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On Some Properties of Integral Moduli of Continuity
of Functions of Several Variables Integrable with Mixed Powers

O pewnych wlasnoéciach calkowego modulu ciggloéci funkeji wielu zmiennych
calkowalnych wzgledem mieszanych poteg

O HEKOTOPBbIX KauyeCTBAX MHTErpasit HOTO MOAYJIA HENMPEPHIBHOCTH MHOTHX M3MCHEHHBIX (yHKUMH
HMHTErPUPOBAHHLIX NO OTHOLIEHHIO K CMEWIAHHLIM CTENICHAM

Investigation of absolute convergence of multiple Fourier series of
functions belonging to the space L” with mixed powers requires appli-
cation of p — integral moduli od continuity, where p = (p,, Dy, ...y P,)
is a system of powers. This paper gives some properties of such moduli
which were applied in [5], analogous to those given in [4] in case of a single
power p.

Let ¢ = (,, %,y ..., ,) be a vector in an n-dimensional euclidean
space and let f(x) = f(z,,...,%,) be a real-valued function periodic
with period b,—a; in variable z;, 0<a;<b;,, 1 =1,2,...,n Let
H = {ky, k;,..., k,}, be a nonvoit system of indices, i.e. H C E, where
E ={1,2,...,h). We define a difference 4" f of f with respect to variables
whose indices belong to H, in the following manner. If H = {k}, then

AH(f; x5 h) '-:f(‘vn---’J'L--lyxk+hk7mk+n cery Ty) —
—f(@yy ooy Ty Bry Tpp1y oony Tn)y

where h = (h,, by, ..., k,). ¥ H = {k;, k;, ..., k;}, where s> 1, k, <k,
<...<k, we define A”f by induction as follows:

AU (f; @3 h) = A%s[ AT E(f; 25 h); @5 R].

Now, we define integral moduli od continuity corresponding to diffe-
rences A¥ in the metric of the space L” with mixed powers. Let
d = (p,, pyy ..., P,) be a system of numbers, 1< p;< o0, = =1,2,...,n.
Then the space L”, called the space of functions integrable with mixed
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powers over the n — dimensional cube @ = (a,, b))z ... z(a,, b,)
(n times), is defined in the following manner. A measurable function f(x)
= f(#,,...,a,) in the cube @ belongs to L7, if the value obtained by
applying to L”! — norm to f with respect ot z,, then the L” norm with
respect to z,, etc., the L¥» — norm with respect to z,, is finite. This value
is defined by

bn by 9

Ifl, = [f (l f ( J 1£ (@33 ooy ;r-,,}l_”ld.-rl)""";”‘d.rz]pﬂ:...)p"m""'('l.r,,]”p".

ap a4 :

Two functions f, g are supposed to be equal in L?, if [f—g|, = 0.
In particular, if p, = p, = ... =p, = p ([2], [3]), then the space L?” is
identical with the space L* of functions integrable with power p in Q.
Let ||, be the norm in L?, p = (p,,p,y...,P,), and feL? (b;—a;,) —
periodic with respect to the variable z;, ¢ =1, 2,...,n. Then the p — th
integral modulus of continuity corresponding to the set H of indices
will be defined in the following way.

oy (f; k) = supll4™ (f; @; 8)l|,,
where h = (h,, hyy ..., k), feL”.
The following properties of the modulus w;’( f; k) aro well-known in
the case of one variable (see e.g. [1]):
1. wH(Af: k) = 1Al (f; R).
2. o) (f+9;h) < o (f; B) -+ wff (g; h).
3. If 0 < h;< h{ for i H, then
oy (f3 B') < ol (f3 1),
where A" = (hy, hy, ..., b)), B = (A, by, ..., h,)).
4. If m,, m,, ..., m, are nonnegative integers and H = {k,, k,, ..., k,}, then
o (f; mh) < my - ... omy o) (f; h),
where h = (h,, ..., k), mh = (mh,,..., m h,).
5. If A4, %,...y4, >0 and H = {k, ..., k,}, then
o) (f; Ah) < (A, +1) ... (Aks‘i‘l)w,}f(f; h).
If we take the general case p = (p,, p,, ..., P,), then properties 1 —3
remain obvious and 5 follows from 4 as in case of functions of one variable.

