ANNALES
UNIVERSITATIS MARIAE CURIE-SKEODOWSKA
LUBLIN -POLONIA

VOL. XXVIII, 9 SECTIO A 1974

Instytut Matematyki, Uniwcrsytet Marii Curic-Sklodowskiej, Lublin

JAN STANKIEWICZ, JOZEF WANIURSKI

Some Classes of Functions Subordinate to Linear Transformation
and their Applications

Pewne klagy funkeji regularnych podporzagdkowanych transformacji ulamkowo-liniowej
i ich- zastosowania

HekoTtopsie kjaccel peryiapHeiX QyRKUMH, DOQYHHEHHLIX npO6GHO-THHeRHOM TpaHChOpMarTe,
H HX OPHIOXEHHSA

1. Let 2 denote the class of functions w(z) regular in the unit disc
K,(K, = {z: |2 <r}), and such that

w(0) =0, lo(2)|]<1 for ze K,.

The function f is said to be subordinate to a regular function F in K,
if there exists a function we 2 such that f(2) = (Fow)(z). If f is subor-
dinate to F in K, then we write f3F.

Many authors have investigated extremal problems in some clas-
ses of regular functions which can be defined in a homogeneous
form by the subordination. For instance, if P is the class of functions
p such that p(z) is regular in K, and p(0) =1, re p(z) > 0 for z¢ K,
then we have P = {p:p(z)—3 %__*_—:} W. Janowski [8], investigated the

class P(4, B), -1 < A <1, —A < B < 1, which can be defined as follows:
144z

P(4 ,B) = \p:p(a) 375

]'. D. Shaffer [12], [13], has studied the class

P, .(0 < a< 1), which can be defined as follows: P,, = lp:p(z) =1+

142 |
1 .z" i :n—.l_g_ . s
TR T 04 = 1—(1 —211)2"
In this paper we shall investigate the class
l n n+l 1 +4z
P,(4, B) = lp:p(z) = 14¢2" 462"+ .00 3 1-B= 1’
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where « is any natural number and 4, B are any fixed complex num-
bers such that |4 | <1, |B|< 1.

Some special cases of P, (A4, B) are the classes which were investigated
among others by Caratheodory [1], Jakubowski [4] — [7], Janowski [8],
Libera [9], Mac Gregor [11], Shaffer [12], [13], Szynal [14].

2. Let us denote by D, a region of variability of the complex functional
p(2), where ze K,, |2| = r, and p ranges over the class P,(4, B).

Theorem 2.1. Let us put

1+ Az

i H(z) = - 3

(2.1) (2) -
Then

(2.2) D, = H(K,).

Proof. By the definition of the class P,(A4, B) we have p(2)
= H(w(2)),

(2.3) (2) = a,2" +a,,2" T+ ... € Q.

In view of the general Schwarz lemma |w(z)| < |2|" and therefore p(z)
= H(w(2)) = H({) for some £, |{| <r". This implies that D, =« H(K ,).
On the other hand, the function

(2.4) p(2) = H(n2")

belongs to the class P,(A, B) for every 5, || < 1, and therefore H(ITr,,)
c D,. Hence the equality (2.2) holds.

Remark. Theorem 2.1 remains true if the function H is replaced by

any arbitrary regular and univalent function F and P,(A, B) is replaced
by a class {p: p(2) = €y +€,2" + €, 12" + ... 3 F(2)}.
The theorem 2.1 may be written in the following form:

Theorem 2.2. If pe P, (A, B) and |z2| = r < 1, then
p(2) —8| < R, where

1+ ABPn |A + B|r
2.5 = P S e, 1
(2.5) T AT BEA 1—|BFr"

This follgws from the principle of subordination (see [10], p. 164) by the
fact H(K ,) = {w: |w—s| < R}.
Thus we have
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Theorem 2.3. If pe P, (A, B) and |2| = r < 1, then

