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О некоторой интерпретации линейной связности на дифференцируемом 
многообразии М

Introduction

The aim of this paper is to present a certain non-classic interpretation 
of a linear connection on a differentiable manifold M.

As the starting-point of the reasoning the (7-structure (denoted by FTJf) 
is given in the principal fibre bundle of linear frames FTM over the tangent 
bundle TM. Next, the existence of the global diffeomorphism between 
this U-structure and the tangent bundle TFM is proved. (TFM is the 
tangent bundle to the principal fibre bundle FM of linear frames over 3f.) 
The existence of such diffeomorphism makes it possible to find in FTM 
the diffeomorphic equivalents of the horizontal distributions given over FM 
and consequently leads to a notion of local m-cross-sections of FTM, 
which are obtained as these equivalents.

Then certain local classes of w-cross-sections over each open set TU 
taken from the atlas on TM are considered, and the necessary and suffi
cient condition for some family of such local classes to define a linear 
connection globally on M is given.

Finally the family of the classes of w-cross-sections defining a linear 
connection globally on M is interpretated as the global cross-section of 
the quotient fibre bundle E = F™ (*[GL(n)] is the subgroup
of GL(2n) isomorphic to GL(n)).

The inspiration for this paper was the article by M. O. Rahula [4] 
From this article descends the problem of the finding in the fibre bundle
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FTM of the equivalent of the horizontal distributions given over FM. 
This problem was solved by Rahula locally. In this paper it is solved 
globally.

Presenting my work, I wish to express my thanks to Professor Kons
tanty Radziszewski for the valuable remarks, which were helpful in 
editing of this paper.

Part I

This part of the paper consists of some definitions and lemmas which 
are needed in the reasoning of Part II.

Chapter 1. Lie Group TGL(n)

Let GL(n) be the general linear group i.e. the Lie group of the non
singular n x n matrices, and let TGL(n) be the tangent bundle over GL(n),
(TGL(n) = TAGL(n), TAGL(n) denotes the tangent vector space 

AeOHn)
to GL(n) at A e GL(n)). It is possible to introduce a composition in TGL(n) 
with the following rule:

If XA, TB are the tangent vectors at A and B respectively then:

(1) XA • YB : = RB(XA) + La (YB)

where BA and LA denote right and left translations by A eGL(n) res
pectively.

It is easy to verify the following:

Lemma 1. TGL(n) with the composition defined above constitutes a Lie 
group.

Lemma 2. The function

yi GL(n) -> TGL(n)

A-*0a

where OA is the zero vector at A, is a monomorphism of Lie groups.

Remarks, a) From now on we shall treat GL(n) as a subgroup of TGL(n). 
b) Using the symbol OA we can rewrite (1) in the following form:

XA‘TB = XA-OB + OA-TB
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Let TGL(n)/GL(n) denote the space of right cosets of the group TGL(n) 
with respect to the subgroup GL(n). The elements of TGL(n)/GL(n) are 
the classes of the vectors from TGL(n), which are obtained as the equiv
alence classes with respect to the following equivalence relation:

(2) %A YB V ^B — Wa) — ^A Oa
CedUn]

TGL(n)IGL(n) 3[XA] = {YBe TGL(n)-, YB « XA}

It is apparent that the classes [X.Jare nothing but right invariant vector 
fields on GL(n). Each class [XJ has an unique représentant Xj at the 
unity / e GL(n).

XA —Xj-()A, XjeTjGL(n).

Each vector XA can be expressed in the coordinates as XA = X jA) • c* (-A), 
where c|'(A) form the natural basis of T^G/Jn). We shall use the symbol XA 
to denote the matrix [Xj(A)] of the coordinates of XA in the natural 
basis, and the symbol J№ (n) to denote the algebra of all n x n matrices, 
[XA e Then there holds

Lemma 3. TGL(n)IGL(n) can be identified with the algebra M(n).

Proof. The correspondence botween TGL(n)IGL(n) and M(n) is given 
by the following function

<5: TGL(n)IGL(n)^ M{n)

[X^]->X"-A~1( = Xf)

The independence of ô on the choice of the représentant XA can be 
easily verified.

Consider now the Lie group GL(2n) <= GL(2n) consisting of elements 
of the form^.’ with A eGL(n), X e

Lemma 4. The Lie group TGL(n) is isomorphic with the Lie group
GL(2n).

