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ZBIGNIEW SWIETOCHOWSKI

Some Remarks on the Wave Operator in a Curvilinear Coordinate Systemn
Pewne uwagi o operatorze falowym w krzywoliniowym ukladzie wspolrzednych

HCKOTOprc 3aMe4YaHHA O BOJIHOBOM OIIEPaTOpE B KPUBOJIAHEHHbIX KOOpAHHATAX

In this paper we shall study some properties of the differential
operator of second order, the characteristic form of which has a signature
(4, —4..., —) (it i8 called wave operator), acting in a suitable chosen
coordinate system.

I. Definitions and notions.

Let M be a smooth (class C*) real manifold of dimension » 1. If
xe M, then by T,(M) and T,(M) we denote the tangent and the cotangent
spaces of M at the point z respectively.

Consider the differential operator with the variable coefficients, the
action of which on function is described by the formula

i O 7 _6_2u(:v)
(1) (P(D)u)(@) —%a @ G000,

where (z,,...,,) arc the coordinates in some local coordinate system
on M. We assume that a™(z) = a* (). .

The characteristic quadratic form of P(D) at the point ze¢ M is defined
by the formula

(2) F.(f, ) = Z a* () (f, (@) {fy e (@)>; feTo(M)
1,k=0

\
where e,(r) = (--i’-) eT,(M) and the symbol {fya) denotes the value
t.i"“ x

of the form feT*(M) at the vector aeT,(M). The operator P (D) will
be called wave operator if its characteristic form F_ has the signature
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(+y —y ...y —) for any xe M. Everywhere throughout this paper it is
assumed that P(D) is the wave operator.
The characteristic cone I, at the point ze¢ M is defined by formula

(3) I', = {feT7(M): Fo(f, f) > 0}

It consists of two connected parts, one of which we denote by I, The
future light cone K] at ze¢ M is defined by the formula

(4) K = {aeT,(M): {f,a) > 0, for every fel;}.

Remark 1. Let (fy(2),...,f(#)) be the basis in 773 (M), biortho-
normal to a basis (¢o(2), ..., €,(2)) in T,(M) and let A™(z) be the inverse
matrix to a*(z). It is easy to see that the following equalities hold

I, =\{f =Bufol@ + ... + Buful@) : D) a*(2)B,B: > 0],
(5) k=0
K, = K;Uu(-K;)u {0}

={a = ag€o(T) + ... +a,e,(): 2 A*(z)a;a, > 0}.
1,k=0
By (5), one can see that I’y and K, are in one-to-one correspondence
(up to a constant positive multiplier) with the coefficients of P (D) in
the coordinate system (z,, ..., z,).

Remark 2. In the sequel we’ll need a continuous family of half-
-cones K. The choosing of such family will be possible under some addi-
tional assumptions on M.

We say that the hyperplane P in T,(M) has the space-like orien-
tation if P lies outside K, and has time-like one, if P intersects interior A ;.
Let P be a hyperplane in T,(M) and let 0 # peT, (M) be a form vanishing
on P. One can easy prove the following

Lemma 1. {

(a) {the orientation of P is time-like}<{p¢l',}
(b) {the orientation of P 8 space-like} < {pel}.

Let N be a smooth submanifold of dimension n of the manifold M.
We say that the orientation of N at the point z is time-like (space-like)
if the orientation of the hyperplane T,(N) is time-like (space-like).

II. The equation P’(D)u = 0.

Assume that there is a local coordinate system (z,,...,x,) given
on M, satisfying the following conditions:
1° eo(x)eInt K,
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2° the orientation of the hyperplane P(z) = lin(e,(),...,¢,(2)) is

/ )
space-like, for any xe M, where e,(z) = (%) (Fig. 1)
&

i

Fig. 1

Lemma 2. In the above mentioned coordinate system there is a®®(x) > 0

Ny
and the form (— ) a™(w)a;a;) i8 positive-defined.
f =
Proof. Fix z< M. Let (fy(2),...,f,(#)) be a biorthonormal basis in
T(M) with respect to the basis (e(), ..., e,(z)). Each form which is
different to 0 and vanishes on P(z), has the form af,(z), a # 0. Since
the orientation of P(z) is space-like, thus by Lemma 1, fy(x)eI’,. Hence

n
a® () = F,(fo(x), fo(x)) > 0. Consider the sequence a,, ..., a,; > a> 0,
n i=1
and the form f(z) = )} a,f;(#). The form f(x) vanishes on e,(z), thus
121
the hyperplane on which vanishes f(x) contains e,(x), hence intersects

IntK}. Hence, by Lemma 1, f(2)¢]; and it shows that ' a*(z)a;a,
k=1

= F_(f(z), f(x)) < 0. So, in the coordinate system satisfying 1°, 2°, the
equation P(D)u = 0 can be written in the form

=0

(6)

