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1. Introduction

Let Тп,Рп, and Р* denote the classes of polynomials 

pn(2) = z + a2z2 + ... + anzn

which are typically real, univalent, and starlike univalent in |г| < 1. 
Rogosinski [7] and Hummel [5] have completely determined the coeffi­
cient regions for typically real and starlike functions respectively in 
|z| < 1; however their determination for Tn and P'i would have a number 
of useful applications. We note also the recent important work of T. 
J. Suffridge on the coefficient regions for starlike functions [8], which 
depends on the approximation of starlike functions by polynomials; 
this is closely related to the corresponding results for P*.

In this note we discuss the coefficient regions for polynomials in T3 
and P* ; special cases of our results may be compared with the following 
observation of W. E. Kirwan:

oo
Lemma 1. Suppose f(z) = z — £ cn 0. Then the necessary and 

n=2
sufficient condition that f(z) be univalent, starlike, or typically real in |z| < 1 

is that V ncn < 1.
n = 2

The sufficiency is an immediate consequence of a result of Alexan­
der [1], and the necessity follows since f'(z) cannot vanish in —1 < z< 1.

1 The second author was supported by N.S.F. grant GP 5714.
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Notice that z + a2z2 is starlike univalent in |«| < 1 if and only if 
|a2| < 1/2, and typically real if and only if —1/2 < a2 < 1/2.

Our fundamental tool will be:
Lemma 2. Let 1, and 4 be real. Then the necessary and sufficient 

conditions that 1 + 4C0S® + 4cos26 be non-negative for 0 < 0 2n are:
(a) |4|<l + 4 if -1^4<l/3, and
(b) |4| < >/[84(1-4)] if 1/3 < 4 < 1.

Proof. Putting c = cos0, the result follows at once by examining 
the behaviour of

f(c) = 1 — A2 + 4c + 24c2 

and its derivative in the range — 1 < c < 1.

2. Coefficient regions for T3

First of all, we note the following:
Lemma 3. Suppose pn(z) = z + a2z2+ ... +anzn, where all the ak are

X
real, and

sin0-lmp(et8) > 0 /or 0 0 < 27r.

Then pn(z)eTn.
This follows from the definition of the class T, and the fact that 

Tn c T. We use this ii the proof of
Theorem 1. Suppose p(z) = z + a2nf + a3z3, where a2 and a3 are real. 

Then the necessary and sufficient conditions that p(z)eT3 are:

(a) |a2| < |(l4-3«3) if and

(b) )a2, < | < 1.

In particular:

(c) if —a3 |, p(z)eT3 if and only if it also eP3- and

(d) if p(z)eT3, |a2| <1, with equality only for 2±z2+j23 (which <fP3, 
by [2, Theorem 2]).

Proof. The results follow from Lemmata 2 and 3, after some com­
putation.

3. Coefficient regions for P*, with a2 and a3 real

It is known [6] that a function is starlike univalent in |z| < 1 if and 
only if so are all its de la Vallee Poussin means; starting from K(z) = z/ 
1(1 —z)2, this shows that 0 + |«2 + l«s€P*. Further, if z + aizt + a3zteP^,
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then |a3| < j, with equality only if a2 = 0, [3]. This might have suggested 
that |a2| for P*. However we will show that, even for real a2 and 
a3, a2 may be as large as 0.85...; this may be compared with the sharp 
inequality |a2| < Fj = 0.94... for P3.

Suppose p(z)/z does not vanish in |z| < 1. Then the condition that 
p(z) = z + a2z2 + a3z3eP* (for real a2 and a3) is that

e<8p'(c,#)
Re -- \ > 0 for 0 6 < 2ji,

p(e’9)

which reduces to P2(0) > 0, where

P2(0) = l + 2a2 + 3a3 + a2(3 + 5a3)cos0 + 4a3cos20.

This may be compared with Lemma 2, with

A, — a2(3 + 5a3)/(l + 2a2 + 3a3) and A2 = 4a3/(l + 2a2 + 3a3).

Doing this at once leads to impossible complication; consequently we use 
a little geometrical intuition to cut the Gordian knot.

Suppose the radius of starlikeness of p (z) is unity, and let D be the 
domain of variation of w = zp'(z)/p(z) for |z| < 1. Then D is symmetric 
about the real axis, since a2 and a3 are real; and so either (A) dD meets 
the imaginary axis in two distinct points, one above and one below the 
real axis, or (B) dD passes through the origin.

Case A. Here P2(0) = Zo+-kicos0+P2cos20 has at least one real 
zero, and that where 0 =/= 0, tt; hence P2(0) = 2L2(A + cos0)(P + cos0) 
for some A, — 1 < A < 1, and some real B. But then P2(0)>O only 
if A = B, and so

P2(0) = 2i2(A + cos0)2

= P2[(2A2+l) + 4Aco80 + cos20].

We can now apply Lemma 2 with

A3 = 4A/(2A2+1) and A2 = 1/(2A2+1).

Here |< A3 < 1, and so we must have A, = 8A2(1 — A,); putting this in 
terms of a2 and a3, we find the condition

32a3(l — 3«3) 
_9-25a3 for |< d3^|.

