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The purpose of this paper is to give some applications of the results
of Theorems 1 and 2 of the previous paper [6].

I. Let 2 be a bounded domain in R", and let S be the boundary
of 2. We shall use the notation of [6] and the following ones:
D(2) = the space of all complex-valued tested functions on 2 equipped
with the usual topology,

(D)2 = the conjugate space of D(f), i.e. the space of distributions in
the sense of L. Schwartz on £,

I*(Q) = the Hilbert space of classes of complex-valued measurable
and square-integrable functions over £ with the usual scalar

product ((u, v)) = fu(w)v_(;)d.v and the norm [u| = ((u, u))"?,
£

H*(2) = the Hilbert space of elements of L*(£2) having the distributional
derivatives of order < k, square-integrable over £, with the
sealar product ((u,v)), = 3 ((D"u,D“v)) and the norm [ul,

4 Ia|r;k
= ((u, u}}i.‘“,
H§(2) = the completion of D(f2) in the norm of H*(9),
{fyu) = the value of feD'(2) at the point ueD(£2),

B¥(9) = the set of all functions on 2 such that their partial derivatives
of order < k exist and are continuous and bounded.
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II. A mixed problem with the boundary condition of the Dirichlet type.
Consider a hvperbolic equation of second order

(1 0*u +2 iw (t, ) 0%u 2
@& =]
) ot ) L0t o ow;ow,

i, k=1

where the coef:flclents are real-valued functions belonging to B*((0, T') x £2).

n 0
We assume that 3 a,(t, )&k >d Y & and ay(t, ) = a;(t, x) for all
k=1 i=1
(t,z)e(0,T)x 2 and (&,,...,¢,)eR".

Our problem is to obtain a solution «(¢,2) of (1) on (0,T)x Q,
u(t, -)eH, for every te(0,T), satisfying
u(0, x) = uy(x)
ou
ot
u(t,z) = 0 for (¢, z)e(0,T) x8,
for any given initial data w,(z), u,(x).

The derivatives in (1) in ¢ are taken in the sense of the norm in H
while in z,,...,2, in the distributional sense. The second condition of
(2) means that u(t, )eH;(2) for every te0, T).

The existence and the uniqueness of the solution of (1) —(2) under
some assumption on uy(x), u,(x) will follow from Theorem 1 of [6]. In
order to apply this theorem we set:

H =L1*(Q2), H" = H}(Q), Hi = Hy(Q)

with the scalar product and the norm defmed by the formulae

(2) (0, 2) = u,(x)

(hr(r} v ()

dar; (1

((w, )i = fu(w)b(w)dx+f‘§: lt, @)"

2 1k=1
el = (e )i )2
By the definition of the operator ,(¢) ([6], Lemma 5°) we have:
D(Ay(t) = |ueH[: sup{|((u, v))/!: veH, |v]| <1} < oo},
((Ao(t)uv ’l))) = ((u’ 'D))t+

Now we explain the sense of (3) in the present case. Let veD(£2)
We have:

(3)

du(w) dv(w)
dw, Owk

Aolt)u, 0 = ((u, o) = [w@o@dr+ [ Yauit,o

I 2 k=1
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Hence the conditions:
ueD(Ao(t))
(Ao (M) wy v)) = (u, ), veH}(Q)

are equivalent to the following ones

32 (Sentor e,

L ().zh o

0 - ou
Du =u— —,-(Zai i, )
; s i=1 A 90,

]

in the sense of D'(R2) for every te(0,T).

