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Some Estimations and Problems of the Majorization in the Classes of 
Functions S(aip)

Pewne oszacowania i problemy majoryzacji w klasach funkcji 8^3) 

кНекоторые оценки и вопросы можорации в классах функций 8^а>(з)

1. Let $ denote the class of functions /(2) of the form 

{1.1) f(z) = z + a2z2 + ...

regular and univalent in the unit disc Klf where Kr — {z: |«| < r}. And 
let a«{0,2), /?«■(—2,0), a — /? 2, denote the class of functions
of the form (1.1) and satisfying the condition

я «/'(«) 71в — < arg —-— < a — P 2 ё f(z) 2

for every zeKl.
This condition means that w = zf'(z)/f(z) is in the angle of the vertex 
at the origin of the coordinate system, which includes the point w = 1 
and equals to (a — /S)jr/2. In some cases the class coincides with
the well-known subclasses of functions of the class S:

0

/\zeKt, ae(0,1>| = Sa 

Ó =^(a-l)[ =
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The class S(a has been investigated in the paper [3]. In this paper we 
deal with the subclass Ska>fi), (A > 1 is an arbitrary positive integer) of 
the class 8kaifi) denotes the class of functions of the form

(1.2) f(z) = z + ak+1zk+1 + a2k+1zik+1 + ...,zeKx

^-symmetric and univalent in
Let P denote the class of functions p of the form

p(z) = l+p^ + p^P ...,ZeK1

regular in Kt and satisfying the condition: Rep(z) > 0, and let Pk denote 
the class of functions h of the form

(1.3) h(z) -=l + Jikzk + h2kzi'e+ ...,zeKl

regular in Kx and satisfying the condition: ReA(z) > 0. There is the 
following relation between Pk and P: if hePk then there exists a function 
of the class P such that h(z) = p(zk).

2. Theorem 2.1. A function f belongs to if and only if there
exists a function peP such that

= {1 + eiv cosy [p(«)-l]}“ = J'

This theorem was given in the paper [3] as the theorem I.
Theorem 2.2. A function f belongs to Ska^^ if there exists a function

p(zk)ePk such that

(2-1) /(«) = zexpjJ,-|[{l + e*’'cosy[p(Ck)-l]} 2 -ljdfj

Proof. If feSk„n then there exists a function Ft8^ such 
k____

that /(z) = VF(z^).
Hence

zf'(z) zkF'(zk) _ ZF'tf) 
f(z) ~ ' F(zk) ~ F(£) ’

where C = zk. As we know, a function FeS^ satisfies the following 
condition

= {H-^COSylXf)-!]}^, |f|<l,
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and so
zf'tz} a~P

= {l + e^cosytp («*)-!]} 2

hence we get (2.1).
Theorem 2.3. In the class the set of variability of the func-

2

tional w — [z/'(z)//(z)]a~'3, zeKy is the disc

W —
Ik My1 + r e 

1-7^
2rfccosy
1— r l»l =>, 7

7i a-\-ß 
2 a-ß

< ,2k ’

The extremal functions are of the of form

Proof. From the definition of the class we have 

zf'iz]J V ' = {l + ^cosHM*)-!]} 2 ,
/(*)

whence

W=[^]a"* = 1 + e*cosHM*)-i] = /

* — n

because functions of the class Pk can be introduced by means of integral 
formula of Herglotz-Stieltjes in the following way

Ä(2) =
f 1 + zke~ü

J 1-^c-« dytff

where ^(Z) is a real non-decreasing function in <— n,n) satisfying con

ditions: f dy(t) =1, /<(—71 + 0) =^(—71), /z(7r) =1. The set of varia-
— n

bility of the functional w is the convex hull of the domain bounded by 
the curve

f
. l + zke~i(t-2y)
£ ~ ’ <€< 7T,TI>

The equation of this curve can be written in the form |(f—l)/(£ + e2!y)| = rk, 
r = |«|.
It is the circle about £„ = (1 + r2*e2<y) / (1 — r2k) and the radius q 
— 2rkcosy | (1 — r2k).
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Corollary. If fe Skai(J), then 

’ A + 2r2k cos 2y + r4k — 2r* cos y 1

. J
a-ß

2 SS
zf'(z)
f(z)

A +2r2fccos2y + r4* + 2r*cosy 1 
1-r2*

a-ß
2

a-ß r2*sin2y
arctg ——se---- r-------arc sin

2r*cosy
l + r2*cos2y

a-ß
arctg

r2 sin2y 
1 + rtkcos2y

A + 2z2* cos 2y + r4* .

