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Recurrence Relations for Moments of Inflated Modified Power
Series Distribution

Wzory rekurencyjne na momenty dla zmodyfikowanego rozktadu
szeregowo-potggowego typu inflated

PexyppenTHbie HPOPMYbl HA MOMEKTbl ANA MOAUMHUUMPOBAKHOrO pacHpeaeileHMA

1. Introduction. Gupta [2] has defined a so-called modified power series distribution

(MPSD) as a general class of random variables with the discrete probability density func-
tion

X
(1) P =x)=2EOT

f©6)

where T is a sub-set of the set of non-negative integers, a, 20, and there exists such
X ET that ay > 0.2(6) and f() are positive, finite and differentiaule. For g(8) to be in-
veriible, it reduces to Patil’s [S] generalized power series distribution (GPSD) and to po-
wer series distribution (PSD) defined by Noack [3] if in addition, T is the entire set of
non-negative integers.

Now we define an inflated modified power series distribution and its truncation case.

A random variable X is said to have the inflated (at the point x =s) modified power
series distribution (IMPSD), if

1-a+os, [8(9)]"",”0) for x =5

2 W
@) PX =x)= o [2(6) r,/fw, for x #5, x€T,

where 0 <a<1, 4,20,V a:>0, f0)=Zax [s@)]" for 0EQ=[06:0<0<R]
X€E
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the parameter space and R the radius of convergence of the power series f(0), T is the
sub-set of the set of non-negative integers, and s € T.
A random variable X is said to have the IMPSD truncated at the point x = x,, if

ax [sO)F [£6))*s s
- |’[1—a+a——f(7)— / _aax"—_f(T)_] forx=s%#xg,
P(X=x)= () 9)1% :
fa—xﬂgog)—)x-/ l—aaxﬂ—[—g%- forx€T, x#s, XxFXp

where a, 0 and a, are as defined earlier and xo = min x.
x€T

We see that when g(8) = 6, the IMPSD (2) reduces to an inflated GPSD (IGPSD) defin-
ed by Patel and Shah [4] and Sobich [6]. Estimation problem is dealt with in [4], where
as in [6]. we find recurrence relations for mosnents. In this note, we give recurrence rela-
tions for the moments, the central moments of (2) and (3), including the recurrence rela-
tions between moments of (1) and (2). Moreover, the factorial moment relations of (2)
are obtained. It is interesting to note tnat the moment relations obtained by Sobich [6]
are easily reduced from those estabilished here. Formulaes for the recurrence relations for
moments of the inflated generalized negative binomia. (GNB) distribution as a particular
case of (2) are also found out.

2. Moments of the IMPSD. 2.1. Mean of the IMPSD.
By definition, for the mean of the IMPSD, we have

EX)=m; =s(1 —a) + GXETXax [£(6))* /£(6)
That is,

4 m, =PBs + am

"0
where 8= 1 —a, for bravity, and m) = S0 )
g(0)1(8)

= &/e")(f'/f), the mean of the simple
MPSD in [1].

2.2.Recurrence relation between moments. For the r-th moment of the IMPSD, we
write

m,=8s +a T xTa,g*/f
xeT

Differentiating with respect to 8, we get
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dm

dag

Ceo T ax (s 8/~ L U] = € 18) 0y B —mi(m, - BsT)
In view of (4), we have

dm,

(6) Mpyy = (3/3’) + m: (m, _B-‘,) + g5

ag
which, for & = 1, reduces to that of reculrence relation established by Gupta [1].

2.3 Recurrence relation between central moments. For the 7-th central moment of the
distribution (2), by definition, we write

Q) ur=ps-m)Y ta Z (x—ml)'axgx/f_
xe€T

Differentiating with respect to 6, we get

du,

1 dm, dm,
i _ o ' At - 1 B
i Br(s —my Y™ ( 7s )+a xé)raxr(x m Y ( = &/ +

ta T x(x-m)a g g/f-alf'l) T _(x-m)ag/f
xeT x€T

Hence, we have
@©/gh ___d,u, =—rgk) __dm, Bs-m) ' +a T (x—m) tag/f+
de ST ' xeT = L

ta T (x-m) o g /f+aim -m) £ _(x-m) ag"/f
xeT x€T

Since from (4), we have

my —@/g") (1) =B(s - my)/a

therefove, in view of (7), we write

[ dﬂr [ dml - i
©/8)—=-rE/g) 7 M t ey —B(s—m) T +
ao ao
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+a£‘(s —my) [, =B(s —my)].

