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1. Introduction. The Binomial-Poisson distribution is the distribution of the sum Sy =
=Xo+X, +X,+...+ Xy, where X, =0, a, ¢, and X;, X,, ... are independent random
variables having the same Poisson distribution with parameter A, and N is a binomial
variate with parameter n, p, distributed independently of Xy, X,, ... . It is well know that
the distribution of S  is given by

> i
) PISy =x]=— (DK [pe 1 (1 —p)"*

Where 0<p <1,A>0.

This distribution was introduced by Khatri and Patel [2] as a special case of the distri-
bution of ‘Type B’. Johnson and Katz [1] investigated the first four moments of this dis-

tribution, The above distribution has useful applications in life insurance lapsation phe-
Nomena.

2. Certain types of distributions. The distribution (1) can be considered as a member
of the class of discrete distributions which are distributions of a random sum of indepen-
dent random variables. This follows from Lemma 1 given further on.

.LEI [X,JET, T=NU[0]N=[1,2,...],be asequence of i. i. d. random variables
which have a power series distribution (PSD), i. e.

a(k)

1)

Where £(9) = ki a(k)Bk, a(k) = 0, and there exists a natural number & such that a(k)>0.
=0

) PLX, =k] 0% k=0,1,2,..
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We consider also a random variable NV having a PSD, and independent of [X;, j ET].
Let us denote

3) pw:”:ﬂ,{ JET,
g@)

where, of course, g(z) = ; Xrb(j)z/, b(j) 2 0, and there exists a natural number j such
€
that b(j) > 0.

Lemma 1. If [X;, j € T)arei i d. variates with distribution (2) such that X, = 0a. s..
and N is a random variable with the probability funcnon (3) and independent of [X
J €T then the distribution of the sum Sy = X, + X, + ... + Xy has the form

_M/x =0,1,2,.

4 P[Sy=x]=6%
4) [Sv=x] 1T 1 0%)

where a!/ )(x) is the coefficient of 8% in the j-th convolution of f(6).

Puttingin (4) T=[0, 1,2, ...,n], f(0)=€®. 6 =X andg(z) =(1 +2)",z=p[1 —p, we
ob1ain (1).

Recently interest has arisen in the so-called inflated power series distribution (IPSD)
see e. g. Singh [3] and [4]. It is easy to show that if N' has an inflated binomal distribu-
tion, i. e.

g+a(hp 1 =", i =1,

a(Myp! (1 =p)" ), j=0. 1= L I=2, i,

wherea + =1, 0<a < 1, then the distribution of Sy is given by

A n A
() PISy=x]=a— I ()" [pe*Y(1-p)"+
x! jeo /
X
+B(M) eMx=01,2,....

x!

The distribution (S) belongs to the class of discrete distribution defined in the following.

Lemma 2. If [Xj, j € T) are i. i. d. variates with distribution (2) such that X, = 0a. s.
and N is a random variable, independent of [ X 1] € T} with probability function
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2/, jET, and j#1

8(z
where a +=1,0<a <1, then the distribution of the sum Sy has the form

a?) (x)b(j) a"(x)

6 PiSy=x1=a8* T ———— 7/ +pp*——.

= By =x1=eb” B e - f6)
Obviously, putting a = 1 in (6) we get (4). Similarly puttingin (6) T={0, 1, 2, ..., n],

f6)=€%,0=Xg(z)=(1+2)",z2=p/1 —p,0<p < 1, we obtain (5).

3. Recurrence relations for the ordinary and the central moments. Varde {5] gave re-
currence relations for the ordinary and the central moments of the distribution (1) in terms
of derivative with respect to p and A. Here we derive recurrence relations of a different
kind, which are in some cases helpful, because they are combinations of moments of the
Poisson distribution.

a) Recurrence relations for the ordinary moments. Let m, denote the ordinary mo-
ment of order 7 of the distribution (1) and ay the ordinary moment of order k of the Po-
isson distribution with parameter A.