1-|A 4 BIr"+ {(AB+ AB)r" 1+|A+Bl' H(ABHIB)"”
<rep(z

—IBFP* SR [BPF ’
n LABrz"l—|A +BIr N < 1 +ABr2"|+|A B
1— B S PENS 1—|BEP" ’
1 = 1 = F
2—_(AB —AB)r"—|A + B|r™ ?(AB —AB)P" +|A +B|r"
! Q (2
Ll —_ < < ’
1—|Bj2r*" m p(z) 1 —|Bfr"
. im(AB)r™ aresin |4 + B|r" _ (
arctg - ——=— — aI'CH = X argp(?
€1+ rre(4B) LT AR < 2rePl)
im(AB)r"
< arotg im(AB)7 |A 4 B|r"

1 re(4B) T Ly AR

Now H(K,) is a convex domain; according to the coefficient theorem
for a function which is subordinate to a convex function (see Golusin [3],
Pp. 326) we have

Theorem 2.4, If p(z) = 1+¢,2"+¢, 2"+ ... ¢ P,(A, B), then
(2.6) lex| < [A+B|, k =n, n+1,
Equality in (2.6) holds for the functions p(z) = H(nz"), |y = 1.
Proof. The function
H(z) =1+(A+B)z+ ...

is a convex function and the inequality (2.5) is a consequence of Theorem 5
(I3, p. 326).

Theorem 2.5. If p(z) =1+¢,2"+¢,,,2""' + ... eP,(A,B) and
|B| < 1, then

N

1__ N
(2.7) 2‘,,(&] < |A -+ {- B|® _’—'— N=n,n+1,0+2,....

k=n

In particular

AL B
(2.8) 21,.!3 ' e

The estimation (2.7) is sharp for n = 1 only, and the estimation (2.8) is
sharp for every natural n. The extremal function has a form p(z) = H (nz"),
Il =1.
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Proof. The function H has a form:

H(z) = 1+Zakz", where a, = (A4 + B)B*!,

n 1— 2N
Then Y’ |a,|? = |A+ B|? g ﬁJ—Ia— and the inequality (2.7) is a conse-
k=1
quence of the Theorem 215 (Littlewood [10], p. 168). The inequality
(2.8) can be obtained from (2.7) letting N -—ooc.

3. Now we give some distortion theoremms.

Theorem 3.1. If pe P,(A, B), then
n|d + B|lz|*!

Bl o < ViBI,
(3.1) Ip'(2) < :
n|A + Bj|z|*! ;,._
(1—|B]3)(1 —|z[")’ for V|B| < |2].

For |z < V|B| estimate (3.1) is sharp.
Theorem 3.2. If pe P, (A, B) and A+ B # 0, then

nlz|" !

3.2 4o A B, for 121 < ooy
( ) [ ( )l ll 2" 2[‘4|7(3_1_'n2(1 ._lylz\z] A4 B
HA+ B - PPN for e <,

where gy = (V1+n2—1)n"",
If A+ B =0, then p'(2) = 0. The estimation (3.2) i8 sharp.

Proof of Theorem 3.1. In view of the definition of P, (A4, B) we have

£ _ l+do@) Rl &
(3.3) p(2) = ms where |w(z)| < |2|", (2¢ K,).
Hence
, (A + B)o'(2)
PR =

[1—Ba(2)}*

Using some generalization of Schwarz’s Lemma (see [3], p. 290), we obtain
the following estimation:

nid +Bllz""  1—lw(2)?
1—[z™ 1—|B|lw(2)|

(3.4) P’ (2)l <
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L —a?
Now, the function ®(») = ——————, 02 < 1, increases in the
(1—|Bla)*
interval [0, |B|] and decreases in the interval [|B]|, 1). Thus for |2| < l/l?[,
the expression @(|w(z)|) attains its maximum with respect to o at the

n_____
point |w(z)] = |2/*. This proves the inequality (3.1) for |¢|<V |B|. I

n

V |B| < |2|, then the expression @ (|w(z)|) attains its maximum at the point

|w(2)] = |B|. From this we have the second part of (3.1). The function
an

p(2) = H(nz") with 75 =--‘Bz—‘:_!, gives ecquality in (3.1) for 2z = z,,
G

no____
2] < VIB].

