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1. Introduction. Let £, F be two holomorphic functions in thedisc Kg =[z:|z | <R).
We say that a function f is subordinate to F in Kg and write f j{F in KR, if there exists a
holomorphic function w such that | w(z) | <1z | and f(2) = F(w (2)) for z €K, We say
that f is majorized by F in Kg and write f € F in KR, if there exists a holomorphic func-
tion ¢ such that | ¢(z) | < 1 and f(2) = ¢(2)F(2) for zEKg. .

M. Biernacki [1] investigated the relation between subortination f {F in K, and
majorization of derivatives ' € F' in some smaller disc K, if the functions £, F are uni-
valent in K. This problem was also investigated by G. M. Goluzin (cf. [3] p. 330) and
Shah Tao-shing [6]. Z. Lewandowski [S] investigated an analogeus problem in the case
when f € F in K, and the functions F are univalent or starlike in K, . He proved that

f<FinK, =f' <F inKya2 /5.

Z. Bogucki and J. Zderkiewicz [2] sovelt this problem for convex functions. They proved
that '

f<FinK,~>f'€<F'inK,,.

These problems may be generalized in the following way. Let 4, B be two fixed classes
of holomorphic functions in K,. Find the smallest function T'(r) = T(r; 4, B),r €¢0, 1)
such that for every pair of functions f € 4, F € B the implication

f<FinK, = |f'@)I<T(r;A,B) IF'@)|foriz]l =r<1

holds.
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Now if we want to find the radius of majorization of derivatives then it is enough to
solve the inequality

T A, B)<1.
In the same way we may generalize and majorization of its derivatives:
Find the smallest function G(r) = G(r; A, B), r € (0, 1) such that for every pair of
functions f € A, F € B the implication
fgnF in K; =1f'(2)ISG(r; A,B) | F'(z)| for z=r<1.

In this paper we are going to determine the functions I'(r; A, B) for some specjal classes
of holomorphic functions.

2. Main results. Let S denote a class of function F(z)-holomorphic and univalent in
K, and normalized by the conditions F(0) =0, F'(0) = 1

Let us put
. 2F (2)
S =[F€S ; Re >0 for z€XK, |,
F(2)
2F"'(2)
SS=[F€ES ; Re(1- F'(z))>o for zEK, ],

H(K))=[f ; f-holomorphicin K, ] .

For given number n =0, 1, 2, ... let us put
Np=[f:f(2)=apey 2"*! +apeqa 2"*? + . €H(K,))

Q= w;w@)=ap 2" +ape; 2" +...€EH(K,), |w()|<1] forz €K,

Theorem 1. Let fEN,, FESC. Iff€FinK, and |z |=r< | then

(1) If'@) | <T(r: No, S) | F'(2) |
wher_e

1 for r€(0, 1/3)
(2) T(’;No:s‘) = 5,2_”_*_]

(-1 for r€(1/3,1)
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The result is sharp. For zq = ry e, ro > 1/3 a pair of functions

roz” % + 1 —2p 2

ro + (1 —2ry) ze™ "% 1+e % 2

A3) fiz) ="

-

) W s 1 +ze %

where 0, is an arbitrary real number, is the extremal pair. For ry €0, 1/3) every pair of
Sunctions f(z) = &% F (2), F(z), where F € S€, is the extremal pair.

Remark 1. From the theorem 1 we can obtain immediately some generalization of the
result of paper [2]. Namely, we can omit the condition of £'(0) > 0.