Thss will yield

1

dm r+1
@ M= (8/8)[ ""_"I-'r-] B/) (s —my)u, + (B/a) (s —my) ™.

Taking 7 = 1, in this result and noting i, =0, tg = 1, weobtain the expression for the
variance of (2) as

(SIS S
m-(x/x)do +a(5 my)

dm
from which, fora =1, we get u, = (g/8') -;1-0;

Hence, we write

9 Hry= (8/8 - —(3 —my) [y — (s — m)ppy — (s —my)" ).

Note that both (8) and (9) for a =1 will give the moment relations for simple MPSD .
described in [1].

Again when g =6 with s=0and T as the entire set of non-negative integers, (8) will
yield

du, dm
Mrey =0 r_ +r—- o Hra

B . wb
Las *" e Mt gk YT Om

as the recurrence formula for moments in inflated PSD (IPSD) inflated at the cell zero.
Moreover, for g =8 with a= 1, both (8) and (9) describe the recurrence relations for
the central moments of the PSD defined by Noack {3]

du, dm, 1
—5| 2,
Hpe L de a0 J‘r-:}

Also, in this case of inflation, we could derive a relation in central moments as follows:

Differentiating (7) again with respect to a (the inflation parameter), we get
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b oo - By
a

r r-1 dm, x
+ I (x-m) axgx[frta T (x—-m) " (———)axg [f=
xeT xe€T da

= (oY - r T [Be-m) ™+ T -m) agg®f+
x€T

da
+ [Hr‘ﬁ(“ml)’l la.

Which gives

n
(%) a—===u,+ra(s=mur-y —a’ (s-miy.

2.4. Recurrence relation for factorial moments. For the r-th factorial moment, we have

EXV)=ml=gst 4+ o £xlF g, g% /1
X

Differentiating with respect to 6, we obtain

[r]
:_? = aZxlla [xg™ ' g'/f - £1'1f*] = a@'[g) Zx"axg® f +
P 4 P 4
+ra(g'/g) Exayg* [f - a(f/f) Zxa g /f =
P 4 P 4
= @'/g) (V"= 4 rg'g—£'/1) (m17) - gsTY)
This will give, again,
dm [’]

=) mirtl= /gy o+ a5l t——m) nl— g5l

;{;}ich, for a = 1, describes the recurrence relation between the factorial moments of the
SD

r
m[”“:a/g')z—’: +m;ml”—rmlrl

Zven by Gunta 11
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2.5. Recurrence relation for negatize moments. By definition, the 7-th negative mo-
ment of X in (2) is given by

m_, = ﬂls"+ aZx"a g*/f.
x

differentiating with respect to 6, we get

dm_
“=a Zx7ay (xg* ' g/f - £LI1)
dae x
Hence, we have
p dm_ 5% B
&/8) . =m_p, —ps"" _m:(’"-r“BS ")
dé
which will yield
' dm-f U -r '
(11) M.y = @/8) —— +mym_+ps” (s—m,)

dé
This, forg = 8 with @ = 1, will reduce to

=0 dm-,+£'m
m_ = [ 20 (f) -r].

3. Recurrence relation between moments of MPSD and IMPSD. Again, we have

m, = fs + am,
Substituting for m, in (7) and using the fact that

B-m)axg/f = 2 £ C)-miy @m; — o) arg¥/f =
x - XET jmo
= T ()8 (m 5y
J=0
we get, where ui= T (x—-m;Ya,g*/f,
xeT .
ur=Be’ =)+ a % €387 — ).

Noting g = 1 and u; =0, this, after further algebraic simplification, gets reduced to
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W = Bats-mi)'la™ + (-1’81 1+« £ (8" oy )T
j=2

Hence, using the formula for the r-th central moment of the simple MPSD

’ ’ -

dm,
Hr= @/8)[— c—)—u, |, r=2,3,...

dé dé

we get

My = af(s—my)" [«" +(-1)"87" ] +

duy_y
gy

' r r-/ 1\
+at/e) T (8 emi s)[ >

the recurrence relation between moments of simple MPSD (1) and an inflated MPSD (2).

4. Truncation. 4.1 Recurrence relation for positive and negative moments.
The r-th moment of the distribution (3), truncated at the point x = x,, we have
(13) . m,=(ps"+a T x"a,g*/f]/Q
X % X,
Where Q = 1 — aa g™ /f.

