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On a Probabilistic Generalization of Banach’s Fixed Point Theorem
O probabilistycznym uogélnieniu twierdzenia Banacha o punkcio stalym.

O BeposaTHocTHOM 0606Guteninu TeopeM BaHaxa o HemoABMKHOU TOUKe.

1. The content of the well-known theorem of Banach is that a contrac-
tion mapping on a complete metric space has a fixed point and that every
sequence of iterates converges to this point. Some probabilistic analogues
of that theorem and extension to a complete Menger space can be found
e.g. in [1], [2], [4], and [b].

The aim of this note is to give a generalization of the main result of [2].

The axiomatic characterization of probabilistic metric spaces PM
is quite similar to that of a metric space. Definitions given here can be
found in [3], [4], and [5].

Let I denote the closed unit interval [0, 1] and A the set of all distri-
bution functions ¥ with ¥ (0) = 0. H € 4 is defined by

gy’ o L=
1, if 2>0.

By t-norm we mean a function 7 mapping I xI into I such that:

1°. AT(a,1) =a

ael

2°. A T(a,b) =T(b,a)

a,bel

3. A T(a,T(b,c)) =T(T(a,b),c)
a,becl
2, A [(eg<oab<d) =T(a,d)<T(o,d)].

a,b,c,del
A probabilistic metric space is an ordered pair (§, #) where § is an
abstract set, and

F: 8x8—> A4 with F(p,q) = F,y,
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where the functions F, are assumed to satisfy the following conditions:

(I) /\qu=H°I’=Q7 i.e. /\ /\qu(w)=1¢>p=Q)
P,QeS ,96S >0
(I1) N Fpp =Fy,
D,QeS

(ITI) A A |[(Fo(@) =1A Fp(@) =1) = Fp (z+y) = 1].
P.a.7eS z,yeR

F,,(x) is interpreted as the probability that the distance between p
and ¢ is less than .

A probabilistic Menger space or shortly Menger space, M-space, is an
ordered triple (S, &, T'), where (8, #) is an PM-space, and T is a {-norm
such that
(IVin) A A Fp(oty)>T(Fy(2), Fir(y))-

p,q,7eS z,¥yeR

Let (S, #) be a PM-space. A mapping M: § - 8 is a contraction

map on (8, &) if and only if there exists an k € (0, 1) such that
A A F oy () = Fpp(z k).

D,geS >0

Let (8, #, T) be any M-space with T' such that supZ(z,x) = 1. Se-
z<l1
quential convergence on any M-space is defined in a natural way.

A sequence {p,,n = 1} is sequentially convergent, we say convergent
to ped, if
A UimF, ,(z) = 1.
x>0 n—+o0

A sequence {p,,n = 1} is said to be a Cauchy sequence if

Ayt B =1

A M-space is said to be complete if every Cauchy sequence is converg-
ent.
Let % < 25%5 be a class of sets defined as follows

# ={U(e,): e>0,0< 1<} =
={[(p, @): Fre(e)>1—-12]; 6>0, 0<i<1}.

It has been shown in [3] that % is a base of neighbourhoods of a Haus-
dorff uniform structure. This uniform structure induces a metrizable
topology 7, on 8 [3].

Then

Pamt>p AV A F,()>1—4

n
N—>o00 0<6,A<1n, 3 n>n,,
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It is known that:

a) A sequence {p,,n > 1} on an M-space is a Cauchy sequence if and
only if for any 0 < &, 4 < 1, there exists %, ; such that for all m,n > n,,
By () >1—4;

b) An M-space (8, #,T) is complete if and only if every Cauchy
sequence converges in z,, topology in 8.

