ANNALES
UNIVERSITATIS MARIAE CURIE-SKLODOWSKA
LUBLIN — POLONIA

VOL. XXIX, 22 SECTIO A 1975

Instytut Matomatyki, Uniwersytet Marii Curle-Sklodowskie] Lublin

WOJCIECH ZYGMUNT

On the Convergence of Solutions of Certain Generalized Functional-
Differential Equations

O zbieznosci rozwigzan pewnych rownan kotyngensowo-funkejonatowych

O cX01HMMOCTH pelmeHut HeKOTopuX AuddepeHUHaNTbHO-PYHKLHOHAIBHEX BKIIIOYEHHIT.

In this paper we show that the main results of J. Blaz [2] may be
extended for generalized functional-differential equations. We shall prove
three theorems which are the counterpart of theorems 1—3 in [2].

I. We accept the following notations and symbols:
r< 0 is a fixed real number, R* = [0, co), R" denotes a n-dimensional

Euclidean space with the usual norm || = ( }' f)"?, where &= (z,, z,, ...
fe=1

..., 2,;), 0 denotes the origin of B" and {6} denotes the subset of R", whose
unique element is 6.
For A,Bc R"
o(z, A) = inf |z —y]
yeAd
d(A, B) = max {sup o(z, B), sup o(y, 4)}.
xed yeR

Conv R" is the family of all convex compact and nonempty subsets of
R". This family is metrized by the Hausdorff distance d. C is the space
of all continuous functions ¢: [r, oo)—R" with topology defined by an
almost uniform convergence on [r, oc)(i.e. an uniform convergence on
each compact subinterval of interval [r, oo)). [¢], denotes the function ¢
localized to the interval [r, %], |pll, = max [p(3)|.
r<s<vo

The set of all functions [¢],, where ¢ eC and » > 0, will be denoted by €.
In this set set we introduce the metric as follows: by the distance two
functions [¢], and [y], we mean the distance of graph of these functions
(the graph being a subset of R x R") in the Hausdorff sense (the so-called
graph topology).
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Let F be a multivalued mapping (in the abbreviation m.v.m.),
F: R xC—~ConvR" let »: R™ -R" and let [£],eC.

We shall investigate the existence of solutions for two problems
concerning the generalized functional-differential equations:

(1) I‘P'(t)fp(t’ lplyy)s, 0=,
p(t) = £(1), r<t<0,
and
Par, (e F (L, [parJuy)y O<t<M,,
(M) Par, (1) = gar, (M), M;<t,

Pu () = £(1), r<1<0,

where M, is an arbitrary, but fixed, positive number. By a solution of (1)
we mean any function ¢ e C, which is absolutely continuous on each compact
subinterval of the interval R* = [0, oo), ¢'(t)eF(t, [pl,,) a.e. t=> 0 (the
abbreviation a.e.t is used for for almost every ¢ in the Lebesque measure
sense), ¢ (t) = &(t), r <t < 0. Similarly, a solution of (M;) is any function
@s,€C which is absolutely continuous on [0, M), ¢, (1) F(t, [ar, L)
a.ely 0 <t< My, @p,(t) = oa (M) for 1= M; and @y (1) = &(¢) for
r<t<ao.
II. Assume the following:

1° The function v is continuous and »(t) > 1, t > 0.
2° The m.v.m. F' satisfies conditions

a) F(-, [¢],) is Lebesque measurable for ecach [¢],eC, *)

b) F(t, -) is continuous for each ¢t > 0 and there exists a continuous

function L: R*—-R" such that

Ad(F(t, [play)s Pt [¥lg) < L(t)llp -yl for each t>0,
3° There exists a constant k, k¥ > 1, such that
d(F(t, [0].,), {8}) < kKL(t), t= 0.
4° The following inequality holds

g
k:} )L(s)ds

sup LULIAR ' § <1l **
o<t k

*) We say that a m.v.m. G: R"—conv(R") is Lebesque measurable iff
the set {teR*: G(t)NnB +* @} is Lebesque measurable for each -closed
subset B = R™.