Proof. It follows from the direct computation that the function

i: TGL(n) -+GL(2n)

is the isomorphism of the Lie groups TGL(n) and GL(2n).
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Chapter 2. Principal Fibre Bundle FTM

Let Jf be a «-dimensional differentiable manifold of class C°° with 
the complete atlas AM — {(17a>/<a)}

PA Jf = Ua-+Rn

X -> (x1,xn)

By the symbol TM we denote the tangent bundle over M with the atlas ATM 
The atlas ATM is generated by the atlas AM as follows :

Atm — {(^’^aj/'o)}

77: TJ7-> <17; TUa = IT'(Ua) 

jia: TUa-+R2n

(/U®) , (z*a)„(*«)) = (æ1,..., æ", u1, • • • » «")

where (/*„)* is the mapping induced by /na',vx = vt
dx*

and
Sx'

form

natural basis of vector fields on U <= M. We can define the principal 
fibre bundle of linear frames FTM over TM with the structural group 
<7L(2»).

Lemma 5. The principal fibre bundle FTM is reducible to a G-structure 
with GL(2n) as a structural group.

Proof. If

tyOft,1: H Up] 6 Rn

(X1,...,Xn)->(fl(X1, ...,Xn), ...^(X1,

is a transformation of the local coordinates on Uar\U„ <= M then the 
transformation of the local coordinates on TUar}TUf <=■ TM is of the 
form:

fipo/i-1-. p„[TUanTUfi]->-pß[TüariTUß] <= R2n

.......f№)vk)

where (x,v) = (w1, • • • i ®n, • • •, ®")
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and therefore Jacobian matrix of this transformation looks like

where * =

Since J eGL(2n) then our lemma is proved.

Remark. Hereinafter we shall use the symbol FTM to denote the 
above defined G-structure.

Chapter 3. Diffeomorphism Between TFM and FTM

Let TFM be the tangent bundle over the principal fibre bundle FM 
of linear frames over M, and let the G-structure FTM defined in Chapter (2) 
be given. Our aim is to show

Theorem 1. TFM and FTM are diffeomorpMc. (see [2]).

Proof. We begin with the local considerations.
Since FM is locally trivial then we have the trivialization functions <pv,

such that for each chart (U, p.) from the atlas AM on Jf there holds:
Pjj-. TJ xGL(n) -> FU, where FU : = p_1[G] 

p: FM M natural projection
Let’s observe that the following local diffeomorphisms exist

TFU^ T(UxGL(n)} 3 TUxTGL(n) TU xGL(2n) —FTU

TU : = IT'tU]-, IF.TM-+M 
FTU : = P~1[TU']’, p: FTM-+TM

where n and p are natural projections.
These diffeomorphisms are expressed in local coordinates as follows:

Given u e FU, p(u) — x

<Pu(u) = 6) = (-FJ-)) e U xGL(n)
and

with —v as natural basis of vector fields on U, and
8xi \8x<’ 8l<) as na-
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tural basis of vector fields on FU. Let’s moreover denote

— natural basis of vector fields on GL (n) with the symbols
8A< = ej

Id 8 \
— natural basis of vector fields on TU with the symbols 1--^-, 

and the composition of the written out local diffeomorphisms by

0woasoa2o ax = a9U: TFUFTÜ 

Then we have the formulas:

(3)
afU: ^Vi _8_

8x'

“TU

8
8l\

; I.)

fôlJ)

I—
\8x‘

811 pL 01
1J №

for the expression of alf a2, a3, $TU and avC7in local coordinates.
As the second step in the proof we shall verify that the local diffeo

morphisms avU do not depend on the trivialization functions <pv (or on 
the local coordinates), what proves the existence of the global diffeomor- 
phism a between TFM and FTM.

Let (x1, ..., xn) -> [f1 (x1,..., xn),..., /" (x1,..., «")) be a transforma
tion of the local coordinates on U n V <= M

Then (»*, 2})->(/p,/f A®), : = /p(®1, •••, ®n) is the transformation of
the local coordinates on FU n FV <= FM. Hence we have the following 
transformation of the coordinates on TFU n TFV c TFM-.

(«*, 2*, < zj) - (r,/?2;,/f«8,ys^+/f Z’)

which completes the proof of the theorem in virtue of the form of the 
Jacobian matrix (*). (see the proof of the Lemma 5).

