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Quasipodporzgdkowanie i quasimajoryzacja funkeji analitycznych

KBasunoguuHeHe u KBa3HMaKopauuAd SHAIHNTHYECKHX (bym(uuﬂ

Let B be the class of analytic functions in K, K, = {2: |2/ < R} and
bounded |p(2)] <1 for ze K.

Let 2 denote the class of analytic functions in K, such that |w(z)| < |2
forze K.

Let f(z), F(z) be two functions which are single-valued and analytic
in the disc Kp.

Definition 1. The function f(z) is said to be subordinate to F(2) in Ky
if there exists a function w(z) € 2, for which

f(z) = F(w(2)), z € Kpg.
In this case we write
f(z) 3 F(2) in Kg.

Definition 2. The function f(2) is said to be majorized by F(z) in K,
if there exists a function ¢(z) e B, such that

J(2) = p(2)F(z) for z € K.
We write then
f(2) < F(2) in K.

Note that f(2) < F(z) in K, if and only if, for every ze K, we have
1/ (2)] < |F(2)l.

Several theorems exist in the literature that relate f(z) and F(z) when
f(2) 3 F(2) which have their counterparts that relate g(z) and G(z) when
g(z) < G(z). In order to establish some semblance of unification for parallel
results for subordination and majorization, M. S. Robertson [6] intro-
duced the concept of quasisubordination.
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Definition 3. [6]. Let f(z) and F(z) be analytic in K. Let ¢(z) be
analytic and bounded for z € Ky, |p(2)! <1, such that f(2)/p(2) is regular
and subordinate to F'(z) in K. Then f(2) is said to be quasisubordinate
to F(2) w.r.t. to ¢(2) in K.

It f(z) is quasisubordinate to F(z) w.r.t. to ¢(2) we shall often say
simply that f(2) is quasisubordinate to F(z) in K, and write

f(z) 3, F(2) in Kg.

From this definition we have that f(z) 3, F(2) in K, if and only if
there exists the function ¢(2) € B and w(z) € £, such that

f(2) = p(2)F(w(z)) for z € K.
The concept of quasisubordination can be also defined as follows:

Definition 4. Let f(2), F (z) be analytic in K. If there exists an analytic
function g(z), such that f(z) < g(2) in K5 and g(z) 3 F(2) in Ky, then
f(2) is said to be quasisubordinate to F(2) relative to g(z) in K, and we
shall often say simply that f(z) is qnasisubordinate to F(z) in K, and
write f(z) 3, F(2) in K.

These two definitions 3 and 4 are equivalent. If f(z) is quasisubordi-
nate to F(z) relative to ¢(2), then in Definition 4 we can put g(z) = f(z)/
lp(2). Now if f(2) is quasisubordinate to F'(2) relative to g(z), then we can
put ¢(z) = f(2)/g(2) in Definition 3.

Thus we have

f(z) 3, F(2) in K< (3) (f(2) < 9(2) in Kp)a (g(z) 3 F(2) in Kp).

g(z

Using the Definition 4 we can obtain immediately the generalizations

on quasisubordination of all these theorems, which have the same conclu-

sions and the assumption subordination f(z) 3 F(2) is replaced by that of
majorization f(2) < F(z). In particular we have

Theorem 1, [6]. If f(z) 3, F(z) in Ky, then for every 2> 0 and r € (0, 1)
we have

an in
[ 1ftre®) a0 < [ [P (re®) db.
0 0
Theorem 2, [6]. If f(2) 3, F(2) in Ky and
f@) = Y adt, Fa) = ) 4,7
k=0 k=0
for 2 € K then for n = 0,1,2,... and r € (0, R)

Dlafrr < A
k=0

k=0
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oo
If the series 3 |A,[*r** is convergent for r < R then

k=0
oo oo
&
Z a2 r?* < 2 [4,*r*, 0 <r<R.
k=0 k=0

Theorem 3. If f(2) 3, F(z) in K, then

n n

N
_SJ la,* < ZlAklzy n=0,1,2..,
k=0 k=0

00
and if the series Y |A,|* is convergent then
k=0

o 00
Dl < D) 14,0
k=0 k=0

The following theorem is a generalization of Theorem 3 in the paper [3]
p. 211.

