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Groups of Automorphisms of a Conus

Grupy automorfizméw stozka
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Let R" denote the set of all real n-tuples z = (', ..., z") and let {,)
denote the Euclidean scalar product in R™.

Definition 1. A subset G of R" will be called an open conus, if it
satisfies the following conditions:

04@,

G is an open set in R",

if ze@, then Axe@G for all 1> 0.

Let G be an open conus. We recall, that a function f: G—R is homo-
geneous of a positive degree k, if it satisfies the condition

(1) f(Ax) = A¥f(x) for all 1> 0 and zG.
We know that the condition (1) and the Euler identity
{(2) kf (@) = 2°f,(z) for zeG

are equivalent, f being any function of the class C*(G); f, denotes here
a partial derivative of f with respect to z°.

Let f', ..., ["e¢C' (@) be homogeneous functions of a positive degreec
K5 3oy k® respectively, such that the function f = (f',...,f") maps @
into itself. We denote by G the set of all functions satisfying the above
conditions.

Proposition 2.

If 2eG is a fixved point of feG™, then there holds

3) det. ([ fi(z)]— [k 8,]) = 0.



44 Waldemar Cieslak

Proof.
Let z¢G be a fixed point of feG™', i.e.

(%) fix) =2* fori.=1,...,n.

Since f' are homogeneous functions of the class C' (@) so they satisfy
the Euler identity and we can-rewrite () in the following form

(2) (fl(@)—K&)a* =0 fori=1,...,n. _
This system of equalities has a non-zero solution z, thus (3) is valid.
Q.E.D.

Theorem 3.
A point xeG is a fized point of feGT iff

(4) (,F'(x)) =0 fori=1,...,m,

where F'(x) = (fjy(@)— k'8, ..., fi(x) — k' 6}).
Proof.

Let z¢@ be a fixed point of feG*. Thus we have (3) or (z, F'(z)) =
We assume now that (4) is satisfied. From Euler identity we have

Kfi(x)— k' = a*fi(z)— ko' = (f(x) -k &)a° =0,
since k' # 0, so we obtain
fiig) =2 fori=1,...,n.
Q.E.D.
Let G, denote a subset of G* which consists of all diffeomorphisms
f=("%...,f") of G such that the functions f’, ..., f" have the same posi-
tive degree. Obviously, the identity id,, is an element of G, and if f, geG,

then foge@G,. If feG, is a homogeneous function of degree k > 0, then
there is

A @) = (Frof) () = 1o = DEf(f(z)
hence f~'¢@,. Thus we have
Theorem 4.
The G, with a composition o of functions consitutes a group.
Definition 5.

Each G, is called a group of automorphisms of a conus G. We obtain
from the theorem 3.

Theorem 6.

Amn isotropy group of a fixed point xe@ is characterized by the con-
ditions
(5) (P (@) =0 fori=1,...,m
where F'(z) = (f},(x) = ké}, ..., fi, (@) —k8}).
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We give an example of a Lie subgroup of automorphisms of a conus
G c R

Let us fix an arbitrary non-negative oven integer p. We will consider
functions of the following form
(6) Of iz > alz’s for x #£0
where

[®: = ()" + ... +(2")P
and a is a positive real number and b satisfies the inequality 1+ pb > 0.
Obviously, the functions *’f'(z) = a|z|’s', i =1,...,n are homo-
geneous of the same degree 1+ pb > 0. Since
det. [®f(z)] = a"(1+pb) 2/~ 0 for z # 0
and ®f is an injection, so ®f is a diffeomorphism. It is easy to see, that
the set
F(p) = {®f|a> 0, 1+ pb> 0}
with the composition of functions constitute a Lie group for any non-
-negative even integer p.

We know that a Lie group is locally isomorphic with its parameter
group, so their Lie algebras are isomorphic. We have to find Lie algebra
of a parameter group F, of the group F(p).

The composition in F, is given by the rule
(7) (a, b)*(c, d) = (ac' ™™, b+ d + pbd).