2r*cosy
arc sin

A + 2r2k cos 2y + r

1 + r cos 2y — 2r cos y

where y —

I~r2k 

n a-\-ß

< Ee L /(*> J

g/'(s)
fW

1 + r*cos2y + 2r*cosy

2 a-p
For suitable a and p we obtain above estimations in tlie classes 8*, 8k, Sk 
and for k = 1 in the class S(a n, and for fc = 1 and suitable a and p in 
the classes S*, 8a and §d.

00

Theorem 2.4. If f(z) — z + allk+iznk+l belongs to the class 8kafi) and
n = l

A is an arbitrary complex number, then 

(2.2) |«„*24 + 1 ^®4+ll

la — d)cosy 
-------2T—maX|

(l, e*ycosy^l (a-ß)(k + 2-M) 
2k

< arg

,44 ]

w
For each A there exist functions:

r 1 n 2£*e,ycosy 1—;-^- 1
fM = «exp J y [J1 +- iZf*—J -iJdC

fin 2 f2*«”'cosy 11/2(z) =zexp f _^i+_L—2

belonging to the class Ska/r) such that the inequality (2.2) becames an equality. 
To prove this theorem, we need the following

Lemma. If h(z) = l + hksle + h2kz2k + ..., zeK,, hePk and t is an 
arbitrary complex number, then

(2.3) |fe2fc-Tft£| < 2max(l, |2t-1|)
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Proof. First, we’ll prove that if p(z) = l+p1z + p2z2 + ... cP, then

(2.4) \P2-VP2i\< 2max(l, |2»?-1|)

where r/ is an arbitrary complex number.
It’s known that

(2.5) p(2) =
l + a>(z) 
I — w(z)

where w(z) = a12 + a2«2+ ...,zeK1 is regular function in Kk and satis
fying the condition: |w(z)|< 1 for zeKk.

For the function co, the following inequality is well known [4]
• “1

(2.6) |a2 — Aa2| < max(l, |A|), A is any real number.

From (2.5) it follows that p, = 2aj, p2 = 2(a2 + a2), and so

\Pi~VP2i\ = 2 |a2 — (2»j —l)aj| < 2max(l, |2»?-1|)

If h(z) = 1 + hkzk + h2kzik + ... «Pk then there exists a function peP such, 
that h(z) =p(zk), hence hk — px, h2k = p2. Now, making use of (2.4) 
we get (2.3). Equalities in (2.3) occur when the functions and h2 take 
the form:

' 1 + /'
M«) = 1-3*

1+«2*
M«) = l-s2*

Proof of the theorem 2.4.

If /(«) = 2 + aJt+1zfc+1 + a2fc+1z2*+1 + ... then

zf’W a-ft

/(*)

From this it follows that

= {1 + e’’’cosy [A(«)—!]} 2 , hePk,y =
n a + P 

~2 a-p'

or

a~p
a2k+i = ——— e ’’'cosy

4k

*2k+ 1 ~ ^aA+ll 4k
cosy

a — P
= -^-^cosyA*

2k

'2k '

h.,i. -

eiycosy [(fc + 2)(a — P) — 2k] 
4k

eiyco&y (a-p)(k + 2-4P) 
2k

]«!

3 — Amales t. XXIX, 1975
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Making use of (2.3) we have 

, a — P
■2aZ-u.il < ——cosymax|

^1, e^cosyp.——
*2fc+l A“fe+1

Corollaries.
1. If feS^^ = 8k then |a2jfc+1 —Aa*+1| <-^-max ^1,

2. If feSfa>_a} = 8ka then |a2fc+1-AoJ+1| •^•max^l,

j?)(fc + 2-42)
2k

H

fc + 2-42

a(k + 2-łA
k )

If fetfa,a-2) = l«2*+1-;-4+1l <— cosdmaxll, e' cos <5 x

fc + 2 — 42 ~] \ _ ji
1—------ -------- I —1 I, where o — — (a—1). For k = 1 we get the esti

mation of |a3 — Aa%\, A is an arbitrary complex number, in the class 
and for the suitable values of a and /3 also in 8*, Sa, Se.

