ANNALES
UNIVERSITATIS MARIAE CURIE-SKLODOWSKA
LUBLIN — POLONIA

VOL. XXIX, 9 SECTIO A

Instytut Matematyki, Uniwersytet Marii Curie-Sklodowskiej, Lublin

KAZIMIERZ GOEBEL

On the Structure of Minimal Invariant Sets for Nonexpansive Mappings
O strukturze minimalnych zbioréw niezmicnniczych operacji nieoddalajacych

(o) CTPYKTYpPE MHHHMaJIbHbIX HHBADHAHTHbLIX MHOXECTB cnabocKUMaOLUIHX onepaTopoB

In 1965 F. E. Browder [2] and D. Gohde [3] proved that each nonemp-
ty, closed, bounded and convex subset of an uniformly convex Banach
space has fixed point property with respect to nonexpansive mappings.
In the same time W. A. Kirk [4] proved the same theorem for convex
subsets of a Banach space which are weakly compact and have normal
structure in the sense of Brodskii and Milman [1]. The main problem which
remains unsolved in this area is whether the same is true for arbitrary
weakly compact set. Here we would like to discuss some properties of so-
-called minimal invariant convex sets for a nonexpansive mapping. The
problem mentioned above is equivalent to the question if such sets may
consist of more than one point. In spite of a rather negligible progress
we hope that our remarks may help to understand the essence of the
problem. \

Let C be a closed, bounded and convex subset of a Banach space B
and let T: C—>C be a nonexpansive mapping i.e. such that:

1Tz —Ty| < llz—yll

for z, yeC. Suppose moreover that C consists of more than one point.
A subset D < C is said to be T-invariant if T(D) ¢ D. C is said to be
minimal if it does not contain any nonempty proper closed, convex
T-invariant subset.

Consider now few constructions of invariant subsets of C.

First notice that €, = Conv T(C) is T-invariant so we have the
following:

Property I. If C is minimal then C = C,.

Take now any z,¢C and r > 0. Consider the sequence z, = T"z,
and the set

C, = [2¢C: limsup|z, —2| < r].
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C, is convex, closed, T-invariant but may be empty if + is too small,
or equal to C if r is too big. However, if there are two points z,, z, such
that

limsup [z, — 2| < limsup [z, — 2|

then putting » = limsup |z, —z2,|| we find C, to be proper and nonempty.
Hence
Property II. If C is minimal then limsup || Ta{ —z| = const for zeC.
The same is true for arbitrary sequence y, such that |y, —Ty,| tends
to zero. In this case the set

C, = [2¢C: limsup |y, —zl < 7]

is T invariant and we have

Property III. If C is minimal then limsup |y, —z| = const. for z¢C.
Let us now go back to the idea which led to Kirk’s result [4]. The
point yeC is said be diametral if

sup[lly —z||: xeC] = diamC

If C contains a nondiametral point then C is not minimal. It is so because
if there exists r < d = diamC such that the set

C, = [2eC: sup[lz—2z|: zeC]1< 1] "

is nonempty (obviously it is closed, convex and proper) then either C,
or C, is proper invariant. Indeed if ¢, = C then each point x¢C can be
approximated by the points of the form

2": a;Tu;

n
where %,;¢C and a,>0 for i = 1,2,...n and 3 a;, = 1. But for any 2¢C,

i=1

n n n n
!
72— ¥ aiTuf < 'a; 1Tz —Tull < Y ailza—uli< Y ar =1
i=] =1 i=1

i=1
implying Tz¢C,, and we have proved.
Property 4. If C is minimal then C consists of only diametral points.
In all we said above there was no need to assume that C is weakly
compact. Let us pass now to this specially interesting case (see [2], [4],).
The family of all T-invariant nonempty closed and convex subsets of ¢

ordered by inclusion satisfies, in view of weak compactness, the assump-
tions of Zorn’s lemma. It implies
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Property 5. If C is weakly compact then C contains a minimal no-
nempty, closed, convex T-invariant subset.

It may consist of exactly one point — the fixed point of T but the
question we pointed at the beginning was whether it must be such.

Suppose now that ¢ is already minimal and weakly compact. Take
any sequence {z,} = {T"x,}.