*+*) Throughout this paper integrals are understood in the Lebesque
gense.
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III. Let p be constant such that

HE n+1
1—g
Denote by C* the family of all functions geC satisfying the condition

Ilq)ll :
lpl = sup——— < p
o<t kf L(s)s

80

1t is easy to verify that the set C* with a norm |- | is a complete metric
space.
We now state the following theorem:

Theorem 1. If the hypotheses 1° — 4° are fulfilled, then the problem (1)
has at least one solution which belongs to C*.

Proof. Let us consider the m.v.m. I" defined in C* by formula
I'p =
t > 0, where z is a Lebesque measu-
F(t) = {S(OH_ fw(s)ds, rable selector of F(-, [¢],)

2 E(t)’ r‘<<t\0-

It follows from Bridgland’s Lemma [3, Lemma 2.8] (cf also [4]) that the
m.v.m. F(-, [¢],y): BT —ConvR" is measurable. Then in view of Kura-
towski-Ryll-Nardzewski theorem [6] there exists a measurable selector x
of F(- [¢],,))- Thus I'p is nonempty for each @eC®. Using the Bridgland’s
theorem [3, Theorem 3.1] we conclude that I'p is closed in C* for p<C".
To show the inclusion I'p = C*, ¢eC*, first let us observe that

d(F(t, (91 s {6}) < d(F(, [‘P],(t)), F(t, [O],(,,))-}-d(F(t, (01, {6})
< L(t) llp = Olly + kL(2) = L(t)llpll+ kL(t), t=0

and let us choose arbitrary pelIp. We have for t > 0
t
p(t) = £(0)+ [ a(s)ds
0

Since z(t)e F(t, [¢ly,) a.e. t = 0, then following closely as in ([2], see the
proof of Theorem 1]) we obtain for t>= 0

(3)

[4 k)’ L{s)ds
15 < 1£(0)] + [ Iz (s)lds < 0)l+f(L(8)|I¢lI4¢)+LL(8)ds
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Obviously for r <t<0

(4) lp(®)] = 1@ < lI£llos

So in view of (3) and (4) |@| < p. Consequently I'p = C*. Now we shall
prove that I"is a contraction with constant g, i.e. that D(I'g, I'y) < q|lp — yll
for each ¢, yeC*, where D is the Hausdorff metric (in a family of all
nonempty closed subsets of C*) generated by the norm |-|.

Let @, peC®, ¢ # y, and let gelp. Then, for ¢t > 0,

(1) = £(0)+ [ x(s)ds,

where z is measurable and z(t)e F'(t, [¢ly,) a.e. t > 0. Since d(F(t, [Pl
F(ty [yl)) < L() lp—plyy), there is y,eF (¢, [ylg) such that |z(t)—y,
< L) lip — plluey-

Let us put K(t) = {y,eR": |2(t)—y,) < L(!)lp—ylly}. K(!) is a non-
empty closed convex set and the m.v.m. K: R*—>convR" is Lebesque
measurable. Then the m.v.m. G: R*—>convR" defined by G(t) =6
= F(t, [yl K (1) is also Lebesque measurable (cf for example [4]).
Let z be a measurable selector for G. Then we have z(t)eF(t, [y],,) a.e.
t=0 and

le(@t)—2(t) < L) lp —yly ae t=0.
Now define a function yp: [r, o)—>R" by
‘
L E0)+ | 2(8)ds, t =0
P(t) = | f foh it
&(1), r<i<0.
Obviously gpel'y and |@g(f)—p(t)] =0 for r<t< 0. For t >0
[ [}
15— ) < [ |2(s)—2(s)ids < [ L(8)lp— s
0 0
and further identically as in [2, see the proof of Th. 1] we obtain the

inequality

_ y kj’lb(s)ds
p(t)—p ) < qllp—ylle’°

Hence lIp —9ll < glig — vl
From this, and the analogues inequality obtained by interchanging the
roles of ¢ and y, we get D(I'p, I'y) < qllp — vl
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So we see that the m.v.m. I" fulfills all hypotheses of the contraction
principle of Covitz and Nadler [5, Corollary 3] (I" maps the complete
metric space C* into the family of all nonempty closed subset of C* and
is the contraction with constant ¢ << 1) Therefore, there exists a function
@eC® such that gelp what means that

