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The Podkovyrin’s Connections with a Torsion

Koneksje Podkowyrina ze skręceniem 

Связности Подковыряна с кручением

We consider the structure (Jf, e, b, a) where: M is differentiable 
manifold of dimension n — 2m, e is the tensor field of the type (1,1) 
such that:

e: TM-tTM
with
(1) e-e = col,

where co = +1, or co = —1,1= idTM, b is the field of symmetric core­
lations (i.e. a tensor field of type (0,2) which satisfies the condition:

(2) b(u, e(v)j = b(v, e(u)), UjVeF1;

a is a covector field. Moreover, we assume that u-+b(u, —) is an inversible 
function.

Theorem 1. Given a point of the manifold M then there exists a frame 
R, such that the matrix e\} of the components of the tensor e takes the form

coE ! 0 /

Proof. In fact, at the point x0 e M this frame may be defined in 
the following way. Let xx be an arbitrary vector in x„. We set ex, — xm+1. 
The vectors x3, «OT+1 are linearly independent and they spanned a 2-dimen­
sional space P2 • The next step: at the point x0 we choose a pair of vectors 
x2 and xm+2 — ex2 where x2 is b— orthogonal to P2. Thus we obtain 
four linearly independent vectors x,, x2, xm+1, xm+2 which have spanned 
a 4 —dimensional space P^. Then, we choose next pair of vectors x2, xm+3,
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where x3 £ P4 and xm+3 = ex3 £ P4. Now we have six linearly independent 
vectors a?i, x2, x3, xm+1, xm+2,xm+3 generalizing the space P6. By a pro­
longation this process step-by-step we obtain the frame B(x0,
... xm, xm+1, ... x2m) in which the components el.} of the tensor e have 
the form:

(The symbol dp also denotes Kronecker delta, with 

= o, <5; = dj, d? = d|).

Then we introduce the operators

(a) Q — — (I + b ,

(4)

(b) (101-6 06),

where 6 is the inverse corelation with respect to 6. These operators were 
introduced by M. Obata [3]. By a direct computation we obtain the follo­
wing:

Lemma 1.

(5) Q-S2 = f2, Sf -Q* = Q*, l)-Q* = Q*-Q = 0.

Corollary.

ker£? = imfl*, kerD* = imfi, ker/ZnkerD = {0}.

Denote by Pj the moduli of tensor fields of type (1,1) on M.

Proposition 1.

Pf = ker D©kerD*.

Proof.
Let v eF[. We may assume, that v = x + y, where x = Q*v, y — v — 
—D*rekerD. It follows that v e ker £?©ker£>* by corollary.
Denote by L the Lie algebra of C?L(w, B).
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Proposition 2. Let V be an L-valued 1-form. Then the tensor 
equation of the form

(6) QX = V,

in which X is an unknown tensor of the same type as V, has a solution if 
and only if

(7) 12*7=0.

A general solution is of the form

(8) X = V + Q*U,

where V is an arbitrary linear L-valued form.
In virtue of (2) we have = cj{, and moreover for the matrix of

the components ci8 of the inverse tensor c we have cis: =* wbkie8k.
Then we look for a most general connection R on the manifold M,

which satisfies the conditions

(9) Ve = 0

and
(10) (V„b)(u, w) = a(v) biu,e(w)), u, v, w e F1. 

We call them Podkovyrin connections.

Theorem 2. Local components w8 of a Podkovyrin connections are of 
the form

(11) wl = -(e8rders + c98dbiq-2Ae8i + br8dbri + (e8repi-cricp8)Arp),

where s, i,r, ... =1,2,...,», b{] and bls are the local components of the 
tensors b and b respectively, and ci} : = ^bik.
We assume A = akdxk, where ak — are components of a vector field 
and Arp are components of an arbitrary linear form valued in a Lie algebra.

Proof.
The formulas (9) and (10) in a holonomie field of frames take the form:

(9') R^, = 0,

(10') Vkb{j = a.b^.