Theorem 2.5. If fe8ka ^, then
a — fi

cosy

x

a) la*+il

b) lffl2k+ll

Proof.

k
(a —/3)cosy 

2k

a-p

max (>’ e'^cosy h- (k + 2)(a-p) 
2k H

eiycosyhk and \hk\ < 2, and if in (2.2) we put A = 0, we’ll get
2k

the inequality b).
The inequality b) can be written in the form:

*2fc + ll

a-p , „ 2k
----- — cosy for 0 < a — p <

2k

a-P
2k

•cosy el7cosy

fc + 2

L (fc+2)(g-fl] 1 for
2k

k + 2
<a-p<2

2k 2k
The conditions: 0 < a — p < -—— and -—— < a — p <2 follow from

inequalities: eiy cosy

k 2 k -t~ 2

(fe + 2)(a — P)

eiycosy

2k

r _ (k + 2)(a-p) 
2k

11 < 1 and

1 > 1

respectively.



Some estimations and problems of the majorization... 35

Corollary. For suitable values of a and ft we get estimations of |afc+1| 
and |a2A+il in the classes Sk, 8k, 8k and namely:

1. In the class 8*k — 8*1,-,) l«*+il < —

k + 2
l2k + l <

2a
2. In the class Sk = 8^_a} |afc+1| < —

la2fc + ll
a / fc + 2\

3. In the class 8k = 8kaa_2) |a*+il < — cos 5 
/c

a2* + ll
cos <5

max cos <5+1\ ’ I It
n

where 8 — —(a—1)
2

For k = 1 and suitable a and ft we get the estimations of |a2| and («af 
in the classes S(a S*, 8a, 8d.

3. Let 8k a 8 denote the class of k-symmetric, univalent in K1 
functions of the form

f(z) = z + ak+1zk+1 + a2k+iz2k+1 + ...,zeK1

Let fcSk„ P),ae(0,2), /L(—2,0), a — /? <2. Denote by 

rk(a,p) =sup!r: f\feSk Aw<r^j<arg zf'(z) n
fW 2

and

r*k(°,P) = sup Jr: hfeS^ft Aw<r arg
/(«) < 2)

fc / n
Theorem 3.1. rk(a, ft) — 1/ th?/~, y =min{a, —p} 

Proof. If fcSk then

arg fW <log
1 + / 
1-r

|«|k >

and the estimation is sharp.
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The condition

n 1 — rk zf'(z) , 1 + r*
Æ — < log ——j- + arg------- + log-------t < aP 2 * l + rk * f(z) ë 1-r*

will be satisfied for every function fe Sk, if log ------ ^r)-, where
1 + r* . 71
l-rk " ' 2

= min {a, — f}}.
From this it follows that rk(a, (!) is the solution of the equation

log
1+r*
1-r* - V 2

71

k / 71

Hence rfc(a, 0) = J/ thij-

Theorem 3.2. r*(a,/?) =1, when a«(0,1>, /Je<—1,0) and rk(a, ft) 
is the root of the equation

K(3.1)
a —ft J arctg - r2*sin2y 

+ /*00827
arc sin

2 cos yrk
/1 + 2r2k cos 2y + r4k

otherwise.
Proof. If ae(0, l>, /?€<—1,0) and fe8k(a,ft) then

71 71 Zf'(z) 71 71
----- < arg , < a— < —2 H 2 * f(z) 2 2

zf'(z)
and so Re-+—- > 0 for ZfKv 

/(«)

This means that in this case r*k(a, ft) = 1.
If fcS^p) then

a — ^fl x r2*sin2y
arg

*T(z)
/(«)' <- H arctg —

+ r2* cos2y
arc sin —

2 cos yr*
1^1 + 2r2* cos 2y + r4*

where

y =
7i a + /? 
ÏÏ a —ft

The right hand member of this inequality is strictly increasing function 

of r which is bounded by if r«(0, rk(a, ft), a«(l,2), /?«(—2, —1), 

where rk(a, ft) is the unique, positive root of the equation (3.1).
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4. In this part of the paper we deal with a relation between module 
and domain majorization of the functions of the class 8*a The function 
fW = z + a2z2+ zeK^ is said to be module subordinated to the 
function F(z) = A1z+A2z2+ ... if \f(z)\ < |F(«)| for every zeKr. This 
fact will be written in the following way: \f,F,r\. If f(z) = F(m(z)) 
for every ztKr, where the function w(z) is holomorphic in Kr and such 
that <o(0) = 0, (»)| < r for zeKr, then f is said to be domain subordi
nated to the function F in Kr and we write it (f, F,r). In the case, when 
F is univalent function, the above condition means that