@' () e F (2, [‘P]v(l)) a.e t>0,
o(t) = £(t), r<t<o0.
This completes the proof of our Theorem.
IVo Let .
Cu, = {peC: () = ¢(M;) for t=> M},
= {peC*: p(t) = @(M;) for t= M}.
Similarly as C* in Theorem 1, the set (3, with a norm ||| given by (2)

is a complete metric space.
Define on CM the m.v.an. I' by formula

<
E(O)—*—f Wy, (8)ds, 0 <t < My, where z,, is a

My measurable se-
£(0)+ [ @y, (s)ds, M;<t, lector of
g Fq(, ['PM‘]-(.))’

Py =\ Pt Par,(t) =

Et), r<i<Oo. o

Consxdermg this mapping in the same way as in previously sectlon we
get the following

Theorem 2. If hypotheses 1° — 4° are fulfilled, the problem (M;) has
at least one solution which belongs to C3..

Remark 1. If F is a single-valued mapping, then the problems (1)
and (JM;) have exactly one solution. This it follows immediately from
proof of these theorems.

Vo In this section we prove a theorem which is a generalization
of Theorem 3 in [2].

Theorem 3. Let {M}32, be an increasing sequence of real numbers
such that limM; = 4 oc.

) If {@ar 47, 18 a sequence of solutions of problems (M,) (in C}3, Jrespectively),
then there exists a subsequence {sz,,“};‘_’_l which is uniformly convergent on
each compact subinterval of [r, oo) to a function ¢ and ¢ 18 a 'solution (in
C*) of problem (1).

b) If ¢, i8 a solution (in C*) of problem (1), then there exists a sequence
{(pM‘}}‘_’,, of solutions (in C;,'. respectively) of problems (M;), which 18 uni-
form convergent on each compact subinterval of [r, oo) to the function ¢,.
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Proof. a) It is easy to verify that

kI‘L(s)ds -
"P.‘I.f.'(tn <pe’ y r<it, 1=1,2,..

and

¢

l@ar, (t+h) — @, ()] < f(L(8)||<PM,-||v(a)+kL(s))ds, 0<t 0<h i=1,2..
0

Since g, (t) = &(1) for r <1< 0, consequently the functions ¢, are

uniformly continuous on each compact subinterval of [r, o). Thus, by

well-known Arzela’s theorem, there exists a subsequence {p, |-, which

is almost uniformly convergent on [r, o) to some function ¢. Obviously

peC”.

To prove that ¢ is the solution of (1), it suffices to show that ¢ satisfies

the equation ¢'(t)eF(t, [¢],,) almost everywhere on each compact in-

terval [0,T] < R*.

Let us fix arbitrary 7 > 0 and let us define m.v. mappings G;: [0, T']—

—convR" and G: [0, T]—convR" by formulas

G;(t) = F(, [paylw)y O<t<T,
T.

A\

G(t) = F(t, [phy)y, 0<t:

i

Since @ar;; converges uniform to ¢ in [0, T*], where T* = max »(t) we
o<i<T
conclude that limd(G;(t), G(t)) = 0 on [0, T].
j—»co

From this it follows that
c(q.{ut_}(t),G(t])-ﬁ-O a.e. te[0, T].
By virtue of Pli§’s Lemma [6, Lemma 1] we get
' (1)eG(t) = F(t, [plyy) a.e. te[0, T].

Therefore the proof of the part a) is completed.