Theorem 4. Let 1,, k =1,2,..., be a sequence of nonnegative real
numbers, such that 4, > 2,,,>0 for k =1,2,....
If f(z) 3, F(z) in K, then

Dol < N 4,0 0 =1,2,...

k=1 kel

oo
and if the series D' A,|A,|* is convergent, then
k=1

Z:;-H“IJ2 < sz |4,
k=1 k=1

Let A be a class of functions analytic in the unit disc K, and normal-
ized by the conditions

f(0) =0, f(0)=>0.

Now we can introduce the concept of so-called quasisubordination in
a normalized way.

Definition 5. We say that a function f(z) e 4 is quasisubordinate
in a normalized way to F'(z) € 4, if there exists a function ¢(z) € 4 such
that f(z) < ¢g(2) in K, and g(z) 3 F(2) in K,. We write then

9 — Annales
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f(2) 3qu F(2).
For this kind of subordination we can prove the following theorems.

Theorem 5. Let S, denote ths clase of a-starlike normalized functions
in K, that is F(0) = F'(0)—1 = 0 and Re{zF'(2)/F(2)} > a for ze K,.
If F(2) € 8}, and f(2) 34, F(2) then for |z| = r < 1 we have

If(2)] < T'(r, Sl‘m) |F(2)]

where

r
T{i‘, S:.z) = max {1, 1_—_7‘}.

Theorem 6. Let S° denote the class of convex normalized functions in K,
that is F(0) =0 = F'(0)—1 and Re{l+2F"(2)/F'(2)} > 0 in K,.
If F(z) € 8° and f(2) 34, F(2) then for [2| = r < 1 we have

If(2) < T'(r, 8)|F (2)]
where
T(r,8%) = I(r, 8},) = max {1, _I?Tr}
Theorem 7. If F(z) e 8; and f(2) Sq F(2), then for [2| =r< 1, we
have
If(2)] < T(r, 8)IF(2)]

where

X
T(r, 8;) = max {1, (1—_1)—2}

The results of the theorems, 5,6 and 7 are the best possible in this
sense that we could not replace the functions T'(r, S},) = T'(r, §°) and
T(r, 8;) by any smaller functions of r respectively.

The Theorems 5, 6 and 7 follow immediately from one general theorem.
In order to formulate it we must introduce first some notations.

Let H, denote so-called the Rogosinski’s domain bounded by an are

of circumference |{| = |z|* and two arcs of circumferences going through
the point { = 2z and tangent to the circumference || = |2|* at the points
£ =izlz|, {s = —1z|z] respectively.

Let U be an arbitrary fixed subclass of the class 8 of normalized
(f(0) =0, f'(0) = 1) and univalent functions in K,, with the following
property: f(z) e U = ¢ “f(e°2) e U for all real 6.
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Let us put
06, 0) = fws w = 20, L e B, Fla)e o}.
Theorem 8. If f(z) 3,, F(z) and F(z) € U then for r € (0,1) we have
f(2)
<T(,U),
|"il'g'|F( 2) v )
where

T(r, U) = sup{lw|: we@(r, U)}.

Proof of Theorem 8. f(z) 3., F(z) implies that there oxists a function
g(z) such that f(2) < g(z), that is |f(2)/g(2)| < 1 for z € K, and g(2) 3 F(2)
in K,. Now by the results of paper [2] (Theorem 1 and Corollary 1) we
have that |g(2)/F(2)) < T(r, U) for |2 = r < 1. Therefore

|f) | _|f) ],
|F(2)|  |g(2)
Because the above mentioned results of paper [2] are best possible and

subordination f(z) 3 F'(2) in K, implies quasisubordination f(2) 3, F(2)
in K,, therefore the result given in Theorem 8 is the best possible, too.

9(2)
F(2)

<T(r, U).

Proof of Theorems 5, 6 and 7. It is enough to use the Theorem 8 and
the functions T'(r, S3,), T(r, 8°) and T'(r, S;) determined in [2].