Proof of Theorem 3.2. ¥From the identity (3.3) we calculate w(z) =
= (p(2) —1)(4 + Bp(z))~'. Hence

(4 +B)p'(2)
(3.5) w'(2) = (A |- Bp(z )2
From (3.5) we have
' (2)]
. jon S v i i " ~\|2
(3.6) P& =7 g |4+ Bp(z)|

Using the estimates of |w’(2)] (see [12]), together with (3.6) we obtain
the inequality (3.2). The equality takes place in (3.2) for the function
p(2) = H(m(z)) where o(2) is the function realizing maximum of |o’(2)|.
(see [121]).

4. Let us denote by R, (A, B), ne N, |[A| < 1, |B| <1, the class of
functions

(4.1) f(z) =2+4a, 2" +a, 2"+ ..., 2¢ K,,
such that
(4.2) f'(2)e Po(4, B).

Ifn =1, A = B = 1, then this class is the class of univalent functions
with bounded rotation. In general case R, (A4, B) is a subclass of univalent
functions.

Remark 1. Because of the condition (4.2) we can obtain the estimations
of [f'(2)|, ref'(z), imf'(2) immediately fiom the Theorem 2.3, putting
=f'(2).
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Remark 2. From the estimations of |f'(z)|, where fe R,(4,B) we
ohtain the following estimates

‘ifl L+ ABP" 14+ Bl o o fll LS AP s Bl
1= |BFP" v bk T sl

dr.

P
Theorem 4.1. If f(z) =z2-+a,,,2""" ta,,,2""*+ ... ¢R, (4, B), then

14 4- Bl

4.3 <
(4.3) | i

y k=n+1,n4+2,....

Furthermore, if |B| <1, then

N4+1 l_iBJzN
(4.4) }_: k’i¢k|’-<-\|A+B|aW: N=nn+l,n+2,...,
k=n+1 x
" |4 + BJ?

The estimates (4.3) and (4.5) are sharp. The estimate (4.4) is sharp for
n =1 only.

Proof. If fe K, (A, B) then f'(z) = p(z)e P,(A, B). Hence ka, = ¢,_,
and (4.3), (4.4), (4.5) follows from (2.6), (2.7) and (2.8) resp.

5. Let Y. (A4, B) denote the class of meromorphic functions

1
(5.3) f(2) S +b, 2" b, 0< |2l < 1,
such that
2f'(2)
2 — = p(z 5
(5.2) @) p(R)eP,(4, B)

The class Y'}(1,1) = 3™ is well known class of starlike meromorphic
functions. From the definition of the class 3'»(4, B) it follows immediately
that the region of variability of the functional —zf’(2)/f(z) (z being fixed)
is the disc |w—38| < R, where s and R have been given by (2.3). Now,
we shall find the estimations of coefficients in the class ', (A4, B).

Theorem 5.1. If f(z) belongs to the class ), (A, B) and has the form
(6.1), then

|A + B|

5.3 bl <
(5.3) byl 1

ym =n—-1,n,n+1,....
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The extremal functions are the solutions of the equation
@)
f(2)
where the function H is defined by the formule (2.1).

(5.4) = H(y2"), In| =1,

Proof. From the definition of the class Y (A4, B) we have
') 1+ Aw(2)
flz)  1-Ba(z)’

where (z) satisfies the condition (2.3). Now, the condition (5.5) after
simple calculations takes a form

(5.6) [Bzf'(2) — Af(2)]w(2) = [(2) +2f'(2).
Using (2.3) and (5.1) we obtain the equality

(5.5)

(5.7) [—(A +B)+ Z‘ (kB — A)b, zk“](Za z) = Zoj‘ (k +1)b, 2%+,

k=n—-1 k=n-1

Comparing coefficients of both sides (5.7) we have

(6.8) (m+1)db,, = —(4-+-B)ay,,y m =n—1,n,n+1,...,20—2.
Because |a,| <1 for all k, then from (5.8) the estimate (5.3) holds for
m=n—1,n,n+1, ...,20n—2.