Part II

Chapter 1. Interpretation of Linear Connection on M in terms of FTM

A linear connection on a differentiable manifold M can be given by an 
assignement of right invariant horizontal distributions on FM. 
Let A: U -+GL(n) be an arbitrary function of the class C°°(t7j and let
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S: U->FU <= FM

be a local cross-section of Fit over the open set TJ <= jf. The horizontal 
distributions at the points of $ are effectively defined by the local forms 
of a linear connection as follows. If u e 8 has the local coordinates (5\ Aj) 
= (a?*, Aj(x1,..., ®”)) then the horizontal space Hu <= TUFM consists 
of the vectors of the form

■ («’№))!(»)

where (œ(D>))J. is the local form of the linear connection on U <=■ 
a>(U^ is associated with the holonomie cross-section of F U i.e. with 
the field of natural linear frames on U.)

v = (P*)„(M = (p)*u
(,‘4-1)=,'

fix* P(u)

II (v) = p(u) = x.

Remark. In this paper we only use these local forms of a linear connec
tion which are associated with the holonomic cross-sections. It is clear 
that Hu at the point u e $ is nothing but the set of the values of the follo
wing map:

(4) 3: TU^TFU

Vx ~ V' dx1 fix' l(.Kl’l) 8(n«»)
Hence by virtue of Chapter 3 of Part I we can define the map: 

(5) aTV : = avUoH: TTJ-+FTU

v _JJL| _L| \ o
1 \ ’ w |„J ■ L - omM • u*

>]
an)(vx), (A‘oH)M

where ^^7, is the natural basis of the vector fields on TCfj, which

is a special kind of a local cross-section of FTM.

Definition 1. If AM is the complete atlas on Jf, then let Q(AM) be 
the set of all of 1-forms co{Ut/l): TU -> M(n), «»(a.#.) =“ ("(tz.rt)} 
(TU, /x) g ATM. Let moreover A: U-*GL(n) be an arbitrary function 
of the class C°°(U). The following local cross-section of FTM
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a"^: TU-* FTU

Ł JL| \[^n)(vx), o
8x Vx' 0®|eJ [-co(Uill){vx)-(Aon)(vx), (Aon)(vx) 

we will call co-cross-section of FTM over TU.

f 0 A-lf 8
Sx ' Sx' ; dxn]’ Sv t Sv' ’ Svn]

Remark. A certain interpretation of linear frames being values of 
«u-cro3s-section one can find in [4].

Corollary 1. Tlie horizontal distributions, which are assegned by (4) 
at the points of the local cross-section 8 of FU, determine (n(Ui^-cross-section 
(5) of FT U, where co(UtiU) is the local form of the linear connection defined by 
these distributions. The set of the horizontal distributions at the points of 
the cross-section 8 and the set of the values of (o(Ut^-cross-section determined 
by these distributions are diffeomorphic.

Since by the definition the horizontal distributions are needed to be 
right invariant by GL(n), then the horizontal distributions on the whole 
F U may be obtained by the right translations from the horizontal distri
butions, which are assigned at the points of the local cross-section 8.

Hence the horizontal distributions on the whole FU are the values 
of the functions, which belong to the following set:

{H} = [H-, H: TU -* TFU, V H =
C-.U-*GL(n)

Definition 2. Given the set Q(AM) from the Definition 1, for each 
Q{AM) we define the mapping:

(6) TUbvx

which is understood as the equivalence class of w-cross-sections of FTU 
with respect to the following equivalence relation:

'(IMp a""JFATU V
C:U-+QL(n)

0 lCo77JJTU fcf

where • denotes the action of the structural group GL(2n) on FTU from

the right, and |[A]| = e GL(2n), \f
I CeGL(n) |_0, CJI

It is easy to verity that the compositions of the diffeomorphism aVy 
with each function from {H} constitute the class of co-cross -sections of 
FTU of the from (6).
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Corollary 2. The horizontal distributions, which are assigned at each 
point of FU, determine the local class of w-cross-sections of FT U of the form (6). 
The set of all the horizontal distributions on FU and the set of the values of f, 
w-cross-sections, which belong to the determined by these distributions class, 
are diffeomorphic.

If r is an arbitrary function of the form:

(f7, /z) -> w(U ,
then let v denote the set of the values of f. Since
each defines the local class ,P) (as if was shown at (6)), then each
family {w(U^}(Ui^Am (or each F) defines the family {Fffi'') }(u>,,)eAju 
of the local classes of w-cross-sections.