/(Kr) c F(Kr)

Now suppose that FeS^p, and f(z)lf (0)e8^a ^. We deal with the follo
wing problems:

1. Find possibly greatest number roe(O,l) such that independently 
of the choice of functions f and F, the following implication is satisfied:

(f, F,r0\

2. Find possibly greatest number roe(Q, 1) such, that independently 
of the choice of functions f and F, the following implication is satisfied:

\f,F,l\~(f,F,r0)

Let 8V denote 
and univalent 
re<0,1):

the class of functions F(z) = z+A2z2+ ... holomorphic 
in F, and satisfying the following condition for every

arg-
zF'(z)
F(z)

where

v(r) = sup !sup
JVS» I |2|=ssr

< v(r) for |z| r < 1

zF' (z)
arg-

F(z)

is the continuous function in <0, 1).
From this it follows that the function v(r) is strictly increasing in <0,1) 
and v(0) = 0, provided that this class doesn’t contain only an identity.

Let
I 71r(v) — sup r: r(r) + 2arctgr <— 

«<«,!) I 2

The number r(®) is the unique positive root of the equation

w(r) + 2arctgr = —
2

In the papers [1], [2] the following theorems have been proved:
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Theorem 4.1. If FeS„ and f(z) = alz + a2z2A ax > 0 is holo
morphic function in Kr and f(z) 0 for z 0, zeK± and if (f, F, 1) then 
\f,F,r(v)\, where r(v) is the unique root of the equation

n
v(r) + 2arctgr = —

Z

The number r(v) can't be replaced by any greater one.
Theorem 4.2. If FeSv andf(z)lf'(0)€Sv,f(0) > 0, and \f, F, 1| then 

(f,F,r(v)), where r(v) is the unique root of the equation

n
v(r) + 2arctgr = —

2

The number r(v) can't be replaced by any greater one.
Let c S„ denote the class of functions of the form 

F(z) = z+Ak+1zk+l+A2k+lz2k+1 + ...,2(1^

holomorphic, univalent and fc-symmetric in Kk. 
If F<Sk, then

zF’ (z) 
F(z)

It easily follows from the fact that F(z) = \/G(zk), ztKu where GtS„, 
whence

zF'(z) zkG'(zk) 
F(z)~ ~ G(zk)

and

arg
zF' (z) 
F(z)

arg
zkG'(zk)
G&T < v(rk), where |z| = r.

And in the class Sk we can state the following theorems:
Theorem 4.1'. If FeSk and f(z) = a1z + a2z2 + ..., a1 > 0 is holo

morphic function in the circle Kx and f(z) # 0 for z 0, zeK1, and if 
(f,F,l) then \f,F,r(v)\, where r(v) is the unique root of the equation

■ t 71v(r ) + 2arctgr = —
2

The number r(v) can't be replaced by any greater one.
Theorem 4.2'. If FeSk and f(z)If (Q)eSk, f (0) > 0 and \f, F, 1| then

(f, F, r(v)), where r(v) is the unique root of the equation

v(rk) + 2arctgr*' = —
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The number r(v) can't be replaced by any greater one. Now we give appli
cations of these theorems to the class 8ka^.

If FtSkafl}, then as it follows from theorem 2.3

(4-1)

where

arg
zF'(z)

v(rk) — sup ! sup larg
FiS(».«

zF’(z)

F(z)

a~l
2

arctg
r2*sin2y
4-r2fccos2y

+ arc sin
2rfccosy

/l + 2r2k cos 2y + r4k

n a + ß 
2~a^ß'

Making use of the theorems 4.1' and 4.2' and the estimation (4.1) we have 
Theorem 4.3. Let FeSka_^ and f(z) = axz + a2z2-\- ..., ax> 0 is holo- 

morphic function in Kx and f(z)/z 0, ztFLx and (f, F, 1). Then \f, F, r0|,
where r0 is the unique root of the equation

a-ß
arctg

r sin2y 
1 + r2Acos2y

I
I + arc sin

2r*cosy
/l + 2r2k cos 2y + rik

7t a + ß

J a-ß'

+ 2arctgr =
71

and can't be replaced by any greater number.
Theorem 4.4. If FeSka fl) and f(z)lf (0)€^aj3), f (0) > 0 and \f,F,l\

then (f, F, r0), where r0 is the unique root of the equation

a — ß[ r2fcsin2y
+ arcsin

2rfccosy

Vl + 2r2k cos 2y + rik
71

+ 2 arctg/'= — 
• 2

y
71 a + ß 
2 a-ß'

and can't be replaced by any greater number.
For suitable a and we get the radii of subordination in the classes

