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On Some Classes of Polynomials
O pewnych klasach wiclomianéw

O6 HEKOTOPBIX K/1acCaX NMOTHHOMOB

Let P, denote a class of polynomials of the form:
p(2) =1+4+a,2+ ... +a,2"
which satisfy the condition
Rep(2) > a, for zeK, = {2: |2| < 1},

where n is a fixed positive integer and a is a fixed real number belonging
to the interval (0, 1).
F. Holland [2] proved the following

Theorem A. If p(2) =1+a,2+ ... +a,2"eP, , then
24
1) la) < 2¢08 ——y, k =1,2,...,m,

[i] -

'n n : ]
where %] is the greatest integer < = The estimate (1) is sharp.

Long before (1928) E. Egervary and O. Szasz [1] proved
Theorem B. Let Q(6)= 1+ N (a,co8k6 + f8inkf) be a non-negative
k=1

trigonometrical polynomial. Then

b4
'/al2‘+ﬁi<2cos__/m,_. k=1,2,...,’n

i

and the estimate i3 sharp.
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Remark 1. Theorem A is a simple corollary of Theorem B. It is
enough to remark that if we put z = €°, a, = a,—if,, k =1,2,..., 0,
then '

Q(6) = Rep(2) = Rep(e”).
Thus the condition Rep(z) > 0, for |2| < 1, impliés that Rep(z) = 0 for
lz2] =1 and by this @(6) = 0. Furthermore, |a,| = |G,| = Va -+ f;.
The Theorems A and B may be generalized on the classes P, ,.
Theorem 1- If a polynomial

w(z) =1+a,2+ ... +a,2"P,,
then

n

e Jih = 12, .,
i I
H

The estimate is sharp. The extremal polynomials, which give equality in (2)
have a form:

(2) la| < 2(1— a)cos

( &l
(3) we(2) = q(2) |1+ (1—a) Y (=)
I=1

where

2

g n ln ; 1)n ] 7
G = ——— (— —l+1)eos + sin sin —————
[ZL_]+O k ﬁ +2 [ﬁ]_}_2 [ﬁ +2
3 k k k

and q(2) 18 a polynomial whose degree i8 < n— [n[klk (n —[n/k]-ke{0,1,...
...y k—1}) and chosen so that the polynomial w.(z) given by (3) satisfies
the conditions of our theorem. For n—>oc we obtain the result of Libera [5].
Proof. We first remark that w(z)eP, , if and only if p(z) = (w(2) —
—a)/(1 —a)eP,,.
If we put w(z) =1+a,2+ ... +a,2"% p(2) =1+bz+ ... +b,2" then
the coefficients a,, b, arc related by the equality @, = (1 —a)b,. The
polynomial p(z) satisfies the conditions of Theorem A and therefore (1)
implies (2).
In the paper [1] p. 646, the extremal trigonometrical polynomials
in Theorem B are determined. Using these extremal polynomials and
the relation

4) w(z) = a+(1—a)p(2)
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between the classes P, , and P,, one can find that the extremal poly-
nomials have the form (3).
Basging on the results of papers [1], [2] we can find the estimates

of some functionals such as: max |w(2)|, |a,|+ e, ., and
|z|<1
max |Re{izw’(2)}| = max [Im {zw’(2)}| for the class P, .
2l <1 121 <1 {
Theorem 2. Let w(z) =1+a,2+ ... +-a,2"€P, ..
Then
\
() lak|+|a’n—k~.ll<2(1_a)7 k=1, 2y .00y My
(6) max (w(z)| <1+(1—a)n
ISt
(7) max |Re{izw (2)}| = max [Im {zw (2)}| < (1—a)]/n; (n;—2)
lzl<1

The estimate (6) is sharp. The extremal polynomials have the form
(8) ‘we(2)=1+2(1—a) §1(1— g (e 2)*

| — A

where @ i3 an arbitrary fived real number.

Proof. The inequality (5) follows from (4) and from inequality (22)
of [1], p. 650. The inequality (7) follows from (4) and from inequality
(23) of [1], p. 651. Next, the inequality (6) follows from (4) and from
Theorem 2 of [2], p. 54.

With the class P, , we can connect some classes of univalent poly-
nomials.

Denote by R, ., the class of univalent polynomials

f(z) = 2+ a2+ ... +a,2"

satisfying the condition
Ref'(z) > a for zeK,.
Thus we have
(9) feRy .<f(0) = OAf ePp_, .
Let H, , be the class of univalent polynomials

h(z) = 2+ a2+ ... +a,2"

such that Re[zh (z)] > a for z¢K,. In this case we have

(10) heH, ,<h(0) = 0 [2h'(2)] Py o
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Furthermore, denote by @, , the class of univalent polynomial
g(2) = 2+ a,2*+ ... +a,2" such that Re{g'(z) +32¢" (2)} > a for zeK,.
Now

(11) 9@, a<>g(0) = 0A {g'(2) +324" (2)} P, _, .
Theorem 3. If f(z) =2+ a,2*+ ... +4a,2"<R, , then
2(1—a) 7
(12) || < — 7 cos o y =L Ion= DN 3w, (0
; —|+2
P

This estimate is sharp. The equality occurs only for the polynomials of the
form

(13) fez) = [we(2)de,

where w,(z) is given by (3).