From the equality ((Ao(t Yu, v)), = ((u,v)) for wueD(A,(t), veH",
and from the inequality [((u,v )\ < |[ullf vl for ueH™, veH it follows
that A,(t) is a continuous operator, mapping D(A,(t)) into H, , and since
D(Ao(t)) is a dense subset in H;, A(t) = the closure of .1,(f) in H; is
an element from L(H;, H,), satisfying

At)u = ’IL—Z 0 aﬂ{t, rr)-‘u_.'

in the sense of D'(Q). Write (1) in an equivalent form

S 0%u
" 4 ity ) =0
(4 +l24"“ ) o) 5 - et el
and put:

n

g d
B(thu = ( \,1n . (2, J]———)u
s o

=1
S Py Sl ).
S(t)u 2, (b w)a o, 44‘0 ;w"’(t “d u

k=1

Setting S(t) = P(t)—1, we see P(t) is the first order differential operator.
Writing (4) i1 the form

(5) dm + (A1) +S(t))u+B(t) =0

we shall prove that the hypotheses (1.1) —(1.3) of Theorem 1 of paper [6]
are fulfilled.
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Ad (1.2). Let ueD(Q), veH". We have

[{B(t)u,t))’ = ‘ fz a,(t, w)——vda: Z‘Ia (t, )
5 Df jol2de) " < e, ull ol

\1/2

} X

and

ca llulllvlly -

E((B(t)u,v))l = ; — f . (a (t, ) D)udr| <

Since
IB@uly = sup(/(B(®)u, v))|: veH*, Il <1},
thus for ueD(2) we obtain
1B (t)ully” < ¢l

From the density of D(Q2) in H = L*(Q), after extension by continuity
we come to conclusion that B(t)eL(H, H, ).
Ad (1.3). For every ueD(2) we have

O 0 . *y day(t, z)
((B(t)u, u)) = — JZ{]_Y, (a;(t, v) @) udr = —J; BT |u|2de +

f yn;(t r}—— wde = — ' 51 nlq “ ol [u Izd.v—((u, B(t)u)).

2 i=1
Thus

2Re((B(t)u u)) = —f 1 daq(t, 2) lw|2da

da.
i=1 .

and
Re((B(t)u, u))| < eslwlf®.

Let ueH . From the density of D(£2) in H, it follows that there exists
a sequence u,eD(f2) such that |, —u|, —0. Of course also |ju, —u||—0.
By the inequality |((B(t)u, v))| < ¢,|ull, |[v| we see B(t)eL(H,, H), hence
|B(t)u, —B(t)u||->0. Finally, the passage to the limit when n—oc in the
inequality |Re((B(t)u,, u,))| < ¢;|lu,|* gives us the required one:

!Re((B(t)u u))\ < ¢, |lu|* for every ueH* and te(0,T).
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Ad (1.1). We can writo

P(tyu = ‘\‘10(! x) %
L o

=1
where the coefficients ¢;(t, ) forms the combination of the derivatives
of a,(t, z). Thus we see S(t)eL(Hy, H).
The weakly continuously differentiability of the functions ¢—S(t) and
t-—>B(t) follows from the forms of the operators S(t) and B(t) and from
the properties of the cocfficients a,(t, ) and a,(t, ).

Hence all hypotheses of Theorem 1 are fulfilled. Moreover, bearing
in mind Remark of [6] we see that the solution of problem (1) —(2) has
the property:

u(t, -)eC°(C0, Ty; Hy(2))nC* (<0, T); L*(Q))nC2(<0, TH; Hy).

Remark 1. Note, that H; one can regard as the antiadjoint space
of H* (cf. [2], p. 45). In our case when H* = H (), the corresponding
antiadjoint space is denoted by H '(2) (cf. [5]).

Applying Theorem 1 of [6] we have just proved the following

Theorem A. For given initial data {u,(x), u,(x)}e H}(Q) x L*(£2) there
exisls one and only one solution u(t,x) of (1)—(2) such that

u(t, ) eC, (<0, Ty; Hy(2)nC'(<0, T>; L*(2))nC*(<0, T>; H™'(Q)).

Remark 2. Theorem 1 can be applicd to more general equation,
namely to the following one:

0%u \ 0%*u o 0%u ou
° e N gl e Wty @) ——— 4 o]
) e & %lh ) St .-::2‘1 il 0 i L PTG

- ou
- 20,~(t,m) =y +e(t,z)u = 0.
i=1 .