If we write the left hand member of (10') in the expanded form and we 
pass to forms we have:

db{} — bjgW^AbgjO^AAb^e8^.
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Multiply this equality by b'r and divide by 2, we got

(12) | + |

In the bracket on the left hand side of (12) there are just the components 
of the Obata operator (4a). Thus the components £?*"’ of the operator

(4b) take the form:

W = j

It is easy to verify that the formulas (5) hold well. This means that the 
equation (12) is the tensor equation. A solution of the equation of (12) 
is the following:

(13) | —Ae’., +(%$-bkible)tf},

where arf is an arbitrary linear A-valued form. Let’s turn to the equa­
tion (9'). It is equivalent to the following:

c‘.j cok — c.k (Oj === “- da.j •

We contract both members of this equation by e\. In view of co2 = 1 
we have:

(14) (<5^5J. —<we\.e®ft)£Og = —coe?ftdel.y.

As (9') and (10') are to be satisfied simultanously, so the right hand member 
of (13) should satisfy (14). Then we have:

|(^«5l-o4^)(yfcd6rs-Aei:s + (<5^‘-6ps6№)6>n =

Thus we have to solve the following equation:

(15) — (<5*<5p — bphbh — <welpe(ft-l-c,,cJ,Zl)ajf’

= - J dbrh + j cri e‘h dbra + coef, de\.

We shall show that if co = 1 then the expression in the bracket on the 
left hand member of (15) is an Obata operator i.e. if we denote it by Q, 
then it may be expressed in the form (4a) or (4b) in the following way:

* 1 v 
Si = — (I

2
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where the components of the product B^B are of the form:

B'ph = bpK^ + me^e^-OtfOpn.
Denote by Q* the operator

D* = -(Z®? + P®P).
2

Lemma 2. In a case co = 1 the operators fi and Q* satisfy (5). 
Proof.

Let’s find a mapping
P: P}-*PJ

P is of the form:

Let us find the kernel of this mapping. Thus it suffices to find a solu­
tion of the following system:
(16) («5; <5' - aoe\qer.p + cpq<tr - bpgblr)X< = 0.

Making use of the theorem 1 and of formulas (3) we may write the system 
(16) as four groups of systems of equations:

(a) (<5“ dx - coexpe\ + c^caX - b^b“1)Xl +

+ (<5^ - ootUp eXp + c^ - bp-,baX) Xl +

+ (^ ^ - otfy + CppCa* - b„pbaX) X{ +

+ (<5“^-wc°,e| + c^caA-ft^6“A)^ = 0

(b) (<5“<5> — ooe\e% + -b^)Xl +
+ (<5^ — (oe^peXp + Cp-pCaX — b-pbaX'} Xl +

+ (6" - ooe'p e^p + CppCaX - bppbaX) X? +
+ (^»-p-coe^p + CppCrx-bppbix)XS = 0

(c) (bxp - coe?-exp + c-ppeaX - bppbaX) Xl +

+ (- coea-pexp + W* - b-pbaX) Xl +
+ (%%- co^ex-p + w? - b-pbaX) Xl +

+ (dl&Xp-coe?peXp + CppC^x-bppbaX)Xl = 0

(d) (<5-° bx - ooe^e} + c-ppca'x - b-pb^Xl +

+ (<5“ - oe?pexp + c-pCaX - b-pbaX) Xl +
+ (<5| - <oe?p exp + c-ppeix -bppba~x)Xl +
+ (<5? &x - coe%exp + c-ppc°x - b-pb°x) X* = 0

(17)



80 Czesława Tokarczyk

which yields
(a) + =0,

(b) (w-^Çb^Xi-X  ̂+ b^X?) =0,

(18) (c) ((»-^(b^Xl-X  ̂+ b-^Xl) = 0,

(d) (w-l^b  ̂+ b-^Xi) =0.