Our aim is to prove the property 4 in case n = 2, p = (p,, p,). According
to the three possibilities for H, the property 4 asserts the following:

H = {1}, w,},l(f; m by, myh,) < mxw,ﬁl(ﬁ hyh,).
H = {2}7 w;{(f; m by, myh,) < mz‘”g(f; hyyh,).
H =1{1,2}, w;}f(ﬁ m by, myh,) < ml'mzw;{(ﬁ hyy k).
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4 , ]
Case H = {1}. Taking g " = 0, and applying the same arguments
",y
as in the well-known case of a function of one variable we have

“}(f! ln'lhl! mzh )

= sup I f( f |f(@y + 8y, xy) — f(@y, )| P2 dir, )ﬂzmldfv | VP2

[By1= mghy e

= sup [ ([ 1761 m s )~ 1P |

181<h; € @

< sup [f(f(2|f[x,+k6“z,)—f[m,+(k 1),;‘,&]0».@ o1da, I.p
18,1<hy ¢ @

£ bup {f(flf(w‘+ka”w2) f[wl+(k—1)‘s;’wz]lpldml)pzlpldzz}l/p&

k=1 |a |<hl c
Let t, = #,+(k—1)é;, t, = x,. Since f is (b—a) — periodic with
respect to z,, we have
wm(f; mh,, m,h,)
d b+(k+1)dl

,\ SHD {f ( lf(tl i 6;, t,) —f(t“ t,)|" dtl)ﬂzﬂl dtz}l./p2

k=1 10 <k ¢ ark— 1)6l

d b
= my sup { [ ([1£(t+ 6], t)—f(t, t) Pt | ar )"

i<k ¢ a
=m, ‘0}:1}(f; hyy hs).

Case H = {2}. Analogously as in the case H = {1} we take —tsiz d;.
My

Since f is (d —¢) — periodic with respect to z,, so applying the substitu-
tion t, = x,, t, = «,+(k—1)4, and Minkowski inequality, we get

wm(f; myhy, myh,)

= sup U (f[f(a:,, Byt 8)) — f (@, @5) P diry )Pz/l’]dm ]l/ﬂz

18g]<mghe "¢ g
<y sup | f ( f L2y, 2,4+ k81— [ 2, 2, + (k—1) 81|P1da, )" da,|

k=1 |o)i<h, €
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my d+(k 10,

=Y sup [ [ ([ bt ) —flt, L)P1dn) " dn "

k=1 16 I1<hy ef(k— 1)d2 a
=m, sup [f (f (2t + 8, o) —f (1, 1)1, )pz,pldt ]upz
|62|<I|2 c a

= mzwp"(fi hyy ).

Case H = {1, 2}.
We have

A0 (f3 @1y T35 mld‘l) m, é,)

M, Wy
= D' D AD[f; 0+ (ky—1) 8], 3, + (K, —1) 8;; &}, 6).
ky=1 kg=1
61 d ' ’ ’ 3
Let — = §,, — 5 = 0,y t, = o, +(k,—1)6,, t, = x,+ (k,—1)4,. Since
1 2

f is (b— a) — periodic with respect to «, and (d — ¢) — periodic with respect
to z,, analogously as in the case of H = {1} and H = {2}, we have

"’Ll':}(f; myk,, m,h,)
d b

| DPalp 1/p
= sup | [([149D(f; 21, @5 by, 8,01y )" d, |
ylemyby “F g4
18g1<mgyhy

d b
- ’ ’ PolD 1/;
= 8up [J (flA“'z)(f§ Zyy Ty3 My 0, mz‘sz)lpldxl) . ld“’z] %
|61|<h1 c a

18,1 <hq

= a [f(f] S Savsso s 010,

i<k, ¢ @ K=l Kgm1
18,1 <hy

X & +(k,

. Polpy 5 VP2
2y O1y ) d.t2]

my Mg

<Y > suwp |f(f|{f[xl+k 8y @2t ky6,]—

kj=1 ko=1 |o |<h1 c a
Id I<hy

_f[wl + kl 6;7 T, + (kz _‘1) 62] _f[wl + (kl _1) '5; y Ty i kz 62] T
+fl2y+ (b, —1) 8], @, + (k, —1) 8,1} 71 da, ) "7 da) | 2
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my oy d+(ka=10,  b(k;—-1),
=X Yol [ ([ i+,

ky=1 ky=1 18,)-<h, e+(kg=10,  a+(k;—1)0;
l"‘]"-"g

—f(t+ 81, 1)) = f(tyy o+ 85) +f (1, )11t P27 gy}
m My d b
\ ’ ’ X
=3 2 Z Sup [f (f |A(l'2)(f; tyy b 0y, 62)|pldtl)p2mldt2|”pl
ky=1 ko=1 18,l<h; ¢ a ’

18,1 <hg

d b .
= My M, ‘?up If (f |Au'2}(f§ iy s 6;’ 6;)|pldt‘)p2ml dtzill/pz
,i<h; ¢ o »

1851<hq

= my mywy " (f3 by, hy).
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STRESZCZENIE

W pracy sa okreslone czastkowe calkowe moduly ciaglodei funkeji
wielu zmiennych z mieszanymi potegami oraz przedstawione podstawowe
wlasnosei tych moduléow.

PE3IOME

B paGote onpenesennl yacTuyiibie MHTerpajbHbie MOXY.U HelpepbiB-
nocT GyHKUMIT MHOTMX llepeMenibIX CO CMeIIAalHbIMI CTENEeHsIMH, U Tpe-
OCTaBJIeHbl OCHOBHbIE CBOIICTBA 3THUX MORYJeil.