Definition 3. The family {Fru''')}iU,/i)eA n of the local classes 
of w-cross-sections will be said to form the global class FTJI if the follow
ing condition holds:

For each F^, F^ e
^r^uyrljrtTU = ^rriTUnTF if TUO\TV 0

Theorem 2. The family {F<Tu’l^}(u.lgeA v °f local classes of 
w-cross-sections form the global class FTM if and only if it is defined by the 
family consisting of the local forms of a certain
linear connection on FI.

Proof. Let’s assume that the family forms the
global class FTJU, and Ff^ff'^, e {FT^'^}^v^eAM

8
8x

VIP’ ’ll

J IL-fji 
2ÏV- = jl1- ’]

_8_ 
yj to

Fr^ : TU su.

where form the natural bases of the vector

fields on TU and TV respectively, TUrVTV 0.
It follows from the Theorem 1 that the transformation of the local

coordinates on UoV <= generates the following transformation of the 
natural basis of the vector fields on TUoTV <= TM:

±| JLl 1=/—I —I o0®|r/ &>|rJ \0® 1rs’ to'lrJ (Fo77)(»jJ

vxeTUi~\TV, IF.TM-+M
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F: U -+GL(n), F = fj = 0/W, (U, e AM
dF: TU^ M(n), dF=(dfj)o}i, (TU,ji)eATM 

Since ^TUiTCryTr — ^TvCrifnTrt then

P _Ł\ IR’ °1| = /2 Ł\ T °1| IR’ °T
U®’ 8vJ lL-®(tM, Zjl 8v'l ||dP, pJ| IL-a>(ViP)) Zj|

hence
TP, Oil ILF, Oil
IL_ Jl ILdP + P(—

R, o
11 - R’ 0 TL —w((7,v), I.J UF-F  ̂+ F(-co(U^F-\ l\\

and
(7) co(Uilt} = adF^-oi^ + F^-dF on TUnTV

what proves that o>(U^ and are the local forms of some linear
connection on M. To complete the proof it is sufficient to assume that the 
condition (7) holds for some family {(»(u^u^a u (i-e. that this family 
consists of the local connection forms of some linear connection on Jf) 
and to reverse the calculus given above.

Chapter 2. Linear Connection on Jf Expressed as Term of F
= FTM/i[GL(n)].

Let FTJH/i[0F(n)] (i[(?P(n)] is a closed subgroup of GL(2n), ”i” is the 
isomorphism from the Lemma 4) be a quotient bundle with respect to the 
equivalence relation
(r) rvrp'v<> v p; = p„-[!?’°1.

CeGL(n) Lu> VJ

The local coordinates on FTJf /i[GL(n)] can be introduced as follows:

Prt7 : FTU/i[GL(n)] -* R2n x P"
-(-M ’ ■ IK*; l;]l **•

where (xif v() = fi(vx), (TU, fi) e
In virtue of the calculus of the Theorem 2 it is obvious that the trans

formation of the coordinates Cj is of the following form:
(8) G = (F-1on)(vx)-C'-(Fon)(vx) + (F-ion)(vx)-dF(vx)

where G = [Cj] and C' — [Cj‘] are the coordinates of Pv in the charts 
(PTP/<^oj(n)p Ptu) aQd (FTVlqOL(n^, Pyp) respectively, FTV r\FTU V2 0
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di// ------
The bundle FT HI is locally trivial then FT U —> TU x GL(2n).
Since GL(2n) and TGL(n) are the isomorphic Lie groups (Lemma 4) 
and TGL(n)/GL(n) can be identified with the algebra HI(n) (Lemma 3)> 
then

FTU/i[GL(n)] TU xGL(2n)/i[GL(n)] TU x TGL(n)IGL(n)
di//
—> TU xM(n]

Hence we have the following

Lemma 6. The quotient bundle FT HI li[GL(n)~\ is the fibre bundle 
E(TM, M(n),GL(2n), q) over THI, with the standard fibre M(n) and the 
structural group GL(2n), which acts on HI(n) to the left by the rule-.

“I t: GL(2n) x HI(n) -> M(n)
([ A, 0 

X, A
A~1-G-A + A~1-X

AeGL(n), C,X e HI(n).
Remarks. It is clear that the fibre bundle E as the quotient bundle 

FT HI li[GL(ny\ is associated with the principial fibre bundle FT HI, (see 
Proposition 5.5 Chap. I [1]). Since E has the standard fibre HI(n), which 
is diffeomorphic with an Euclidean space Rn , then (if HI is paracompact) 
by Theorem 5.7 in [1] E admits the global cross-sections Xe: THI->-E.

