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On a Probabilistic Generalization of Banach’s Fixed Point Theorem

0 probabilistycznym uogólnieniu twierdzenia Banacha o punkcie stałym.

О вероятностном обобщении теоремы Банаха о неподвижной точке.

1. The content of the well-known theorem of Banach is that a contrac­
tion mapping on a complete metric space has a fixed point and that every 
sequence of iterates converges to this point. Some probabilistic analogues 
of that theorem and extension to a complete Menger space can be found 
e.g. in [1], [2], [4], and [5].

The aim of this note is to give a generalization of the main result of [2].
The axiomatic characterization of probabilistic metric spaces PM 

is quite similar to that of a metric space. Definitions given here can be 
found in [3], [4], and [5].

Let I denote the closed unit interval [0,1] and A the set of all distri­
bution functions F with E(0) = 0. H e A is defined by

if X < 0, 
if X > 0.

By /-norm we mean a function T mapping Ixl into I such that: 
1°. /\T(a, 1) = a

ael

2°. £T(a,b) =T(b,a)
3°. ’/\T(a,T(b,c)) =T(T(a,b),c)

4°. A [(a^cA&^d) =>T(a,b)^T(c,d)].
a,b,c,del

A probabilistic metric space is an ordered pair (S, &) where $ is an 
abstract set, and

3 x £ -> A with ^(p, g) = FPQ,
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where the functions Fpq are assumed to satisfy the following conditions :

(I) A FPq = H op = q, i.e. A A ^p9(«) = lop = 3,
j>,8&S P.qeS x>0

(II) /\FPQ=Fqp, 
p,qeS

(III) A A [(^a(®) = l*Fqr(x) =1) =>Fpr(x + y) =1].
p,Q,reS x,yéR

Fpq(x) is interpreted as the probability that the distance between p 
and q is less than x.

A probabilistic Monger space or shortly Menger space, Jf-space, is an 
ordered triple (8, T), where (8, is an Pdf-space, and T is a Z-norm
such that
(IVwi) A A Fpr(x + y)^T(Fpq(x),Fqr(y)).

p,q,reS æ.î/eR

Let (8, be a Pdf-space. A mapping M-. 8 -> $ is a contraction 
map on (8, 3?) if and only if there exists an ft e (0,1) such that

A A F M(pVU(q)(X) FpqWty.
p,qeS x>0

Let (8, 3F, T) be any M-space with T such that supP(®, x) — 1, Se- 
sr<l

quential convergence on any df-space is defined in a natural way.
A sequence {pH, 1} is sequentially convergent, we say convergent

to peS, if
A limFpnp№ = 1-

X>0 n->oo

A sequence {pn, n > 1} is said to be a Cauchy sequence if

A lim Fpnpm^ = 1
x>Q n-*oo 

m->oo

A df-space is said to be complete if every Cauchy sequence is converg­
ent.

Let tyl <= 2s xS be a class of sets defined as follows

= {f7(e, A): e> 0, 0 < A < 1} =

= {[(P, 3): Fpq(e) > 1-1]; «> 0, 0 < A< 1}.
It has been shown in [3] that is a base of neighbourhoods of a Haus- 
dorff uniform structure. This uniform structure induces a metrizable 
topology on S [3].
Then

P„
г«,д ■>P A VA Fpnp(e) > 1 - A

O«,A<1 n, л n>n, д
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It is known that:
a) A sequence {pn, O 1} on an M-space is a Cauchy sequence if and 

only if for any 0 < e, A < 1, there exists A such that for all m,» > A 
FPmPn^ >1—

b) An M-space ($, ^,T) is complete if and only if every Cauchy 
sequence converges in t,a topology in *5.