Property 6. If C is minimal and weakly compact then for all zeC

limsup |lz; — 2| = d = diamC

To prove it notice that if
limsup|lz; —z| = const =r< d
then the family of all intersections of ¢ with closed balls centered at C
1
and of radius —(r+d) would have the finite intersection property and

because of weak closeness of such sets there would exist a point common
for all of them. However such point would be nondiametral.
Take now any sequence {y,} such that lim |ly, —Ty,| = 0. Because

N+—00

each subsequence of {y,} is a sequence of the same type even more can
be proved in the same way

Property 7. If C is minimal and weakly compact then for all z¢C
lim|ly, —2| = d.
n—o0o
It implies two next properties
Property 8. If C is minimal and wekly compact then C cannot be
covered with a finite number of sets of diameter smaller then d.
Property 9. If C is minimal and weakly compact then C cannot

be covered with a finite number of balls centered at C and of radius smaller
then d.

Consider now the following construction. Take any ae{0,1) and
for each z¢C find the solution of the equation

Yy =1Q—a)z+aTy

Such solution exists because the right hand side of the equation is (with
Tespect to y) a contraction. Denote this solution F,z.
We have

F,x =(1—a)z+aTlF, x.

It is easy to verify that each F,: C—C is nonexpansive and it depends
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continuously on a. Moreover
IF.2—TF. 2| = (1—a)llz—TF,z|<(1-a)d
implying
lin11]|F,,.’v—TF,,w|| =0.

Comparing that with Property 7 we can see that for each zeC, z¢C.

lim|F,z—z| = d. (»)
a—1
Introduce then some new notions. Call the point y<C almost non-
diametral if there exists ¢ > 0 such that all the path-connected com-
ponents of the set

[z: le—yll = d—¢] (%,%)

have diameter less then d. Call the set B = C almost nondiametral if
there exists ¢ > 0 such that all the path-connected components of the set

[z: dist(z, B) = d—¢]

have the same property (diameter < d).

Obviously if « is nondiametral it is also almost nondiametral. However
the following example shows that almost nondiametral point may be
diametral.

Example. Take C to be the closed convex envelope of all the se-
quences ¢, = {0,0,0,...0,1,0,0,...} (1 situated on i-th place) in ¢,
space. This set is weakly compact and diametral. It may be also descri-
bed as

C = [.z‘ = {z;}: ;> 0, Ez‘< 1]
1=1

Obviously 0 = {0,0,0,...}¢C is the diametral point but it is also almost
1
nondiametral because d = diamC = 1 and for ¢ < = the set [z: xeC.

|e] > 1—¢] consists of infinitely many disjoint path connected com-
ponents B; = [x: ze(, x;, > 1—¢] of diameter equal e.
Now we can prove

Property 10. If C is minimal and weakly compact then C does not
contain any almost nondiametral point.

To prove it notice that if y is almost nondiametral in C then the
F .,z must, for a sufficiently close to 1, be contained entirely in one com-
ponent of (%, ) and it contradicts (x).
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The same proof works for

Property 11. If C is minimal and weakly compact then C does not
contain any finite or compact almost nondiametral set.
Finally we can prove the following theorem:

Theorem 1: If C is a nonemply weakly compact convex set such that
each closed and convex subset D of C contains almost mondiametral com-
pact subset then C has fixed point property with respect to monexrpansive
mappings.

Proof. Use Properties 5 and 11 to show that the minimal 7-invariant
subset of C must consist of exactly one point.

This theorem is formally stronger then Kirk’s result [4] where it
was assumed that C has the normal structure meaning that each convex
set D = C has a nondiametral point. However we do not know whether
this theorem is really stronger. The set C having the property described
in our theorem and without normal structure is rather hard to find.
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STRESZCZENIE

W pracy badane sg wlasno$éci minimalnych zbior6w niezmienniczych
operacji nieoddalajacych w przestrzeni Banacha. Udowodnione jest twier-

dzenie o punkeie stalym, bedace formalnym uogélnieniem wyniku
W. A. Kirka.

PE3IOME

B pafore wuccilegyloTcsi CBOUCTBA MHHMMAJBLHRIX HMHBapHalTHBIX
MhoikecTB cinaGoc:kumallMX onepatopoB B bBaHaxoBoM NPOCTPAHCTBE.
Hoxazaua 6Guia TeopeMa 0 HEeMOABH:KIOK TOYke, KOTOpasa ABaseTcA (dop-
Manbnbim 0GoGuenuem pesyabtata B. A. Kupka.






