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PIOTR BOROWKO

An Equation dz/dt = f(z,t) whose Trivial Solution in Spite
of the Strong Stability is not Mean Square Stable under
Persistent Random Disturbances from G

Réwnanie dz/dt = f(x,t), ktérego rozwigzanie zerowe pomimo mocnej stabilnoéeci
nie jest fredniokwadratowo stabilne wzgledem stale dzialajacych losowych zaklécen z G.

Vpasrerue dz/dt = f(z,!), KoToporo HyieBoe pelLleHue, HECMOTPA HAa PaBHOMOPHO
aCAMIOTOTHYOCKYIO YCTONYUBOCTHL HE YCTOHYIIBO B KBaAPATHOM CpeJAHEM OTHOCHTOJBHO
OOCTOAHHO JAeMCTBYOMMUX Cay4YalHHX BO3MymeHHE# m3 G

Theorem 1 in the paper [1](5.12. on the page 117 of the monograph [2])
says that if
1. a function f: R"xT > R", T = <0, o) is continuons and f(0,?)
=0,1teT,
2. there exists a real number L > 0 such that

A Alf@,)—fEp)l < L-je—z|,

z,Z€R™ {eT
3. a trivial solution of the differential equation
dzx
= i
(1) — = (@, 1)

is uniformly asymptotically stable
then the trivial solution of (1) is mean square stable under persistent
random disturbances from G i.e.

ANV V[ni<é,ge@, Sup E’{llg(mt )|’} < 7)

tgeT 8>0 8>0 n>0 R" x T,
> (B{IX (o)} < &, = 1],

where T, = < t,, o) and G denotes the class of all sample continuous
on R"x T n-dimensional stochastic processes g(z,t, w) for which therc
exist real functions ! and m with finite Lebesgue integrals on each bounded
interval in T and a random variable ¥ with F{Y’} < oo such that for
almost all w € 2 holds
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A Alg(z,t, 0)—g(Z, 1, o) <) lz—2
z,zeR™ teT

and
A A lglz,t, o) < m(t)[llz] + ¥ (o)].

zeRM teT
X, denotes the sample solution of the stochastic differential equation

X,

(2) “dt = f(Xy, 1)+ 9(Xy, 8y o).
Here is a counter example showing that this result is false.
Let us consider the function f(z,t) = —x,f: R x T — R and a differen-
tial equation (1) which now has the form
(3) dr
at

Obviously the assumptions 1., 2., 3. of the Theorem 1 of [1] are satisfied.
Let us presume that probability space (2, U, P) is set 2 = (0,1> = R
with the g-algebra of Borel sets and Lebesgue measure. We ought to show
that

VVAA V[("‘%"g 8, sup E{llg(z,1, o)|'} < n)

tgeT 8>0 3>0 n>0 geG (z,8)eR™x Ty
AV E{IX (o)} > &)].
teT

Let t, = 0. Let us choose the arbitrary ¢ > 0, 6 > 0, > 0. Let us defino
function g as follows:

c—l—o

g‘(;l’.‘, f, (U) = (t+ w+1)Z (——a(t)—),

g: RxTx Q- R,

where
0, y< -1
ZmJ y+1, —-1<y<0
—y+1, O0<y<1
| 0, y>1,
Z: R—>R
and

a(t) = T—R.

i 19l
2(t42n’
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In view of continuity Z the function g is continuous on R" x T.
We can take

L(t) —%
because
o, 1, &) — 9@, ol —”(z+w+1>[ (“’ a:t) w) (x_:(t;w)”

1
< (t+2) _(t—) lo—Z].

i [2—1 ) I':c‘—t—w)
t+ o+1)- “Z alt) —Z\ ald)

Let us take m(t) =t+2 and Y(w) = 1. Then

lg(, t, )] =[(t+w+1)z (”—”ﬂ\!H< N+ o+1)-1)

a(t) |
=i1+o+1<1+2<(+2)[llll+1].

It is seen that g belongs to G.