Let (12, j/, P) be a probability space. A sequence {Un, n > 1} of mappi- 
gs Un: S x D -> $ is called to be global almost surely convergent to a func-

nion P: $ x Q S if

V A AlimP„(p, co) = U(p, co).
Aejtf,P(A)=.l peS aeA n-»oo

2. We now prove the following

Theorem. Let (S, 2F, Min) be a complete M-space. Suppose that Mni, 
n => 1,2,...; i = 1, 2,..., s w > 1 is a rectangular array of mappings 
Mni: S -> S, »>1; i = 1, 2,..., s satisfying the conditions-.
i0- AAV /\FMni(p)Mni(qy(.x}> Fpt(Xl^nt)

(the Lipschitz condition),
2°. A A V A A A FMni{p}p № > FIKm)•

n>l m>l knm Ki.lG peS x>0 lv№ "wn’

Furthermore, let {Xn, n > 1} be a sequence of random variables such that

Xn: 12 -> {fcnl, fcn2 f • • • y Ks}, w 1.

Define a sequence {P„, n > 1} of random iterates by Un: S x D-+ S, where

Un(p, «>)
jp, n=0

a -*»(<«) = hnin,in = 1,2,»>1.

If lim (nxk)1,n = r with probability 1, where r is a constant belonging
n~**OO Zc=°l

to [0,1), then the sequence {Un, 1} converges uniformly almost surely 
to a constant-value function pv, and Mni(p0) = p0, » > 1, i =1,2,...,«.

n
Proof. Because lim ( / / Xk)lln < 1, there must exist a <n < 1,

n-*oo k-l 0
in 6 {1,2,..., #}, n0 > 1. Therefore, M„o,n is a contraction mapping on 
the complete M-space (S, ^,Min). Hence, by [4], the mapping 
has a unique fixed point, say p0 e 8. Now from 2°., we see that

A V A A yMni(7.0)p0(®) ^.Un •„ (PolPo^/^no) = FPoP<SX =1



52 Martin Pranke, Dominik Szynal

(f]Xk(a>))1/n=T.

and by the axioms of AT-space, Jfm(p0) = p0 » > 1, i g {1, 2,..., »} 
Take now A e si with P(A) = 1 such that

A lim
aeA n-+oo

We shall show now that

AAA lim-F^«,)^®) =1-
p^S toe A x>0 n->oo

Assume that .Xn(co)=fco, i® e {l, 2, Then, using

M .o (Po) = Po i % > 1, *» 6 {1, 2, • • • > s), and 1°-, we have for n N
Hlfl

FUn(P,a}Pa{x) =FUn(p>a}M o(Po)(a?) = FM .0(p0)(x)
n,n nln n

(xllc u) ~ F
Un-ï(P-m^o{ lnin Un_1(p,a>)p0

X
\^n(û>)/ PP0 I n

11 Aj
Ä-1

But lim ]~] Xk(co) =0, coe A. Since Fpp is a distribution function, then
«—►00 fc = l

lim ^«(p.-hU®) = lim FPP0 ----- I = !, w e A
П

\fc=l

which proves that Un(p, co) converges global almost surely to the constant 
p0 g S, and moreover, Mni(p0) = p0 1, i = 1,2,..., s.

The above Theorem with dfn< = Jf,-, w>l, i=l,2,...,s, 
Xn: Q -> {fci, fc8, ...,fcg}, and

p, n = 0
co) =

[mĄTJ^P,^}, ifXw(«)«fco 

is an extension of the main result of [2] on a complete df-space.
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STRESZCZENIE

Twierdzenie Banacha o punkcie stałym, w którym iteracje zależą 
od wartości zmiennych losowych zostało dowiedzione w [2]. Celem tej 
noty jest rozszerzenie tego twierdzenia z przestrzeni metrycznej na pro­
babilistyczną przestrzeń metryczną.

РЕЗЮМЕ

Теорема Банаха о неподвижной точке, в которой интерации зави­
симы от значения случайных величин доказано в [2]. Целью насто­
ящей заметки является расширение этой теоремы из метрического 
пространства на вероятностное метрическое пространство.