Proof of theorem 1. If f € F in K, then there exists a function ¢ € Q¢ such that
) f@) = () F(z) forzEK,

It is known (cf. [3] p. 286) that if ¢ € §2,, then

1—1e@) P

(6) 1¢' (2)] < —— for z €K,
If FESCand |z |=r<1 then (cf. [4] p 13)

r(l—r) < 26 <r(i+rn.
@) Fo)

Differentiating the equality (5) and dividing it by F’ (z) we obtain

f'@)
F'(2)

F
=¢'(2) il 6(2)

® F'@z)

Now from (8) by (6) and (7) we have for |z | =r <1

') L 1-1¢@2) I?

r o r
= e e + z +____
® | Fo TS 1D 1 9E) | =~ (9@ P+ 16 1+
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If | z | = ris fixed then the right hand side of this inequality is a square function of varia-
bleu=|¢(2) |

r r
wtu+ —
1=r 1—r

P(u)=—

By the condition that ¢ € £, it is implied that u may take values only in the interval 0,1).
The function P(u) has its maximum at the point u = 1 when r € (0, 1/3) and at the point
u=(1-r)/2rwhenr€(1/3,1).

Consequently

1 for r€(0, 1/3)
(10 max =~ P)= [ 52 _2r 4
) us(0,1) = L for r€(1/3,1)
4r(1—r)

Thus from (9) and (10) we have (1).
By simple calculation we can check that the function (3) and (4) satisfy the condition

Seo |t
F'(z0) 4ro (1 —ro)

and the proof is completed.

Theorem 2. Let fENyand FES. Iff € FinK, and |2 | =r <1 then

(1) '@ | <T@ No, S) | F'(2) |,
where
1 forr € (0,2—/3)
12 T(r;Ny. S) = 2 i
(12) - s ditac, ng el 48,

4r(1—r)

The result is sharp. Forr € 0, 2 — \/5) every pair of functions, f(z) = %1 F (z), F(z)
where F € S is extremal. For r € (2 —\/3, 1),z9 =1y e g4 pair of functions,

ro (14 2r, —r3) z¢™ "% + (1= 2r, —13) :
ro (1421, —13) + (1—2r —r3) ze~ % (14 ze~1%0y2

(13)  fE@)=e™
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(14) F@) = U vze ey

where 0, is an arbitrary real number, is extremal.

Remark 2. The extremal function (14) belongs to the class S* C S and therefore the
result of this theorem can not be improved by stronger condition that F € $*.

Remark 3. From the theorem 2 we can obtain immediately a generalization of Lewan-
dowski's. Namely we can omit the condition f ’(0) > 0 in the theorems 1’ and 1” of pa-
per [S].

Proof of theorem 2. By analogy to the way applied in the theorem 1 we have

fay ., . F@
e =¢'(2) ) + ¢(2)

(15)

where ¢ € Q4 and FE S. If F € S then by (18) p. 113 of [3] we have for|z |=r<1

3 +
(16) i lF(z) & P

"1+r F'(2) 1—-r’
Now from (15) by (6) and (16) we have for |z j=r<1

| 1'e) > 1-1¢@1? r(i+r)
| F2) 1-r 1—-r

a7 + 1601

If | z | = ris fixed, then the right side of this inequality is a square function of a variable
u={¢@)1,
r

u? +

L u +
(1—r)? a-n*"

P(u)=—

The variable ¥ may take values only in the interval (0, 1). Now the function P(u) has its

maximum at the point u = 1 when r€ (0, 2 —v/3 ) and at the point u = (1 — r)*/2r when
re(2-v3, 1.

Therefore
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i 1 for r€(0,2—v3)
(18) max P(u) =| 4r’ +(1=r)*
: €0, 1 _ for re(2—\/3,1).
u 4’(1_r)2 orr ( V391)

Thus by (17) and (18) we obtain (11).

For every 2y =rg %, rn€R- \/5, 1) the functions (13) and (14) satisfy the equality

f '(7-0)
F'(z0)

and +(1—ry)*
"7 4’0 (1_70)2

and therefore the result is sharp.
In this part wedetermine the functions T'(r;,N ,,S€), T(r:N,,S)and T(r;N,,S) forn> 1.

Theorem 3. Let n 3 1, fEN, and FESC. Iff<FinK, and \z { =r < then
(19) 1f'@) | ST (N, SE) | F'(2) L.
A function T is given by the formula
(r+n+1)r" for r€(0, o)

(Q0) T(:N,.S) =
(nr + n +1) (1—r)? +4r?