If to = 1 then these equation are satisfied identically, now then &■&* 
= Q* D =0 holds. Thus (5) is satisfied. In the case to = 1, for the equa­
tion (15), the condition (7) holds well. In fact, we have:

<3g* ( -1 Vhdbri +1 crAe®d&r(, + eî>;) = | ( -brldbrp + crlea.pdbra).

If we split this expression into four groups of indices and we make use 
of (3) then we obtain the identity:

—brldbrp + crleapdbra = 0.

In power of the proposition 2 a solution of (15) for to = 1 is

(19) «? = | ( ~brpdbr9 + efpea.qdbra + e?rder.q +

+ W + bap brq + eprea.q - crqcap) Aa),

where Aa is an arbitrary linear i-valued form. By substituting (19) into 
(13) we get (11). This is a most general connection, satisfying (9) and (10).

A torsion tensor Taif expresses by means of the following formulas 
in a holonomie field of frames

Tîi = i«r(djer.i-dler.j) + cn(djcri-dicrj) +

+ bra (5,- bri - di brJ) + 2 (af e^ - a} ea.i) +

+ (ear^ - cricra) A'p - (ea.r<% - crjcpa) A'ip).

Theorem 3. If Arjp is any skew-symmetric tensor satisfying the con­
ditions
(20) cricP8Arjp = -crjcpaArip

(21) Afjq = brt dybflf + fly ,

then connection which is expressed by (11) is a torsionless connection.

Proof. Let us introduce the tensor by means of the torsion 
tensor Tji provided that Arkp satisfies (20). Then, we have

ear(ePiA^-e^Arp) = e^d^-d^)-

-c^ib^e^ - b^d^) - - dib^) -

— + aje’.i ~ %Tjf.
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By a contraction of both members by e‘.s and •writing the obtained equali- 
tions in four groups of indices and making use of (3) we get

~ ^rt^iibi]r + au $1 + ~.

Then it suffices to put any skew-symmetric tensor satisfying (20) and (21) 
instead of A^. Thus we obtain a connection which is torsionless.

Remark 1. Podkovyrin considers some special surfaces in a biplanar 
space [7] of even dimension. He gives a construction of a connection 
for which the given tensor e is parallel (9Z). Then the two components 
of the corresponding immersion tensor b, c, are non-degenerated and 
they satisfy the relations

(10') =

(*) ^kcH ~ ^k^ip

There is also introduced a complex tensor B, where

(22) By=6# + *Cy

and x = I7«. B is of rank (j rank b). The formulas (*) are in a formal 
analogy with the conditions for a connection to be a Weyl one. But there 
is no angle-like invariant so that B would be used for a parallel transport 
of this invariant.

If a connection satisfies (10') and, simultanously

(23) rfc(A60) =4(Ao«),

A being a real scalar function, then A must be a constant. In fact, we have 
from (23)

or
(f7*A)&y + Al7i.&y = AdjtCy.

Prom (10') we have:

(9*A)&0 + AafcCy = AafcCy.
Hence

A ((dfcln A) b{i = Afl^c#,
or

A((d*lnA)0^ + a&<5*)cfs = Aafccy.

A contraction of this equality by cip, yields

A((dfclnA)^ + a^) = A^«5?.

• — Annales
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Hence
à? «fc = (ô* In Â ) efy + ak ô?.

Because we have = 0 then

n-âk — nak
Hence

®fc = ak

Hence we conclude that Â = const. By similar reason the tensor 
By — by+^coCij considered in [7] can not be used for measuring angles 
of tangent vectors.

Remark 2. In the paper [7] there is defined a connection by its 
coefficients

(24) /* +

where Gy are Christoffels of 6. These coefficients do not satisfy (9'). There 
is considered a special case, namely, if the components ak satisfy the 
condition
(*♦) = a>e*ak = dtQ.