Putting

n au
S, ()u = S(t)yu+ Zc,-(t,x)--aé +c(t,x)u,
=1 i

B,(t)u = B(t)u-+b(t,r)u,

one can easy check the conditions (1.1)—(1.3) of Theorem 1.
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III. A mixed problem with the boundary condition of the transversal
type.

In this section we consider again a mixed problem for hyperbolic
equations of second order. The domain 2 and the equation are the same
as they were in Section II. But we require now S to be sufficiently smooth,
more precisely, £ is an interior domain of the compact surface S of class
C® in R".

Our problem is to obtain u(t, z); w(t, ) H'(2) for te(0, T), a solu-
tion of the equation

n H

i — > a,(t,x . (1 =0
@ gir T Ly M\ muz L &\ m :

i=1 1,k=1

and for given initial data {u,(z), u,(z)} satisfying

Iu(O,w) = (@)

(ii) o
| 5, (0:2) = w(2)
and
7]
(i) Zai_k(!,.r'}—u e = —a(t, x)u, for (2, x)e0, TH xS,
= da;

where a(t, z) is given real-valued, continuous, non-negative function on
{0,T>x8 and {5,}] denotes the normal exterior vector with respect
to surface S.

The derivatives in (i) in ¢ are taken in the sense of the norm in L2(Q)
whereas in z,, ..., s, in the distributional one.

In order to prove the existence and the uniqueness of the solution
of (i) —(iii) we shall apply Theorem 2 of [6].

To do this we need the following assumptions:

a) N a,(t, )y (z) = 0 for (t,x)e0, T) xS,
=1
b) Z a; (0, .’D) ?u(?} +a(0, x)u, = 0 for zeS.
1,k=1

Set: H = L*(Q2), H" = HY(Q), H = H'(Q) with the scalar product
and the norm defined by formulae:
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ou(z) 0v(z)
ox; O,

((u,v)) = fu (x)v(x)dx kuaik(t,m) dr +

2 2 f,k=m)

+ fa(t,z)u(w)v(w)do
8 .

el = (((ay w2

Let AA,(f) be as it was in Lemma 5° of [6]. And again it is casy to
gsee that the conditions:

ueD(A,(t)),
(Ao(®)uy v)) = ((u, 0)) , weD(Ay(t), ve H'(2)

imply the following ones:

»- (a.g(f,-t) ’1)]<L=(9)
— U.‘i"* "
(iv) s
V¢ u
fo(t)u = u —f—(a,k{l‘,.a) —)
-'él oo .

in the sense of D’'(Q2). Let u,veD(£2). We have

1'1 o Ju 21 du 09
_ { dr = f e}
(v) ;}( “21 Py ( a(ty .r} )t v 2‘ G (t, ¢)— oy dz +

2 k=1

ou .
- f(aik(ty x) ) 771:) vdo .
S ]

Thus for every u,veD(£2) from the equality ((Ao(t)u,'v)) = ((u, v));" it
follows that

(vi) fla(t xT)u + va,k(t z)} n‘_lvdo—O

1, k—l
Hence, for every ueD(2)nD(A,(t)) we have
n

(vii) {4..4 ay(t, x) 6 nk+a(t .r)u}/s=0 in the sense of L2(S)

-
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Putting

9 02u '1 i) ou
S(tyu = — 2‘ a;(t, r} d"k ,,‘2_’ og(oik(hw)'aw—)—“

i,k=

—-
-

D ou
B()u = (t —
(t)u 2 a;(t, r) 7

the equation (i) takes the form

(viii)

i o (‘)+S(t))u+B(t)_ —o.

Now we have to prove the conditions (2.1) —(2.3) of Theorem 2 of [6]
are fulfilled.

The conditions (2.1) and (2.2) one verifies similarly as in Section II.