4(1—-r)

o for r€ (o, ,1)

2(n+1)
3+Vanl +4n+9

(2I) On =

The result is sharp. For zo = ry ', 1y €0, 8,,) a pair of functions

ne1 6, z

3 F@)=

1 +z¢" %

(22) fey =

1 +ze" %

where 6, an arbirrary real number is extremal. For ro € (6,, 1) the extremal pair is the
Jollowing pair of functions
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o ze7% 44 gl
(23) )= ewo = = " F Z) =
16 1 +aze "% ] 4z 1% ) 1+ ze 6
where, 0, -arbitrary real number and
+ —n-—]
(24) it A% € (-1.1)

ro(n—1-—nrp)
Proof. The fact that fE N,,, F € S and f < F in K, implies that there exists a func-
tion ¢ € £, which satisfies the condition (5) and (8). If ¢ € §2,, then
(25) lo@z)I<|z|" forz€K,
and the function
Y(2)=¢@)/z" €EQ,

Applﬁg to the function ¥ (z) we obtain

_|s@p
9@ _ ne@ a
& o gl 1=l

Thus we have

nle@)| +I:!"‘—I¢~(:)l’

6 ‘@) I< : €K
(26) @ |zl fz1"( =1z %) B
Now from (8) using (7) and (26) we obtain
L f') | _ nle@l  r"—le¢@) .
l F o) ‘ < r + A —r r(l+r)+1¢@2)| =
@7
1 f”.l
=—ml¢(2)lz+(nr+’l+l)|¢(2)l+ 1—

forizl=r<
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The right hand side of inequality (27) is a square function of variable u = | ¢(2) j. Let us
denote it by P(u). From (25) we have that u ranges the interval 0, r®. If | z | = r is fixed
then the function P(u) takes its maximum at the point u = r" or at the point u = %(nr +
+n+1)(1 —r)r" ! and therefore

sup P(16(2)1)= max P(u)=T(r;N,,S°)
eEN, usw, rt

where T'(r;N,,5%) is given by (20). This proves the theorem. A simple calculation shows
that for the pairs of functions (22) and (23) we have equality in (19) for z = z,.

Theorem 4. Letn> |, fEN, FES. Iff€FinK, and |2 |=7r<| then
(28) If' @ IST@N,, S I F'(2) I

A function T is given by the formula

— 1 s
(n—1)r+n+1 for r € (0, p,)
T(: Ny, S) = —2r—(n-1ry +27
n 3[n+1=2r—(n—1)r] P for r € (o5.1)
4(1 —ry?
where

n+1

o o T U342

The result is sharp. For z, = r, e . ro €0, pp) the pair of functions

ef6 A4

(l +ze—l‘9‘,)2

z

. F(¢2) = —————— ,
@) (1 + ze % )2

(€3)) f@) =

where 6, -arbitrary real number, is extremal. Forry € (pp. 1), the extremal funcrions are
the following

i9, -8 4 py2 1Y >
(12 fo) = ——L TV @ s e
(1 +bze %) (1 +ze™ %) (1 + ze~ %02
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where 8, -arbitrary real number and

(33) _ (n+1)(—r)=2r

€(-1,1)
ro(n—1)(8 —1)+2r

Proof. The assumptions imply that there exists a function ¢ € £2, which satisfies the
identity (15). Then from (15) using (16) and (26) we have for |z | =r <1

U 2n _ 2
FOLLZRIPEN o e IR L . ieg) =
F(2) r 1—r r"(1 —r?)
(34)
| d(2) 12 n+l1+(n—1)r P oy
et = 8) 1+ 5 = PUS@ D)

If | z | = ris fixed then the right hand side of (34) takes its maximum at the point
l¢@) |=r"orl¢(z)|=%n+1+ (@ —1)r(1 —r)r""*. Therefore

P = P(u) = T(r;N,,
@395) :;r;n (192 1) ucf?gf‘,") ) n» S)

where T(r; N, S) is given by (29). Now by (35) and (34) we obtain (28). The functions
(31) and (32) where b is given by (33) give the equality in (28) for z, = rge®e

Remark 4. The function F(z) given by (31) or (32) is starlike. Therefore the result of
theorem 4 can not be improved if we replace S by S*.
Now we can obtain some results concerning the relation between majorization of func-
tion f < F and their derivatives f' < F".