Remark 2. If » approaches oo then we oltain the estimates of
coefficients for the class R, of univalent functions (Ref’(z) > a) Namely,
if f(z) =2+ Eakz" and Ref'(z) > a, then |a,] < Egk: a)—.

k=2
For a = 0 and » approaches oo, we obtain the classical result, that the
coefficients of the functions with bounded rotation are dominated by
2/k (see e.g. [6]).
Proof of Theorem 3. By the relation (9) between the classes P, _, ,,
R, . we have feR, , if and only if there exists a polynomial weP
such that

(14) f&) = [w(@yc.

n—1l,a

Therefore if f(2) = 2+ a,2*+ ... +a,z, and w(2)= 1+ a2+ ... +a,_,2""),
then a, = a,_,/k, k =2,3,...,n.

Using the estimate (2) for a,_, we have finally

2(1—a) 7

COS———
n—1

k [ ]+0
Boid] 1

The equality occurs in (12) only if the equality occurs in (2). This toge-
ther with (9) yields (13).

Theorem 4. If h(z) = z+a,2*+ ... +a,2"¢H, ,, then

2(1—
(15) la,| < —(k!f) PO R sl WL SUIEY I8 e

n—1 49
k—1

‘a’_l.;l < -




On some classes of polynomials 65

The equality occurs in (15) only for the polynomials of the form

2

(16) he(2) =0f {% fc we(n)dn}dC g f ff(;) a,

where w,(2) is given by (3) and f.(2) is given by (13).
Proof. The relation (10) between the classes P, ,, and H, , may
be written in the form

=

he) = f{%fww)dn}dc

and by this, if h(z) =2z+a,22+ ... +a,2" and w(z) =1+ a2+ ...

. +@,_,2""' then
(17) ak = &k_l/kz.
Now (17) and (2) implies (15). The equality occurs in (15) only if the
equality occurs in (2) and therefore by (3) and (10) we obtain (16).
Theorem 5. If g(2) = z+a,2*+ ... +@a,2"€@, ,; then

18 <4 k' cos i)
k—1

The equality occurs in (18) only for the polynomials g.(z) of the form

3 z ¢
(19) ot =2 [ pura = [{[ winanjac,

where w,(z) i8 given by (3) and f,(2) is given by (13).

Proof. Similarly as above one can remark that if g(z) = z+a,2%+
+ e +a,2" and w(z) = 1+ @2+ ... +4,,2""" are connected by (11),
then

2

(20) a,

= ———a;_,
i k(k1) k—1

Hence, by (20), (11) and (2) we obtain (18) and the formula (19) for the
extremal polynomials.

Now, we will consider some special subclasses P! , of the class P,
with the gaps. Namely, let P , denote a class of polynomials of the form
w(z) = 1+a,2+a,,,2"+ ... +a,2" (I <n) which belong to P, ..
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Theorem 6. If w(z) =1+ a2+ ... +a,2"eP, , then

(21) |ak|<2(1—a)cos—?n—, S AtL . hm
)
—-1+2
k] B
The proof follows by the fact that the extremal polynomials given
by (3) are the polynomials with a gap, if ¢(z) is a polynomial with a gap,
too.
Similar theorems can be obtained for the classes R, ., H| ., G, of
the corresponding polynomials with gaps.
Remark 3. Every polynomial of the classes R, ., H, ,,@,, is uni-

valent in K,. All these classes are the subclasses of the class of close-to-
-convex functions. This follows from the fact that the transformations:

f [f(&)/{]ds and 2 /2 f f(£)d¢; preserve the class of close-to-convex functions,
] ]

see for example [3], [4].

MacGregor [6] and others considered the functions f(2) = 2+ a,22+...
such that Ref(z)/z > 0 for zeK,. Here, we consider a similar class of
polynomials.

Let L, , denote a class of polynomials of the form I(2) = 2+ a,22+ ...
... +a,2", such that Ref(z)/z > a for z¢K,.

We can write

l(2)eL, ,<1(z) = 2w(2) and weP,_, ,.

In this class the cocfficients a, are estimated as follows

0] & B = GY OO by R 02,80, 4.
n1y
e
The polynomials of the class L, , are not necessary univalent in K,.
It would be interesting to find the radii of univalence, starlikeness and
convexity.
For example, if n = 2 then the radii of univalence and starlikeness
are equal to min{l, 1/2(1 —a)}.
Some of these problems were solved in the case a = 0 and n-»oo, [6].
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STRESZCZENIE

Niech P, , oznacza klas¢ wielomianéw postaci w(z) =1+ a,z+ ...
... +a,z" spelniajagcych warunek Rew(z) > a dla [2|< 1. W pracy tej
oszacowano wspélezynniki w klasie P, , oraz w pewnych podklasach
wielomian6w jednolistnych w kole jednostkowym zwigzanych z ta klasg.
W szczegélnosei, jezeli w(z)eP, , to

lak|<2(1—a)008%-, k.= 1;2; caey s
—|+2
[k]+

PE3IOME

Mycre P, , 0o603HayaeT Kiacc MOJINMHOMOB BuUXa w(z) = 1+a,2+ ...
... +a,2" ucnonusomux ycnosue Rew(z) > a, rae |2| < 1. B aroit paborte
IaHo OLUeHKM KoddduitenToB B Kiacce P, ., 11 B HeKOTOpHX MNOxKIaccax
OIHOJMCTHBIX MOJIMHOMOB CBA3AHHHIX ¢ Kiaccom P, ,. B oco6ennoctn,

(4
ecan w(z) € P, , To lak|<2(1—a)COS—;l—, K =1,2,...,n.
E]—FZ