<-p = 8*k, Ska>_a) = Sk, Ska^2) = Sk.
Theorem 4.5. If F cS* and f(z) = axz + a2z2 + ..., ax> 0 is holo-

morphic function in Kx and f(z)/z =/ 0, zeKx, and (f, F, 1) then \f,F, r0|,
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where r0 is the unique root of the equation

2rk n
arc sin - + 2 arctgr = 7

Theorem 4.6. If FeS^ and /(z)//'(O)€iS*,/'(O) > 0 and \f, F, 1| 
then (f,F,r0), where r0 is the unique root of the equation

2rk . n
arc sin + 2 arctg r = —

Theorem 4.7. If FeS\ and f(z) = «!« + a2z2 + ..., «4 > 0 is holo- 
morphic function in Kx and f(z)/z 0, ztFL^ and (f, F, 1) then \f, F, r„|, 
where r0 is the unique root of the equation

a arc sin
2rfc

+ 2 arctgr =
1 + r2*

n
2

Theorem 4.8. If FeSk and f(z)lf'(O)eSk,f'(Q) > 0 and \f,F,l\ then 
(f,F,r0), where r0 is the unique root of the equation

2r* . ji
a arc sin------ tt + 2 arctg r = —

1 + r 2

Theorem 4.9. If FeSk and f(z) = a1z + a2z2 + ax> 0 is holo- 
morphic function in Kx and f(z)/z yt 0, zeKx, and (f, F, 1) then r0 is the 
unique root of the equation

2r*cosd n
+ arcs sin ■ +2 arctgr = —

/l + 2r2Acos2ó4-r4fc 2
riksm2d

1 arCtg l + r«*cos2d

d = -(a-1).2 '

Theorem 4.10. If FcS% and f(z)/f (0)«^, f (0) > 0 and \f,F, 1| then 
(f, F ,'r0), where r„ is the unique root of the equation

arctg
r2*sin20 

1 + r2A'cos2<5
2r* cos ó .

+ arc sin — . r=.T — + 2 arctgr1
F1 + 2r2/c cos 26 + rik

n
2

n
Ó = - a-1).2' '

For k = 1 we get the radii of subordinations in the classes 8*, Sa
and
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STRESZCZENIE

Niech $(a |3), ae(0, 2), /?<:(—2, 0), a —< 2 oznacza klasę funkcji 
postaci f(z) = z + a2z2 + spełniających warunek: /frr/2 < arg[>/'(2)/ 
lf(z)] < an/2, dla każdego zeK1. W niniejszej pracy rozpatrywana jest 
podklasa (k 1) klasy jest klasą funkcji postaci (1.2)
^-symetrycznych i jednolistnych w Kx. W pracy podany jest wzór struk
turalny, obszar zmienności funkcjo niłu w — [zf'(z)lf(zy\lla-P oraz osza
cowania \zf'(z)lf(z)\, arg (zf’(z)lf(z)}, Re[zf(z)lfz)’]2la-fi, \a2k+i-ka2k+1\, 
la*+il, la2*+il- Następnie zostały wyliczone promienie rk(a, (}) i r*.(a,/S) 
w W dalszej części pracy zbadano relację między podporządko
waniem modułowym a obszarowym funkcji klasy Skafij.

РЕЗЮМЕ

Пусть $(о>(5), а 6 (0, 2), ß е(—2, 0), а — ß 2 обозначает класс функ
ций (1.1) удовлетворяющих условию ßn/2 < argzf (z)lf (z) < an2/\z e Ä\.

В настоящей работе рассмотрен подкласс Ska ^(it>l) класса S(a, ß). 
8k(a, ß) это класс функций вида (1.2) к-симметрических и однолист
ных в Кг.

В работе дается структуральную формулу, область изменения 
функционала w = [zf'(z)lf(z)]2/a-ß и оценки: W'(z)/f(z), arg zf(z)/f(z), 
^e^f'(z)/f(z)]2/a-ß, |«2Jt+1-A’fc+1|, |afc+J, |a2fc+1|. Далее вычислены
радиусы: r*(a, ß) и r*(a, ß) в 8kaiß) Кроме того исследовано зависимость 
между подчинением по модулю и по области функций класса Sk„tß)