Such a field is called a solenoid one. (**) implies a posibility of finding 
certain new tensors h and h such that it holds

^0 = ^iked 

— \k^j

b{j = e 8 Ay 

°H = e~°hi}

^k\j — + aJlÂï

^k^U — ÂfcÂy + Coa*Ay

where âk = e?kap. Thus there may be computed the coefficients of a con­
nection Jy:

(27) =^-i(ô<^+5ydf + «<^ + ay<e<) + iâ.(ft«% + Â«fcÂy),

where Gy are Christoffels of h. These satisfy (9') with h in a place of b. 
Now there arises the following question: what conditions are to

be satisfied, that the connection determined by (11) is the canonical

and

(25)

and

(26)
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Podkovyrin connection (27). By substituting (**) and (25) into (27) we 
obtain

(28) Г* = Gy —+ ~apbpkCy),

where Gy are of Christoffels with respect to by. In virtue of (11), we have

(29) Гк = i«d,.<i + C’-fcbJ.,aie?r-ai^ + ftrfc9iftd + (e^r<-Cn.c’’fc)AJ2)).

By comparing right numbers (28) and (29), wc get

(30) (e^-Cy^A^ =

+ apbpkCy - ekrd{ery - <fkb]qd{e'r.

By a contraction these equations by 1в‘.ке1а we obtain

(31) ^(b‘r5p — brabpt)Arip = ^‘ei^-^e^by-

-«Л b\ + -е{ад^у - 6%Mr) •

This is a tensor equation of the type (6), which satisfies (7). Then a solu­
tion of (31) is of the form
(32) A‘ia = Mcp‘^ad]bip-cptei.adpby-ajei.a&l{ +

+ apep‘b{a - - Ьг‘с,Мг + (д1г dpa - brabpt) Ur{p),

where is an arbitrary tensor of the type (1,2).

Proposition 3. If A‘ia is defined by (32), then the connection (11) is the 
canonical Podkovyrin connection.

Remark 3. In a case co = 1, or in a complex case, equalities (18) 
imply directly X, = 0. Also in this case there exists a unique connection 
which is consistent with our structure.
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STRESZCZENIE

Rozpatrzmy strukturę postaci (it, e, b, a), gdzie M jest rozmaitością różnicz- 
kowalną wymiaru 2n, e jest polem tensorowym typu (1,1), takim że e-e = el, przy 
czym e3 = 1, а I jest tensorem jednostkowym, b jest polem symetrycznych korelacji 
spełniających warunek b<u, e(v)) = b(v, e(«)), o jest polem kowektorów. Zakładamy 
ponadto, że korelaoja «->&(«,—) jest odwracalna i korelację odwrotną oznaczamy 
symbolem b.

W praoy tej znajdujemy ogólną postać koneksji Podkowyrina, oraz wyliczamy 
ich skręcenia. Lokalne współrzędne to® otrzymanej koneksji są postaci

w*- = ł - 2Леа+ br3dbri +(e3re? - oric^}Arp]

gdzie a = akdxk, Arp są współrzędnymi dowolnej formy liniowej o wartościach w al­
gebrze Lie’go liniowej grupy Ln.

РЕЗЮМЕ

Рассмотрим структуру вида (Л£, е, в, а), где М является дифференциальным многообра­
зием размерности 2л, еявляетсятензоровымполем типа (1,1), таким что ее — el, при чём 
е2 = 1, а I единичным тензором, в — является полем симметрических\орреляций совершаю­
щих условие в(и,е(г)) = e(v,e(u)), а является полем ковекторов. Кроме того, предполагаем 
что корреляция и — в(и, —) оборотная и эту оборотную корреляцию обозначаем символом в.

В данной работе находим общий вид связности Подковыряна и подсчитываем их кру­
чения. Местные координаты ft>® полученной связности имеют вид:

w? = i[e3rderi+(fladbiq—2Ae3i+ersdbri+e3^—cricP3A;]

где а = а^хк, Ар? являются координатами любой формы со значениями в алгебре Ли 
линейной группы Ln.


