМЕ

Пусть В обозначает действительное пространство Банаха бесконечной или конечной раз
мерности > 2. Пусть еще О.(В) и Н„ (В) обозначают группу всех непрерывных линейных 
автоморфизмов пространства В, группу и группу изотропии ненулевого вектора V е В. В этой 
работе рассматривается некоторая группа Банаха-Ли, дополнительную к ЯУ(В) . Получаем 
разложение аналогическое к полярному разложению и разложению Гаусса группы С1Дл) . 
Находим алгебри Банаха-Ли допольнительной группы и ее свойства.