Corollary 1. Letn=1,2,...,fEN,, FESE.

Then
f<Fink, =f <F'ink;,

where ry, is the unique positive root of the equation
(36) " +(n+ 1) —1=0
In particular

n=vV2-1,n=%
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The sequence [ry ) is increasing to | when n tends to > and

37 2a+ DV <p < (20 + 1)V

Proof. To find r, it suffices to solve the inequality 7'(r; N, S€) < 1. First we can
prove that 7, < 6,, and then that (36) is implied immediately by (20). The inequalities
(37) are obtained from the inequalities

"t +n+ Dt =1 <"+ (n+ D" - 1<+ (n+ 1) - )
for r € (0, 1) and from the fact that these three functions are increasing in {0, 1).
Corollary 2. Letn=1,2,...,fEN,, FES (or S*).

Then
f<Fink, =f" <F'inKg,

where R, is the unique root of the equation
(38) m=-Dr"*'+(n+ D" +r-1=0.
In particular

Ry =3 R, N7 =8

Proof. To find R, it suffices to solve the inequality T'(r; N,, S) < 1. It is easy to show
that R,, <&, and then (38) is immediately by (29).
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STRESZCZENIE

Mdwimy, ze funkcja fjest zmajoryzowana przez F w kole K; = [z : |z | < 1] i piszemy
f<€FwK,,iezeli dla kazdego z € K, zachodzi nieréwno$¢ | f(2) | <1 F(z) {.

W pracy tej rozwazany jest nastepujacy problem: niech A, B bedg ustalonymi klasami
funkcji holomorficznych w kole K, . Wyznaczy¢ mozliwie najmniejsza funkcje T(r) =

=T(r: A, B) taka, zeby dla kazdej pary funkcji f, F(f€ A, F € B) prawdziwa byla naste-
pujaca implikacja

f€FwK = |f()I<TOIF(z)| da |z|=r<1

Problem ten rozwiazaliémy catkowicie, gdy A jest klasg wszystkich funkcji holomor-
ficznych w K, i majacych rozwinigcie f(z) = apsy 27" +ap, 27 +...,n=0,1,2
natomiast B jest klasg funkcji gwiazdzistych lub klasa funkcji wypukiych w kole K.

PE3IOME

TF'oBopiM, YTOo pyHKUMA f ABNAeTCA 3Maépu3oBaHHOK uepe3 F B xpyry
Ky=[z:1z{<1] u nmueM f<F B K, ecim ana gaxnoro zeK, ucnosn-
HeHO HepaBeHCTBO |f(2)|<|F(2)|.

B zannoit pabore BbIcTymaer caexyromas npobaema: Ilycrs 4, B 6yayT
onpeneNekHbIMI KJjaccaMyu rosoMopdHbix dyHKuMu B Kpyry K;. O6o3Ha-
4UTh BO3MOXKHO caMylo Maxyw ¢yuxkuuio T(r)=T(r; A, B) Takyio, 9T0o6n!
Aana Kaxcnoy mape! dynkumir f, F(f € A, F € B 6bL1a npaBamBois cnezxytouxax
vMRIMKaIMA: < Fb K, =|f'(2)|1<T() | F'@)|
ana iz|l=r<l1

3Ty npobrenMy pa3pelleHO EMOJHe, eCau A ABJAETCA KJacCoM BCex
ronoMopdHbIX yHKIMA B K; ¥ MMeroumMx pa3joxeHue f f()=a,., s

,,.2"" 2 +....n=0,1,2,....a B ABAAETCA KJaCCOM 3BE3AHBLIX (PYHKIpAA
MM KJIacCcOM anymxx dyHkwt B kpyre K,.