We give the chart
pla! ad)n=(z" —L,.a?)
in a neighbourhood of the unity (1,0).
Since
(8) f@, @y, y*) = ulp™' (@ @) e p (Y ¥7)
= (' +9' +a'y' + px’y' + higher degree terms, z*+ y° + pa’y?)
Thus we obtain

: o) .
Theorem 7.
The Lie algebra of F(p) is isomorphic with the Lie algebra (R°,[,],).

80 we have

1 2
vy
xt 22

[(wla wz)f (?/17 yz)]p ST (P
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Remark 8.

Since each straight line passing by 0 is invariant with respect to the
group F(p), so F(p) maps a given conus onto itself.

Theorem 9.

The cross-ratio is an invariant of the group F(p).

Proof.
Let feF(p) and let
(1) z = ar+ By
t = yr+ dy.
From the remark 8 it follows the existence of 4, u, ¢, ye R such that
(ii) f(2) = 2f (@) + puf(y)

f() = of () +vf(y).

Substituting f in (ii) by (6) we obtain
(iv) azZ = AaxX + payY
atT = gacrX + yayY,

where V = |v|°.
By comparing (i) and (iv) we can find

ARy Sy
a == —— — 7
gL a o5 DN
T T
Hence
B0 B,
a y A @

Q.E.D.
Proposition 10.
If feF(2) and if g is an orthogonal mapping then there holds

gof =fog in R"_{0}.
Proof.
Let g be an orthogonal mapping in R" and let f be a function (6).
We have

(gof) (@) = alal"g(x)
(fog)(@) = alg(x)’g(z) for = +# 0.

Since p = 2, 80 |g(z)| = |z|.
Q.E.D.
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Theorem 11.

The F, is a solvable group.
Proof.

We put

ab: = axbra b~}
for a,beF,.
It follows from (7) that
ab = (k, 0)

where k is a some positive number. Thus we conclude that {E; la,beF,}
institutes an abelian group. By consequence, the F, is a solvable group.

Q.E.D.
Theorem 12.

Lett—(g'(t), g° (1)) be a 1-parameter group in the F, such that §'(0) = a,
g*(0) = B. This group has the following form

p = 0: t—(e” 1)
p #0:t>(e40) for g =0
t—(e?™B (1)) for B #0

whero
u(t) = p~ (e —1).
Proof.
‘We put
z'(t) = g'(1)—1
(10) =g

mz(t) = gz(t)’
then we have

21(0) = 22(0) = 0 and &'(0) = a, 4%(0) = 8.

We obtain a 1-parameter subgroup in the F, as a solution of the following
system of differential equations

#(t) = —I;j’lj—f‘(:v‘(t), z*(t), 0, 0)a'(0) ¢ =1,2

where f is given by (8), i.e.
a'(t) = a[l+2'(1)][1 + pri(t)]
#2(t) = B[1+pai(t)].

In view of (10) we obtain (9).
Q.E.D.
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We remark that the group F, may be considered by an arbitrary
non-negative even integer p.

Let us take into considerations a group L of affine transformations
of R,

r—>ar+b.
If we compute a Lie bracket of this group then we have
[(Au B,), (Az, B,)] = (0, A,B,—A4,B,).

We see that by p s 0 the groups L and F, have isomorphic Lie algebras.
Thus the groups F, may be viewed as generalisations of an automorphism
group of the affine line.

STRESZCZENIE

W pierwszej czesci pracy udowodniono kilka wlasnosci odwzorowan
typu R"—>R" o skladowych jednorodnyech, zachowujacych stozki w R".
Druga czeéé pracy jest podwiecona zbadaniu konkretnej rodziny grup
Lie’go.

PE3IOME

B nepBoit yacTu paboThi 10Ka3aHO HECKOJILKO CBOHCTB OTOGpaKeHHii
n3 R" B R" ¢ ONHOPOJHBIMM KOMIIOHEHTaMM, NIPU KOTOPHIX KOHYCHI 0CTalo-
TCA WHBapuantamMu B R". Bropas uyacTe paboTel nocBALleHA H3yYeHHIO
KOHKpeTHoro cewmeiicrBa rpynn Jlu.