2 - 2 2, | o2
0 u_(za_:_) >1 W () 0%y (x) B \Wh‘*(.r:)—— u(x)
da% ?:{ dwoawk i:fﬂ awiawk

where b*'(z) = b* () and the form Y b™()a;a; is positive-defined.
fhk=1
Construction. Now we shall gi\;e some sufficient conditions for the
possibility of the construction of a coordinate system satisfying 1°—2°
conditions and the following one:
3° in a such coordinate system, the coordinates of points from M cempose
the set (0, o0) x 2,, 2, being a bounded domain in R".
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Assumptions. Let 2 be a domain in R"*!; the boundary of which
consists of two parts: the space-like oriented, smooth, compact surface
2 and the time-like oriented, smooth surface (or finitely many of surfaces)
o. Assume, that there exists a functional y of class C? defined on some
neighbourhood 2, of 2, y(x) = 0, such that
(1) grady(z)e ', for any zeQ,,

(ii) the surface X takes the form: X = {zxeQ: p(r) = 0}

Assume furthermore that the wave operator, acting on £, has the

coefficients of class C*.

Let us denote X, = {zeQ:y(z) = ¢}, 2, = {(xe0: p(z) > ¢}, (Fig. 2)

Remark 3. Condition (i) arises from the paper of II6rmander (cf. [1],
p. 108). In other words condition (i) means that the surfaces X, are space-
-like oriented.

Herecafter, by /') we denote this part of I',, such that grady(z)el’;}.
And so, we have a continuous family of half-cones I’/ and a continuous
family of K] on Q,.

We shall construct a coordinate system on £ satisfying 1°—3°.

The set @ = Q\2,, ¢ — some constant < 0, is a smooth manifold
with the boundary in 0. We shall construct a smooth vector field on @
such that e,(z)eInt K and ey,(x)eT, (o) for xec. To do this we shall use
partition of the unity. ’

Let z¢Q and let U be the coordinate neighbourhood of # with the
coordinate homeomorphism ¢ mapping U into R""' = {(@q, ..., 2,)eR""':
z, > 0}. By ¢. we denote the map of tangent spaces induced by ¢. On
@(U) we define a constant field v such that ¢, veK]. If p(x)edR"",
then we choose an arbitrary ve<dR"''; on the contrary, if ¢(z)¢dR"."’,
then we take a sufficiently small U such that ¢(U)ndR"' = @.
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The continuous changing of K, assures that if U is sufficiently small,
then the image of v by @.' still belongs to Int K for zeU.
The image of v by ¢.' composes the required vector field 5 on U.

Let {U,} be a such covering of @, {n,(z)} — such a vector field on
U; and let {g;} be a smooth partition of the unity subordinates to {U,}.
We take:

@i(@)n;(2), for ze U,
7 (z) =
0, for 2¢ U,

and ey(r) = Zri(m).

Thus we obtain the smooth vector field on ¢, non-vanishing at any
ze@). The theorem of Piccard assures the integrability of that field.

Let ze 2, y(x) = ¢,, and let y be an integral curve passing through =
and intersecting ¢ at the point having the coordinates (Toy ooey T,). We
set a new coordinates of the point z as follows: (c,, «,, wsiy &,)-

The obtained coordinate system satisfies conditions 1°—3°, the coordi-
nates of the points of 2 compose the set (0, co) x X.

Remark 4. Conversely, if a such coordinate system is given, then
taking v(@,, ..., ®,) = ¥,, we sec that the functional y satisfies (i)—(ii).
On the other hand, one can easy construct an example of continuous
family of K defined on £ such that there is no functional y satisfving

(i) —(ii).
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STRESZCZENIE

W pracy zawarte 83 pewne uwagi dotyczace 'opera,tora, falowego
P(D), dzialajacego w krzywoliniowym ukladzie wspolrzednych w obsza-
rze Q c R*"'. Jeéli uklad wspolrzednych jest stosownie dobrany, wtedy
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réwnanie P(D)u = 0 mozna zapisa¢ w postaci:

: 0*u
bt W9 b1k WA g
dwo()xk HZ @) 0,0, :

0:1:0

n

gdzie forma )’ b*(z)a;a, jest dodatnio okreSlona. Przy pewnych zalo-
i,k=1

zeniach odnoénie do £ podaje sie metode konstrukeji takiego ukladu.

PE3IOME

Hacrosawan paGoTa coxep:KUT HeKOTOpble 3aMeuYaHWA, KacawuiuecA
BOJIHOBOTO ONeparopa [AeiCTBYIOUIEr0 B KPUBOJMHEHHBIX KOOpAMHATax
B obmacty 2 ¢ R"*'. Ecau cuctemMa KoopauHAaTt 1ogo6paHa MmogxoAuiuM
cmoco6oM, Torga ypaBuenue P (D), = 0 MOKHO 3amucaTb B BUJE:

0%u S 0*u , 0*u
+ Y - E B (@) ——— = 0
Jz? 24 O g T ; O e 0

= K=

n
rae Qopma Y b*(z)a,a;, nosomurenvHo onpenenexa. IIpu HexoTopbix
1,k=1
NpeINoJIOKEeHMAX OTHOCUTEIbLIIO §2 IPUBONMTCA METOX NMOCTPOEHUA TaKoil

CIHCTEMBI.