Ad (2.3). For any ueD(2) we have

((B(t)u u}) _f va(t w)—ud:v—- f \ ——(a (t, z)u)udx +

\' - da,(t, x
+ﬁ2mmmmmw=—wa—f2Fi%ﬂmmx
S =1 2 i=1 e

Thus, for any ueD(2) the inequality !Re((B(t)u, u))| < ¢,|||? holds. By
the density of D(£2) in H(£) and by the inequality |ju| < || for u e H'(£),
condition (2.3) is proved.

Theorem 2 assures the existence and the uniqueness of the solution
u(t, z) of problem (i)—(iii) such that (u(t), u’(t))eD(A,(t)) = D(A4(t)) %
x H1(2). Moreover, with the aid theorems of regularity we are able to
prove that u(t) (more precisely u(t, -)) belongs to H?(£2).

Really, let us put

H}(Q) = ueH?*(0): E (2 (t, 4
1 (Q) [ (2) a;(t, ) 77k a( ) 1is }

k=

(%) ) D(A, (1) = H}(Q) ;-:H'(.Q},

- W 0 . 1 u -
a0 (0) = (s —siw sl o) o (7] 2tdac.

The following lemma ([3], p. 345, Lemma 2.3) holds

Lemma. There exists a constant A, > 0 such that for any A > 1, the
operator (A—4,(t) isa bijective mapping from H;(R2) x H(R2) onto H'(2) x
x L2(Q) and the following estimate holds

= L
(2 —=d 2 (0) oy 120 < 5—5—-
i~z
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It has been proved in Lemma 2 of [6] that there exists a constant
Ao such that for any |4| > 4,, (A—A4,(t)) is a bijective mapping from
D(A,(t)) onto H* xH. (= H'(Q)xL*(Q) in the present case). By (ix),
A,(t) is an extension of A4,(t), whereas by Lemma 2 it follows that A,(2)
= A,(t), hence D(A4,(t)) = H} (Q) x H'(Q).

The obtained result permits us to take the equality (iii) in the sense
of the norm in H'?(8) (for the spaces H*(S) and the tracetheorems cf.
for instance [1] and [5].)

By (6°) of Theorem 2 it follows

u(t, ) eC (<0, T>; H(R))NnC*(<0, T>; L2(Q)).
Furthermore,
(w' (1), ' (1) = Aa(t)(u(t), w'(t))eC°(<0, T>; H{ x L*(Q)),

hence, by known estimates (cf. [3], p. 343)

n -
i ' 0®u |2 g "y ou |
H“||712(n) < Cy (ll § a‘ij“’ .l') 37?6(1" [| + ”u'Hz o !l 2 a’i}'(t’ CU) 5; 7]1']

2
i A 172, )
| j l‘ = i HY2(S)

we see that w(t,-)eC°(<0,T); H*(R)).
And, in this way, we have proved the following

Theorem B. Given {uy(x), u,(z)}e H?(Q2) x H'(Q), if the conditions
a) and b) are satisfied then there exists one and only one solution u(t, x)
of the problem (i)—(iii) such that

u(t, )eCo(0, Ty; HX(Q)NC 0, T>; HI(2)NC2(<0, T; L))
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STRESZCZENIE

W pracy tej podaje sie niektore zastosowania twierdzen uzyskanych
w I do zadan mieszanych dla réwnan czastkowych typu hiperbolicznego.
Uzyskuje sie twierdzenia dotyczace istnienia i jednoznacznodci rozwigza-
nia zadan brzegowych typu Dirichleta i typu transwersalnego.

PE3IOME

B uacroniueit paGoTe NpUBOAATCA HEKOTOPHIC NPUMEHEHHUA TeopeM,
noiaydenubix B I yacTm K cMelIaHHBIM 3ajayaM A rUnepOonMyYecKux
ypaBHeHUH C YaCTHHIMM TPOU3BOAHBLIMHM. 3J€Cb I110JYYalOTCA TEOpPeMHl,
KacapouiMecd npo0jeMBl CYIeCTBOBAHMA M €IMHCTBEHHOCTH pelueHus
rpaunyHeiX 3agay Ttuna [lupuxie w TpaHcBepca:ibHOTO THMA.