Definition 4. The global cross-section Xe-. THI -> E will be called 
the quasilinear cross-section of E if for each TU the local cross-section 
Xe v-. TU -* Ev = g_1[Tf7], q-. E-+THI has the following property:

'Flu0 ^to — ^-tu x (—

where lrt7 is the identity mapping of TU and (O(u,^ e
The above definition is correct since it does not depend on triviali

zation functions. Really, if we change a trivialization function (i.e. if we 
change local coordinates on E) then instead of (o,Vll) we obtain the func
tion to', which (by (8)) can be written down as:

a>'(«x) = F(x)-ai{U^(vx)-F-1(x) + dF(vx)-F-1(x), for each vxeTU,
hence to' also belongs to Q(AAm). Our aim is to interpret the results of 
Chapter 1 of Part 2 using notions of the bundle E. It is easy to see that 
each local class of to-cross-sections of FTU of the form (6) is (as the notion 
of E) the local quasilinear cross-section of E,

"(tz./*)
TU^Eu=q-\TU]

“(U./O
FTUo ^rpTT = 1T[7 x ( — cO(u./<))
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Hence the Theorem 2 can be rewritten in the following form :
“Wig,

Theorem 3. The family { £ TUI(Utll)EAM °f ^cal quasilinear cross- 
sections of E constitutes one global quasilinear cross-section of E if and only 
if it is defined by the family v consisting of local connection
forms of a certain linear connection on HI.

Corollary 3. There is one to one correspondences between the set of linear 
connections on HI and the set of global quasilinear cross-sections of E.

As we know, if Jf is paracompact then E admits global cross-sections; 
in particular there exist global quasilinear cross-sections of E in this case. 
Hence we have

Proposition 4. Each paracompact manifold HI admits linear connections 
defined globally on M.

By Proposition 5.6 (Chap. I [1]) the existence of global cross-section 
of E = FTM/i[GL(n)] is equivalent to the property of FT HI that the 
structural group GL(2n) is reducible to i[GL(n)] (i.e. that there exists 
a i[GL(n)] structure in FTHI.) Then there holds

Proposition 5. The set of values of co-cross-sections, which belong to the 
global class ETM in FTHI (see Def. 3), constitutes a total space of a »[0£(n)] 
structure in FTHI.

In virtue of Proposition 5 and Corollary 2 we obtain

Corollary 4. Each linear connection on HI defines a i[(?i(n)] structure 
in FT HI.
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STRESZCZENIE

Praca niniejsza przedstawia pewną, interpretację koneksji liniowej 
na rozmaitości 31. Interpretację tę otrzymuje się stosując dyfeomorfizm 
wiązki stycznej TFHI nad wiązką główną reperów liniowych FM nad M, 
na pewną G-strukturę FTHt w wiązce głównej reperów liniowych FTM 
nad wiązką styczną TM. Dyfeomorfizm ten przeprowadza dystrybucje 
horyzontalne na FM określające koneksję liniową na M w klasy równo
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ważnych przekrojów lokalnych wiązki FTM, które można utożsamić 
z lokalnymi przekrojami wiązki ilorazowej FTM/GL(n). W pracy podane 
są też warunki dostateczne dla istnienia takiego globalnego przekroju 
FTM IGL(n), który określa koneksję liniową globalnie na M. Niektóre 
wyniki pracy zostały otrzymane na innej drodze w pracy [4].

РЕЗЮМЕ

Настоящая работа представляет некоторую интерпретацию линей
ной связности на многообразии М. Интерпретацию получаем, поль
зуясь диффеоморфизмом касательного расслоения TFM над главным 
расслоением линейных реперов FM над М на некоторую G-струк
туру FTM в главном расслоении линейных реперов FTM над каса
тельным расслоением ТМ. Тот диффеоморфизм переводит горизон
тальные распределения на FM, определяющие линейную связность 
на М в классы эквивалентных локальных сечений расслоения FTM, 
которых возможно отождествовать с локальными сечениями факто- 
расслоения FTMIGl(n). В заключение работы дается достаточноер 
условие для существования такого глобального сечения FTMIGl(n), 
которое определяет линейную связность глобально на М. Некоторые 
локальные результаты работы были получены на другом пути в ра
боте [4].