Theorem 1. If Sy has the distribution defined in (1), then for an arbitrary r equation
r-1 r-
(1) Mre =plham, + E Oy T (P ek ~mjesare1]

defines a relation between the first r + 1 moments.
Proof. Let ¢, (f) denote the characteristic function of Sy. It is easy to show that

dsy(®) = [Pe)‘(e“,; 1) +q]".

Using the relation between the ordinary moments and the characteristic function, we
have

8/ Aef- n
Ly mr=lpet @V 4q)

where 6 = jr.



102 Mieczystaw Polak

Differentiating the above relation with respect to 6, we obtain

- 8
6 A
‘pextg 1) +q] ’-zo .j_'..mf” = Anpek(e 1)'+ 6 ¢SN(8)

Expanding the expressions containing  as power series and using the relation

- = 0f+l B~ 81 { ;
8 z I =2 — X (),
®) im0 j=o i!j! j=0 1! /-o(')
we get
6! - o
P 5T A Omessira £ Jme -

gi
=\np T il : (‘)m, 2 (H)ak
i=0 1!

Equating coefficients of §” complets the proof.
Putting 7 = 0 in (7) gives m; = Anp. Similarly, forr = 1, we havem, = Anp[(n — 1)Ap +
+A+1]

Theorem 2. Equation

om,

r-i . om
=3 (;)a"’[nm;—p—“ ’]
ap

&) Tea

defines a relation between the first r ordinary moments and their derivatives.

Proof. Using the relation between the ordinary moments and the characteristic func-
tion, we have

- o '
2 3 mj=[pEM" ") —1)+1]"

Differentiating with respect to p, and using the fact that am, /3p = 0, we obtain

j+1 J
. am,i 1=n[er®-1_ 1] 5 -o—-m;
jeo(j+1)! op j=o0 j!

6 _
[pe*© ~D+q] T



On Properties of Some Classes of Discrete Distributions 103

Expanding e* ¢ in power series, and using (8)we have

- 0 i om - 6/ m;
Piz",—r E(;)—La,_!+q gt |t
=y i)

J=1 f=2 j! op

N I
=n = m: @i_;—n - m;j.
im0 i! j-o(/) el j=0 j! /

Equating coefficients of 8" completes the proof.
Putting r = 1 in (9) we have am; /dp = An. Similarly, forr = 2, we have

om,
a—= Nn[2p(n - 1)+ 1] + An.
p .

b) Recurrence relations for the central moments. Let u, denote the central moment of
order r of the random variable Sy . The following two theorems give the relations between
the central moments of Sy.

Theorem 3. Equarion

r r=r ,_
(10) #rey =np[ 2 Quyl = Ciher - par) —aqurl+

r=l
+p ’30(;)#;.: -

defines relations between the first r + 1 central moments.
Proof. We introduce the random variable
YN =8 N—m.

The characteristic function of Y has the form

-

oY (0) — o0 knp[pel(ea -4 q)n
Where 6 = ir.

As in the proceeding theorems, differentiating the equation

- 6/ = o_
f}:n ’._'“f =e 6Anp [pek(t 1) +q]n
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with respect to 6, we obtain

o/
[per€® -1 4 q] 2 TR Anper(€®-D+0 4y (0) 4

+ AnplpeMe? =D 4+ gjoy, @

Expanding the expression containing 6 as power series, we get

o - o/
E E aj_y+q T =2
14 im0 1! joo (/)I-‘}ﬂ i-f q/ I‘/ﬂ
6 o/
=xnp[ T - 2();:, % (her-q Z et

-0 i .
+p T — T (Dujai-g].
pi-o i! }-o(j)#l t-1]

Equating coefficient of 8" completes the proof.
In the special caser =0and r = 1, we have u; =0 and p, = Anp(Aq + 1).

Theorem 4. Equation

on r=1 +
(1)) ap’ = i?o y,[nf;)a,-,—krnp(;)a,_,_, +

- OHy
+p(;) a_p arj1 —Anqru,_,

defines a relation between the first r central moments and their derivatives.
Proof. The proof is similar to that of Theorem 2.