Let us check if sup Ef{lg(z,t, )|’} <. It is enough to show
(z.t)eRx Ty
that

A B {lig(z,t, o)} <7

(z.l)eRx T,

Let us choose an arbitrary (z,t) e R xT,. We have

g(w,t,w>—<t+w+1>Z( ‘”“),

a(t)
a8

Z2(y) =Z(—y),y e R.
For we A =(z—t—a(t),z—t+a(t))n (0,1) we have

0 Z{?__m"l-t\gl
S\ e S

and for the others
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It follows that

B{lg(a, t, o)) = [[g(z, 1, 0)*de

= [totz,t, o)Pdo+ [ [g(a,t, 0)1do
A N4

. w—c+H7\T
g _&f”'*“’“’ [Z(_am )] e

< f(t+w+1)2dw< f(t+2)2dw — (t+2)2-P(A)
A A

27
< (1+2)%2a(l) = (1+2)? =
(t+2)2a(t) = (t42) ;oD =
The equation (2) has the form
tLY‘ (X,-—t-—w
4 = — o et
(1) = X, +(t+to+1)Z a(l) )

Let us consider now sample solution X, of this equation with the initial
conditions f, =0, #, = 4, which obviously exists, for example because
of the theorem 1.2. of [2]. Almost all sample functions of this sample
solution (as the solutions of the ordinary differential equations

dX,(w) X)(@)—t— o)\
dt a(l)

obtained from (4) by fixing of ) are differentiable and hence continuouse
Let 2* < Q be a set all w € 2 such that sample function X,(w) of the
process X, is not the solution of the equation (5). Obviously P(Q*) = 0.
Only the solutions of the equation (5) can be the sample functions X,(w),
w € QN Q% of the process X,, and because the Lipschitz conditions with
regard to x holds for functions f and g these solutions are unique. Let us
fix now any o € (0, 6*) Q% where 6* = min{é,1}. Then the sample
function X,(w) of sample solution X, of the equation (4) with initial condi-
tions ¢, = 0, ¥, = 4 is not smaller than line z = t+ w (we denote it by p).
If it were smaller than p at the point ¢’ then in view of the continuity of
this sample function there would exist a point 0 < ¢'’ < t’ of its coincidence
with p.
On the line p function ¢ admits value

(5) - —Xl(w)+(t+w+1)Z(

t+ow—t—o\

gz,t,w) =(t+w+1)Z a) ’=(t+w+1)Z(0)=t+w+1

=xr+1
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and equation (5) has the form

dX,(w)
dt

= —X,(0)+X,(0)+1 =1.

In view of the uniqueness of the solutions of (5) it means that X,(w)
would have to coincide with p for each ¢ > t'’. In particular for ¢’ which
is impossible.

So, because w € <0, 3*Y)\2°* was arbitrary we see that on this set
sample solution X, of the equation (4) with the initial conditions ¢, = 0,
z, = & i8 not less than ¢+ w. Hence

B{X ()} = [(X(o)do = [ (X(o)do+ [ (X()de
o {0,800\ 2 (o*, U
> [ (XZ(o)de> [ (tt+o)de = [ (+o)do =148+

€0,8\9* 0,09\ 2 €0,0%
1
+ t(6%)2+ 5(6‘)’.

The values of this polynomial tend to the infinity if ¢ tends to the infinity.
Or there exists ¢ € T, such that

E{| X\ ()]} > ¢.
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STRESZCZENIE

W pracy podany jest przykiad réwnania rézniczkowego zwyczajnego,
ktérego rozwigzanie zerowe jest jednostajnie asymptotycznie stabilne,
ale nie jest Sredniokwadratowo stabilne wzgledem stale dzialajacych
losowych zakl6ecen z Q.

PE3IOME

B pa6ore npencraBien mnpumep oGHKHOBeHHOTO REPPepeHInaNDb-
HOrO ypaBHEHHA, KOTOPOro HyieBOe pelleHWe PABHOMEPHO ACHMNTOTH-
YeCKH yCTOHYABOE, HO HE YCTOHYNBO B KBAJPATHOM CpeJHEM OTHOCHTEJILHO
IDOCTOAHHO REHCTBYOIUMX CIydailnnx BoamyuieHuit us G.