Case B. Here p' (z) has at least one zero on |z| = 1 and one in |z| > 1. 
If both are on |«| = 1, we already know that p(z) = z±$z3, [3]. In the 
other case, since a2 and a3 are real, both zeros must be real, and so p'(z)

2 — Amales t. XXIX, 1975
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is either of the form (l + z)(l +Bz) or (1 — z)(l — Bz) for some B, 
—1 < B < 1. In fact we restrict ourselves to the case

p'(z) = (l + z)(l+.Bz)

from which we may deduce the other; and, by Lemma 1, we may assume 
that B > 0. Hence we deal with

p(s) = z+i(B+l)z2 + £z3 (0<P<l).

In the corresponding non-negative trigonometric polynomial, we 
have

, SB * , 5P2+14P + 9 „ ,
Z2 — —-------------- and A, =----------- ——— = 1 + Z2.2 5B2 + SB+1 1 5P2 + 6P + 9 2

Then if | < B < 1, and so P2(6)>0 and p{z)eP3 only if
Aj < 8A2(1 — A2), which is satisfied only if A2 = j and B = Finally, 
0< A2< | if 0<P<|, and then p(z)eP* only if lAJcl + Aa, which 
is also satisfied.

This completes the proof of the necessity part of
Theorem 2. Suppose p(z) — z + a2z2-\-a3z3, where a2 and a3 are real.

Then the necessary and sufficient conditions that p(z) have radius of starli- 
keness unity are:

(a) if — a2 = ±|(l + 3a3); in particular +

(b) if j < a3 < |, a2 = 32a3(l —3a3)/(9 —25«3); and moreover

(c) max |a2| = ^(3l/6 —2), and this is attained only for 
Ptp*

. 2±^(3/6-2)22 + r5(9-^6)s3-

On the other hand, both (a) and (b) imply |a2| < l + a3, and so 

|a2(l-a3)| < 1 —a,.

Hence, by the Cohn Rule [2, Lemma C], p(z)/z cannot vanish in |z| < 1. 
The sufficiency part of the theorem then also follows from the above 
discussion.

The coefficient region (a2, a3) of Theorem 2 is convex. On the other 
hand, we now establish

Theorem 3. The coefficient region (Rea2, Ima2, Rea3, Iraa3) for poly­
nomials z + a2z2 + a3z3 in P* is not convex.

Proof. Suppose V(z) = z + |za + |z8 (which eP*, by Theorem 2). 
It follows from Lemma 2 that ReF'(^e’e) vanishes for some 0O in
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[0, 2ti]. Let z0 = yoe'°°. Now let

Fx(s) = e2i0°V (e~2ie<>z), and

K,(«) = Hn*)+T\(*)].

Then V*(z9) = 0, since

^(*.) = v'(zo) = V'(z0).

Consequently F*(z)<P*, and the result follows.

4. Coefficient regions for P*, with a3 real

We now consider the class of starlike cubic polynomials 

p(z) = z + a2z2+Bz3

where 0 < B < J, a2 = re”’ = u + iv, whose radius of starlikeness is 
unity.

Suppose p(z)/z does not vanish in |z| < 1; by the Cohn Rule [2, 
Lemma o] a necessary and sufficient condition for this is that

1— B2 > \ai — aiB\.
I

Under this assumption, p(z)«P* if and only if

0< Re [l + 2re,(’’+fl) + 3Pe2ie][l + re“’(’’+e)+Pe_2’8]
0<6<2»

= l + 2r2 + 3P2 + 4Pcos20 + 3rcos(<p + 0) + 5rPcos(<p — 0)

= Q(r, B,p, 0), say.

However, apart from a multiplicative constant, Q must be of the form [4] 

[l + cos(0— 01)][l + tcos(0 — 02)]

for 0< t< 1, 0< 02, 02 2tt. Comparing this with the terms in Q, we 
deduce that

l + 2r2 + 3P2 _ (3 + 5B)m 
1+1400820, (l + 4)cos0,

(5B-3)« _ 8B 
(1 —tIsinO, t
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for —1<<<1, 0< 01<2n. Hence, after some computation, we may 
establish

Theorem 4. Suppose p(z) = z + a2z2+Bz3, where 0 < B < j. Then 
the necessary and sufficient conditions that p(z) have radius of starlikeness 
unity are:

(a) 1— B2> ,a2| • |B — e2,arga2|; and

(b) «2 =
8_B(l + <) 
(3 + 5B)t

8B(l-t) 
(3 - 5B)f± • d(B,t)±i V[l-d8(B, <)]

Note 1. We may replace condition (a) by the requirement that 
p(z)eP3, and so a2 and B satisfy [2, Theorem 2].

Note 2. Similar arguments may be used to establish the coefficient 
region for quartic polynomials in P* with real coefficients.
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STRESZCZENIE

W pracy tej autorzy rozważają następujący problem: jakie warunki 
muszą spełniać współczynniki a2, a3 wielomianu P(z) = z + a2z3 + a^z3, żeby 
jego promień gwiaździstości był równy jedności lub żeby wielomian ten 
był typowo-rzeczywisty w kole jednostkowym.

РЕЗЮМЕ

В данной работе авторы решают следующую проблему: Какие 
условия должны выполнить коэффициенты «2, а3 многочлена Р(г) = 
= « + а2гг + а3г3, чтобы его радиус звёздности равнялся единству 
или чтобы многочлен тот являлся типично-реальный в единичном 
круге.