If in the definitions 4 and 5 we change the role of subordination and
majorization then we obtain one new concept.

Definition 6. Let f(z), F(2) be analytic in K. If there exists an analytic
function h(2) such that f(z) 3 k(z2) in K and h(2) < F(2) in Ky, then f(2)
is said to be quasimajorized by F(z) relative to 2(z) in K and we shall
often say simply that f(z) is quasimajorized by F(z) in K, and write
f(z) <, F(z) in Kp.

It is easy to see that f(z) <€, F(2) in Kg if and only if there exist the
functions ¢,(2) € B and w,(2) € 2 such that

f(2) = ¢, (wl(z)).F(wl(z))’ for z € Kp.

Definition 7. We shall say that a function f(z) € A is quasimajorized
in a normalized way by a function F(z) € 4, if there exists a function
k(z) € A such that f(z) 3 h(z) in K, and h(z) < F(z) in K,. We shall write
then

f(2) <qu F(2)-

Quasimajorization and quasmubordmatlon are connected by the
following relations.
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Lemma 1. If f(z) <, F(2) in Ky then f(z) 3, F(z) in Kp.
Lemma 2. If f(2) <, F(2) then f(2) 34, F(2).

Proof. In order to proveit it is enough to put ¢(2) = ¢,(w,(2)) and w(z)
= w,(2). Furthermore if f, h, F belong to A then ¢,(0) > 0, w;(0) = 0 and
therefore ¢(0) > 0, »’(0) > 0. This implies that h(z) = f(2)/p(2) € A and
the both lemmas are proved.

Remark. By the lemmas 1 and 2 it follows that the theorems 1-8 of

this paper are valid if we replace in them quasisubordination by quasi-
majorization.

Problem. Lemma 1 says that f(2) < ,F(2) = f(2) 3, F(2). We can
change the direction of this implication that is, the concepts of quasi-
subordination and quasimajorization are equivalent.

Remark. If F(z) =z is identity function then f(2) < ,,F(z) if and
only if f(z) 3 ., F(2).

Proof of the remark. Necessity follows by Lemma 2. Suffiency. In
this case f(z) 3,7 and we have

f(2) = p(2)w(2) = (o, (z)) y(2)

where ,(2) = ¢(2)w(2), ¢,(2) =1. Therefore f(z) < ,, F(2).

Thus we see that for identity these two concepts are equivalent.
In a general case the problem is open.

We can generalize also some such theorems on quasimajorization
of which we could not generalize on quasisubordination.

Theorem 9. If f(z) < ., F(2) and F(z) € 8; then for every R e(0,1)
we have
f(Kr(R)) < F(KR)°
where
VR
14+VR+R

r(R) =»(R, S;) = min| R,

Theorem 10. If f(2) < ., F(2) and F(z) € 8}, then for every R € (0,1)
we have

f(Kr(R)) < F(KR)’
where

V6R*+4R—R
r(R) =r(R, 8},) = min|{R, i A

2(1+R)
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Corollary. Theorem 10 is valid if the hypothesis F(z) € 8y, s replaced
by F(z) € 8 since 8y, > S°.

The theorems 9 and 10 follow from some general theorem which is
a generalization of Theorem 2.2 of paper [4]. Now we formulate

Theorem 11. If f(2) <,, F(z) and F(z) € U then for every R €(0,1)
we have
f(Kyp) © F(Kp)
where
r(R) =r(R, U) = sup|r: O, D(R,r, U) = 0|

r<Rk
and

0, ={w: w =9¢(2), |zl <r ¢(2) e B, ¢(0) = 0},

( F(z)
.D R, ) U = S = ——
e da e T

1l =B, 1t =7, FeU}.
Proof of Theorem 11. By the hypothesis f(z) <,, F(2) we have
1° f(2) 3 h(2) in K,, h(2)e A,
2° h(z) < F(2) in K,.
The functions k(z), F(z) satisfy the hypotheses of Theorem 2.2 [4] and
therefore
h(K,p) = F(Kp).
From 1° we have that
f(K,) < h(K,)
for every o€ (0,1).
Thus we obtain

f(Kr(R)) c F(Kg)

and the proof is complete. In an analogous way: Theorem 9 follows from
Theorem 2 of paper [5] p. 924 and Theorem 10 follows from Theorem 2
of paper [1] p. 7.

