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PIOTR BORÓWKO

An Equation dx/dt = f(x,t) whose Trivial Solution in Spite 
of the Strong Stability is not Mean Square Stable under 

Persistent Random Disturbances from G

Równanie dx/dt — którego rozwiązanie zerowe pomimo mocnej stabilności
nie jest średniokwadratowo stabilne względem stale działających losowych zakłóceń z G.

Уравнение dar/dt =/(x, <), которого нулевое решение, несмотря на равномерно 
асимптотическую устойчивость не устойчиво в квадратном среднем относительно 
постоянно действующих случайных возмущений из в

Theorem 1 in the paper [1] (5.12. on the page 117 of the monograph [2]) 
says that if
1. a function f: Rn x T -> Rn, T = < 0, oo) is continuous and f(O,t) 
= 0, t e T,
2. there exists a real number L > 0 such that

x.xelC1 teT

3. a trivial solution of the differential equation
dx

(D ’dT=/(a,’<)

is uniformly asymptotically stable
then the trivial solution of (1) is mean square stable under persistent 
random disturbances from G i.e.

AAV V[(M< djffeU, sup E{\\g(x, t, co)||2} < rj) 
toeT 8>o 3>0 i>0 {x,l)eKn xT0

=* (®{ll-^<(<u)ll2} < e, Io)]»
where To = < t„, oo) and G denotes the class of all sample continuous 
on Rn x T w-dimensional stochastic processes g(x,t,(o) for which there 
exist real functions I and m with finite Lebesgue integrals on each bounded 
interval in T and a random variable Y with E{Y2} < oo such that for 
almost all co e £2 holds
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A A №(®, A «)-£(*, A “>)|| < Z(t)ll®-»ll
x,xetiP teT

and

A A H?(®, A »)ll < m(t)[||a?||+ T(«)].
xeRn teT

Xt denotes the sample solution of the stochastic differential equation

(2) = f№t, t) +g(Xt, t, m).

Here is a counter example showing that this result is false.
Let us consider the function f(x,t) = — x,f: J? x T-> J? and a differen­
tial equation (1) which now has the form

(3)
dx

Obviously the assumptions 1., 2., 3. of the Theorem 1 of [1] are satisfied. 
Let us presume that probability space (Q, 21, P) is set £2 = <0,1> <= ft 
with the cr-algebra of Borel sets and Lebesgue measure. We ought to show 
that

V V A A V[(lM<A sup E{\\g(x,t,
toeT »>0 d>0 ij>0 geO (x,t)eRnxT0

a (V -B{№(o)||2}>e)].
<eT0

Let t0 = 0. Let us choose the arbitrary e > 0, <5 > 0, rj > 0. Let us define 
function g as follows:

(X — t— co
------ m----

«(*)
g: RxT x Q -* R,

where
V < -i 
-1 < y 0 
0 < y < 1 

y> 1,
Z: R —> R

and

0, 
3/ + 1» 

-y+1,
0,

a(<) 9
2(Z + 2)S’

a: T R.



An Equation dxjdt = f(x,t) which Trivial Solution... 37

In view of continuity Z the function g is continuous on Rn x T. 
We can take

Z(0 -
t + 2

because

t, w)-y(z, t, ©)|| = (,+“+1)LzH«~)_zH<iH]
\ «(<) / \ «(*) J= !« + « +1|

Let us take m(t) = t + 2 and Y (co) = 1. Then

№(<c, t, to)|| = (/ 4- (û -j- 1)Z

<(/ + 2) -—||a>-â||. 
a(f)

< ||(< + to + l)-l||(x — t — co \ | 
«(0 l\

= f+e> + l<f + 2<(l+2)[||®|| + l].

It is seen that g belongs to G.
Let us check if sup E{\\g(x, t, oj)\\2} rj. It is enough to show 

(z,<)eBx3,q
that

A t, «)II2}< v-
(x,t)eRxT0

Let us choose an arbitrary (x, t) e It x To. We have

g(x,t,a>) =(f + a> + l)Z (o) — x + A 
a(<) )’

as

Z(g) = Z(-y),y eJt.

For a» e A = (x — t — a(t), x — t + a(t)) n <0,1> we have

0<Z-----_L_ ^1,
\ «(<) /

and for the others
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It follows that
-E{||0(æ,/, <ü)||2} = f[g(x, t, co)]Mw 

à
= [ [g(x, t, o)]2daD + J [9(x, t, <u)]adct>

A a\A

< J (t + co + l)McoC j (/ + 2)Mco = (t + 2)2-P(A)
A A

^(t + 2)2-2a(t) =(t + 2)2^—=r,.

The equation (2) has the form

(4) = _Z( + « + w + i)Z^a^

Let us consider now sample solution Xt of this equation with the initial 
conditions t0 =0, x0 = ô, which obviously exists, for example because 
of the theorem 1.2. of [2]. Almost all sample functions of this sample 
solution (as the solutions of the ordinary differential equations

(5)
dXt(o)

dt
— _TZ (co)+ (i+ &> + !)/ ------ J

obtained from (4) by fixing of co) are differentiable and hence continuous* 
Let Q* <= Q be a set all cd e S2 such that sample function A((co) of the 
process Xt is not the solution of the equation (5). Obviously P(£?*) = 0. 
Only the solutions of the equation (5) can be the sample functions A((co), 
cd e .Q^Æ* of the process Xt, and because the Lipschitz conditions with 
regard to x holds for functions f and g these solutions are unique. Let us 
fix now any co e <0, where ô* = min{<5,1}. Then the sample
function X^cd) of sample solution Xt of the equation (4) with initial condi­
tions t0 = 0, x0 = ô is not smaller than line x = t + o (we denote it by p). 
If it were smaller than p at the point Ï then in view of the continuity of 
this sample function there would exist a point 0 < f" < f' of its coincidence 
with p.

On the line p function g admits value

g(x, t, cd) = (t + m + l)Z (t + CD — t — o\ 
a(f) / = (^4-co-('1)'4(^) — / + co + 1 

= aj + 1
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and equation (5) has the form 

dXAa))
~~ = -Z<(c)+X<(«,) + 1 =1.

In view of the uniqueness of the solutions of (5) it means that Xt(co) 
would have to coincide with p for each t^t". In particular for t' which 
is impossible.

So, because <ue<0, d*>\ß* was arbitrary we see that on this set 
sample solution Xt of the equation (4) with the initial conditions t0 = 0, 
x0 = 6 is not less than t + to. Hence

= /(X,(<»))2dft> = f (Xt(a>))2dco + f (X^dco

> J (X,(eo))2d<u > J (t + to)2da> = J (t + (o)2da) = <2<5* +
<0.d«>\O* <0,<3*>\ß* <0,d’>

-M(<5*)2+j(<5*)8.

The values of this polynomial tend to the infinity if t tends to the infinity. 
Or there exists t e TQ such that

E{\\Xt(coW}>e.
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STRESZCZENIE

W pracy podany jest przykład równania różniczkowego zwyczajnego, 
którego rozwiązanie zerowe jest jednostajnie asymptotycznie stabilne, 
ale nie jest średniokwadratowo stabilne względem stale działających 
losowych zakłóceń z G.

РЕЗЮМЕ

В работе представлен пример обыкновенного дифференциаль­
ного уравнения, которого нулевое решение равномерно асимптоти­
чески устойчивое, но не устойчиво в квадратном среднем относительно 
постоянно действующих случайных возмущений из G.