Remark 2. In the case when F is a single-valued mapping the whole
sequence {p, }°, of solutions of (M;) (which in view of Remark 1 are
unique) converges to a solution of (1).

b) Now let ¢, be a solution of (1). Let us define

by !Proj (@o(®)/F(t, [x),)) for (i, [x].)eR" x € and if g,(t) exists,

t 1) =
f( ] [Z’ le) lPl‘Oj (B/F(t, [x]v)) Othersze,
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where Proj(z/K) denotes the metric projection a point z¢R" onto a no-
nempty compact convex subset K of R", i.e.

Proj(z/K) = {yeK: |y—2z| = inf|k—2|}.
keK

Obviously f is the single-valued mapping.

According to the result in [1, Chapter VI, »3, Th. 3] f is continuous in
[x], for each fixed te R" and by Castaing’s theorem [4, Th. 5.1] f is Lebesque
measurable in ¢ > 0 for each fixed [y] «€. Moreover f satisfies the hypo-
theses 2° b) and 3°. Therefore the following problems

@' (t) = f(t, [?‘L[u)v 0<t,

1
1,f) p(t) = &(t), r<t<0,

and

‘Pf\l,-(t) = f(t, lpar; )y 0<t< M.,
(M, f) I‘F,‘lf,-“) = pari( M), M, <1,
Par (1) = &(t), r<t<0,

have, in view of our Remark 1, oxactly ono solutions § and @, and,
by our Remark 2, g, converges to . But the function g, is the solution
of (1, f) too, because

f(t, [‘Po].(t)) = Proj (‘P(I)(t)/F(t, [%]-(t))) = @o(t) a.e. 1=0.
Thus must be § = ¢,.
Similarly the funections @ar, are solutions of problems (M;) because

"f:u;(” = f(t, [‘7"11,-]-(1))€F(ty l-‘?.\r;]y(,)) a.e. te[0, M;].

This proves the part b) and finally the proof of our Theorem 3 is com-
pleted.
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STRESZCZENIE

W pracy podano trzy twierdzenia. Pierwsze dwa — to twierdzenia
o istnieniu rozwigzania w klasie C* réwnan (1) i (M;). Twierdzenie trzecie
jest nastepujace:
a) Jesli {q'_"‘}?‘,’,, jest ciagiem rozwigzan (w klasie C*) réwnan (M,), to
istnieje podciag {gmlj—, tego ciagu, ktéry na kazdym zwartym pod-
przedziale przedzialu [r, oo) jest jednostajnie zbiezny do rozwiazania ¢
(w klasie C*) ré6wnania (1).
b) Jezeli ¢ jest rozwigzaniem (w klasie C*) réwnania (1), to istnieje ciag
{pas,}ie1 rozwigzan (w klasie C*) réwnan (M,) zbiezny jednostajnie na
kazdym zwartym podporzedziale przedziatu [r, o) do funkeji ¢.

PE3IOME

B pabore paHbl Tpu TeopeMmbl. [IBe nepBele — 3TO T€OpeMbl O CyLIeCT-
BOBAHNIO pelleHnsA B Kaacce C° ypasuenuit (1) u (M,). Teopema TpeTba
crenyioman: Teopema 3: a) Ecau {py }iZ, mociaenoBateIbHOCTb pelleH it
(B knacce C*) ypaBHenmnit (M), To M3 3TOH MOCIENOBATEIBHOCTH MOKHO
BLIIEJIUTh TOXNOCIENOBATEILHOCTD {q)M,,}e,_,, PaBHOMEPHO CXOfAlIHecA HA
KajK[IOM KOMIIAKTHOM MHTEpBaje ny4a [r, oo) K pelenuio ¢ (B Knacce C*)
ypaBHeHusa (1).

B) Ecau ¢ pemenne (B knacce C*) ypasuenua (1), To CVIUecTBYeT
TIOCIIEI0BATENBHOCTD {py, }i2, Pelllenuii (B Kmacce C*) ypasunennii (M,),
PaBHOMepPHO CXONALIAACA HA KaKIOM KOMIIAKTHOM MHTepBaie .1y4a {r, oo}
K PpelleHHIo ¢.
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