Let us put in the Theorems 11, 10 and 9 R — 1. Then we have the
following corollaries.

Corollaries.
Suppose f(z) <,, F(2).
1. If F(z) € U, then
f(E,) < F(K,)
where

r, = limr(R).
R—1
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2. If F(z) € 8}, then f(K,,) < F(K,).

3. IfF(z) e 8, then f(K,;) < F(K,).

The Theorems 1-11 are not all which we can obtain. There are many
other theorems which can be extended on quasisubordination and quasi-
majorization. Some of these generalizations will be studied in the next

paper.
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STRESZCZENIE

Od dawna znane s3 pojecia podporzadkowania f 3 F i majoryzacji
(modulowej) f < F. M. S. Robertson w 1970 r. uog6lnit te dwa pojecia
wprowadzajge nowe pojecie quasipodporzadkowania f 3 F, ktére w szcze-
gélnych przypadkach daje podporzadkowania lub majoryzacje. W tej
pracy podana jest definicja quasipodporzgdkowania w postaci

3. F=V{f<9)r (g 3 F)}.

Definicja ta pozwala na otrzymanie niemal bez dowodéw wielu twierdzen
dotyczacych funkeji quasipodporzadkowanych.

Wprowadzone jest tu réwniez pojecie quasimajoryzacji f < ,F poprzez
zamiany roli majoryzacji i podporzadkowania w definicji quasipodporzad-
kowania.

F <, F=V{f3mA(h < F)}.

Okazuje sie, ze f < .F = f 3 ,F, problem odwrotny pozostaje otwarty.
Ponadto podanych jest kilka przykladowych twierdzen wigzacych quasi-
podporzadkowanie ze wzajemnym wzrostem funkeji f i F oraz quasi-
majoryzacje tez ze wzrostem funckji i dodatkowo z zawieraniem si¢ ob-
szarow f(K,), F(Kg) gdzie K, = {2: |2| <r}.
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PE3IOME

Vike @NaBHO H3BECTHO MNOHATHe NOAuMHeHuA f< F u Mamopauuu
(MomynbHoit) f < F. Pobeprcon M. C. B 1970 r. 0606mu 3T ABA MOHATHA,
BBOJIA HOBOE TOHATHe KBasumoguuieHusa f-3 , F, KoTopoe B 0COGEHHBIX
cayyasnx co3faeT MOguYMHeHUWe MM Maskopauuu. B maHHOil paGore mpen-
cTaBieHa HReGUHUMUUA KBA3UNOMYMHEHHMA B BHUJE:

3 F=NIf<9nr(g 3 F)}

9ta nedMHMUMA gaeT BO3MOMKHOCTb TMOJNYYHTh NMOYTH Ge3 JOKa3aTeNnbCTB
MHOIO TeOpeM, OTHOCAIMMXCA K KBA3UMOTYMHEHHBIM QYHKUMAM.

Beeneno 3pmech mnonAtMe KBasumaikopauuu f <  F, 3amenAas poab
Ma3KOpaUMK U TIORYMHEHUA B AedUHMLHIO KBa3UIIOXYMHEHHA.

[ F =V {(FT<MA(h < F)}

OxasmniBaercd, 4910 f €, F' = f 3, F' o6opoTHas npobiaema oCTaéTCA OTKPHI-
to#t. Takike OBLIO TpPENCTABIEHO 1ECKOIbKO NMPUMEPHHX TeopeM, CBA3HI-
BAIOIMX KBAa3HIIONYMHEHUE ¢ oGowoaHbIM pocToM dyHKuumii f u F, a TakKe
KBa3MMaKOPAUMU € POCTOM (YHKUMU M TOIOJHHUTENILHO C BO3MelaloLiu-
muca obnacramu f(K,), F(Kyg), rae K, = {z: |2| < 7}.
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