Differentiating with respect to 0, and after simplification in view of (13), we arrive at

’ dmf ’ [
(14) mp., =@/8 ) s [xo(1 — Q) —m Jm,/Q +Bs" (s — m)/Q

Which, for @ = 1 and g =6, reduces to

dm, | 6% f 0™
(15) m,,., =0 —d—é—— _xoax‘ T“‘o }']mr/[l —dx, 7 :l!

Again, for the r-th negative moment under trucation, we have

m_p=[Bs" +aZxTa g /11/Q.

Following the same lines described in (2.5), the recurrence realation for negative mo-
ments of truncated IMPSD (3), we get
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dm._, i L, ’
——[xo(1 - 0) —mi Im_r/Q + B (s - m)/Q.

(16) m,., =(/g")

It is interesting to note from above that forg =0, the expressions (8), (11), (12), (14)
and (16) reduce to those recurrence relations for moments established by Sobich [6]. In
a way Sobich’s case becomes a particular of the present paper.

5. Example. An inflated GNB distribution.

A random variable X is said to have an inflated (at the point x = s) GNB distribution, if

-l—a+aG(x) for x=s

a7 P(X=x)= aG(x) for x€T, x#s

where G(x) = n(" *7%) [ (1 —0)" 1 F/1-0"" o<g<1, 1671<1, n>o0.
Were g =0(1 — 0)""" and f = (1 —0)™™. Then we haveg/g' =0(1 — 6)/(1 — y08)and
f'/f=n/(1 —6) givingm; =n8/(1 —70).

Thus on substitution, particularly in (4), (6) and (8), we get the recurrence relations
for moments of the inflated GNB (IGNB) distribution (17) as follows:

(18a) my =ps+anb /(1 —~0),

6(1-0) dm, _nd

AL — A
(1—0) d8 1_qelmr P

(18b) Myey

(18) 419 [du,+ dm,

Hpey = -6 | d8 r 40 u,b,:l'—(ﬂfu)(!—m,)p,+(ﬂ/a)(s—m|)"'.

This, for r = 1, will yield the variance of the IGNB distribution (17)

_nas(i-8)
By T e

)2
which ultimately, for a = 1, reduces to

_ no(1-6)
BT aey

Likewise, the other moment relations can be obtained for the IGNB distribution (17).
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A Truncated IGNB distribution. A random variable X is said to have a truncated (at
the point x = x,) IGNB distribution, if

[1 —a+aG(x)] / (1 —aG(xo0)] for x =3, s#Xo
Fhliié=ss ‘_aG(x)/[l —aG(xy)] for x€ T,x=#s,_x #* X

where G (x) is as before.

In this case we have

(19a) my=[fs"+a T x'G(x)]/Q
xaﬁx‘,
(19b) mrﬂ=mdmr —[Xo(l —Q)—L]m,/Q +BS'(s— 2 )/Q
1-+6 dé 1-76 1—70
(19¢) 8(1-6) dm_, nf L n8
m"”zt{e—d—o_[%(l_Q)-l-—ye]m"/g+3s (3—1—76 )/ Q

where Q = 1 — aG(x,).

It may be noted that for v = 1 and truncation at x = xo = 0, (19b) and (19¢) agree with
the recurrence relations for the truncated inflated binamial distribution established by
Sobich [6]. Furthermore, the particular case «y = 1 for & = 1 conforms with the truncated
GNB distribution (truncated at x = 0) in Gupta [1].
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STRESZCZENIE

W pracy podano wzory na momenty zwykte i centralne znieksztatconego zmodyfiko-
wanego rozktadu zadanego przez szeregi potggowe, ktéry zawiera jako szczegolne przy-
padki wczesniej rozwazane w literaturze rozkiady dyskretne.

PE3IOME

B pabore mpeacraBneHo GOpMyJabl Ha OOBIKHOBEHHbIE M LI€HTPAJbHbIE
MOMEHTBbl MCKa3eHHOro MOMMMUILIMPOBAHHOIO pacnpefesieHusA, BLIIBAHHOIO
CTeNeHHbIMU pAZaMyU. ['JaBHbIM pe3yJbTaToM paboTbl ABJAIOTCA peKyp-
peHTHBIe (POPMYJIbl ANA BbILIEYTIOMAHYThIX MOMEHTOB.