Let (22, &, P)be a probability space. A sequence {U,, n > 1} of mappi-

gs U,: 8 x 2 — Siscalled to be global almost surely convergent to a func-
nion U: 8 x 2+ 8 if

V. A Alim U,(p, 0) = U(p, ).

Aedd ,P(A)=1 peS wed n—oc0
2. We now prove the following

Theorem. Let (S, #, Min) be a complete M-space. Suppose that M,
n=1,2,...;4=1,2,...,8 n>1 18 a rectangular array of mappings
M ;: 8>8,n>1;1=1,2,..., 8 satisfying the conditions:

- n/;l 1</>¢¥\,{4x/>npu"‘@)”nf(q)(w) = Fpg([kay)
(the Lipschitz condition),
2% ANN AN AN FPu,, @>Fy

n>1 m>1 kpy 1<iJ<s peS >0 T

(@)
Furthermore, let {X,, n > 1} be a sequence of random variables such that

X,: Q> {kyyyKpyy ooy bng}y 2> 1.
Define a sequence {U,, n > 1} of random iterates by U,: S x 2 — S, where

Tl o) i
alD, ©) = - 3 .
’ M..s,,(l’ﬂ_l(}"sw)l, f X (@) =Fns,ytn=1,2,...,8,n2>1.

If im ([]X,)"* = © with probability 1, where © is a constant belonging

n—+oco k=1
to [0, 1), then the sequence {U,,n > 1} converges uniformly almost surely
to a constant-value function p,, and M ;(p,) = Py, n =1, 1 =1,2,...,8.

Proof. Because lim{ [] X,)/"< 1, there must exist a Engin, < 1,

n—so0o k=1

tny € {1y 2,...,8}, no=>1.Therefore, M, ; is a contraction mapping on
the complete M-space (S, #,Min). Hence, by [4], the mapping Mﬂaf,.,
has a unique fixed point, say p, € §. Now from 2°., we see that

/\ V /\ /\u F/Wni(l)o)l’o (.’D) = F”nqing(?’o)Po(w/knno) = Fpopo (xﬁ‘“) =1

nal "‘nno ICi<s x>
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and by the axioms of M-space, M, (p,) =p, n=>1,1€{1,2,...,8}
Take now A € of with P(4) = 1 such that

A lim (n Xk(w))"" =7

wed n—+oo Ly

We shall show now that
A AN A lmFy g0, (@) =1.

peg wed >0 n—o0
Assume that X,(0) =%k ,, n> N, % ¢e{1,2,...,8}. Then, using

Mmo(po) =p,n=>1, 14 €{1,2,...,8}, and 1°.,, we have for n > N
n

i Up(p.@)pg (¢) = F Un(p, @M o(Po) (¢) = F l}Im_U(Ea"“_lf;;,m)}.-!fm.o(po) ()
n n 8

>F

bk x
)=F ( i I ———aks
U"-l(p'm)pO(w/kmg' Ugp_1(p,@)pg Xn(w)/ - 17 _Xk

k=1 /

n
But lim [] X,(w) =0, o € 4. Since F,, is a distribution function, then

n—+00 k=1

2 , @
lim FUn(p.m)po(:v) = lim Fwo( = \ =1, weAd,
n—o0

n—+o0

which proves that U,(p, w) converges global almost surely to the constant
P € 8, and moreover, M ;(p,) =p, n=1,1 =1,2,...,8.

The above Theorem with M,;, =AM, =n>1, ©=1,2,...,s,
X,: Q> {ky, kqy..., Kk}, and
P, m=0
M (U, \(p, »), if X, () =F,
is an extension of the main result of [2] on a complete M-gpace.

Un(p! w) =
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STRESZCZENIE

Twierdzenie Banacha o punkcie stalym, w ktéorym iteracje zaleza
od wartodci zmiennych losowych zostalo dowiedzione w [2]. Celem tej
noty jest rozszerzenie tego twierdzenia z przestrzeni metrycznej na pro-
babilistyczng przestrzen metryczng.

PE3IOME

Teopema BaHaxa o HemogBMKHOIN TOYKe, B KOTODOil MHTEpauuM 3aBH-
CMMEI OT 3HAYeHMA CIy4YyalHHX BelIM4YMH RoKa3aHo B [2]. Ilenwio Hacro-
filell 3aMeTKN HABJIAETCA paclUMpEHUE ITOW TeopeMHl U3 MeTPUYECKOro
MPOCTPAHCTBA HA BEPOATHOCTHOE METPUYECKOE IIPOCTPAHCTBO.