In the caser = 1, we have du,/3p = 0, and inthe case 7 =2, 9u,/9p = A2nq + \(n +1).
If we asumme that in the sequence [X;, j€ T, Xp # 0, then (1) takes the form

A* n -
PSy =x]=— e I ()& + D*[pe 1 (1 —p)"

Then the recurrence relations for the ordinary and central moments are given, respec-
tively, as follows:

r r=f __ rs1
) mea =X 2 Omylp@+ 1) ZCDatal=p E (mperare
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om, r om
] =3 3 1 .
©) 2= % Qarylnmy —p 11
r
(10 Hrey =X 2 Q)auy - p(1+np)uyar_s+

- r=f _ rel
+p(1 +n)y; 120(’1’)ai]_p 1_50 Oryjerar-y +
+2q(1 +np)p, ,
ary 222 - '3 winCayy —ArmpCyar-ys —pC)~la, 1+ Angr
ap —’_ol-‘/[ j)%r-j P()ar-j-1 —P\; ™ r-j]HAnqry,_, .

c) Recurrence relations for the moments of the distribution ).
We now gove equation for the ordinary and the central moments of the distribution (5).
Asin a), m, denotes the ordinary moment of the orderr.

Theorem . If Sy has the distribution defined in (5), then for arbitrary r the equation

am, am,
(12 iy M e P (! —P)*gp—*"(l-np)ﬁkzl

- lx
wherek;= T x" Q) R
’ x=0 x!

defines a recurrence relation for the ordinary moments of Sy.

Proof. Using (5), we have

- x -
m=a Z ¢’ —p)*! Ex'-(ﬁ)——e')‘/-kﬁ Zx
/=0 x=0 x!

Differentiating the above equation with respect to A and p respectively, we have

om
(13) ax’ =\'m,,, —at, =16k,
and
om, =1 =1
(14) ——=(1-p)" [p" at, — nm, +nfkj],

op
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where t, = £ jp/(1 —p)"~Ik;.
j=0

The theorem then follows from (13) and (14).
We now denote the central moments of order 7 by u,.

Theorem 6. The following equation defines the recurrence relation for the central mo-
ment of (5).

4% - Eme=) -p)+
+nrnu,.,+(1—p)—a’a%1+3(1—np)M11,
where
M= z K my) ()\1)" e
Proof, We have
w=a £P0-p"7 E c-my O 4+ -y 2

Putting m; = A(anp + BI) and differentiating with respect to A and p, we obtain

-

(16) et =A"[1p4y + N(anp + ) p,] —r(anp + 8D u,., +aW, —BIM,,

oA
and

ouy i -1 r. -1 =1
o)) a—p=(1—p) [P~ aW, — ny,) —Nanrp,_; + n(1—p)™ gM;.
where

n. B
W= Zi(pp 1-p)"'M;

Comparsion of equations (16) and (17) completes the proof.
Putting @ = 1 in (12) and (15), we obtain the recurrence relations for the oridinary mo-
ments and the central moments given by Varde [3].
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d) A limiting case. Letting n = o° and p = 0 in (12) and (15) in such a way that np =
=g (a — is a constant), we have

m,=X[

st apmy + 22014 - aypa}
aim ——— -a
N { g !

and

9 ]
Hrey = Al -;’;iw(a + D) tyay +afar(l+ X+ riB) gy + a—‘:wa-aw’n.
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STRESZCZENIE

W pracy rozwazano rozktad dwumianowo-poissonowski jako szczegdlny przypadek
szerszej klasy rozktadéw ztozonych. Podano takze wzory rekurencyjne na momenty
’zwyk}e i centralne tego rozktadu.

PE3IOME

B HacTosmeit pabote usydaerca 6MHOMMaJLHO-NMYacCOHOBCKOE pacrpe-
NesleHue KaK HacTHbIA cJOydail KJacca CIOXKHBIX pacnpeneseHwit. IIpuso-
AUTCA TaKXe peKyppeHTHble (hopMyJbl Ha MOMEHT.