For every m > 2n —1, the equality (5.7) may be written in the following
form

(5.9)
[-(4+B)+ 3 (kB—a)b,z #o(2) = 2 (k+1)b, 24 + Z 6.7
k=n-1 k=n-1 k=m+2
where
D o = 2 (k+1)b 2" = w(2) D' (kB - A)b,2**".
k=m+2 k=m+1 k=m—n+1

Now, we shall use an analogous reasoning as in Clunie paper [2]. Integra-
ting the squares of modulus the both sides of equality (5.9) along the
circle |2 =7, 0 <7< 1, and using the inequality |w(2)| <1, we obtain
(for r—>1) the inequality

m—n m

(5.10) [A+B+ Y KB—APB> D (R+12B0+ Y lad®.

k=n-1 kmn-1 k=m+2
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Ignoring the last sum in (5.10) we obtain after some calculations

(3.11)  (m +1)2[b,,|?

m—n m-1
SIA+BE— D ((k+12— kB—AP)ibi— D' (k+1)% bl
k=n—1 k=m-—n+1

In view of inequalities |A| <1, |B| <1 we have |[kB—A| < k +1. There-
fore both sums in (5.11) are nonnegative and we can drop them. Then

(5.12) (m +1)%b, |2 < |A + BJ?

holds. This implies the inequality (5.3) for m = 2n—1, 2n, 2n+1,....
The proof is complete.

It is easy to see that the function f which satisfies the condition
(5.4) has the form

1 A+B
2 =— L — _p™.L
f(2) S+ maa
A+ B
Thus |b,,| _ b
m-+1
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STRIESZCZENIE

W tej pracy zbadano nicktére funkcjonaly (rzeczywiste i zespolone) okreélone
na klasie funkecji

P,(A, B) ={p: P(2) = 1degete, 2"t + ... 3 ll !%i- , o] < l},
gdzie n jest dowolng ustalong liczbg naturalng, zas A, B 8 to ustalone liczby zespolone,
takie ze |A| < 1, |B| < 1.

Nastepnie przedmiotem rozwazan jest klasa funkeji f regularnych w kole |z| < 1,
odpowiednio unormowanych i takich ze f’e P, (A, B).

W ostatnim paragrafie wykazano nastepujace twierdzenie:

Jeéli funkeja meromorficena f ma rozwiniecie

1
f(e) = - Fby 2 14 b+ ... ,0< Jg| < 1,

orag
X opta; my,
f(e)
to
bl < |4 + B|
ml =< AT b m=n—1,n,n+1,....

Przez odpowiedni dobér parametréw n, A, B wyniki niniejszej pracy pozwalaja
uzyskaé znane twierdzenia w teorii funkeji analitycznych.

PE3IOME

B pabore H3y4aloTCsi HEKOTOpHIE GYHKILEOHAME! (NCHCTBHTENBHBIE H KOMILIEKCHBLIE), ONpe-
ZIeneHHble B kjacce GyHKuui

14+ As

T W<y

P,(A, B) = {p: p(e) = l+epe™+ ... 3

rae n — OpoH3BOJIbHOE, GUKCHPOBAHHOE HaTypasbHoe 4acno, A, B — ¢pHKCHPOBAHHBIE KOMILIEKC-
Hele wmcna, |[4|< 1, |B| < 1.

CnenyomaM TNpeIMETOM PacCyXICHAN fBIseTcs KnacC (GyHKUMHA f, PErynspHbiX B Xpyre
|¢] < 1 M COOTBETCTBEHHO HOPMUPOBaHHBLIX, Takux, 4T0 f’e P, (A, B).

Ioka3biBaeTca Takke cieayiowas teopema. Ecau mepomopdnas gyrkyus umeem pazeepmxy
euoa

1
f=) = > by 18 1t byt ..., 0< |2l <1
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u
—n{f'(—i?c P,(4, B)
mo
[banl <%‘-. m=n—-1,n,n+1,...

CooTBeTCTBEHENIM MOA00pPOM mnapaMeTpoB n, A, B pe3ynbraThel Hacrosmed pabGoTel aaloT
BO3MOXHOCTb NOJy9eHASA H3BECTHBIX B TEOPHM aBATHTHIeCKMX GyHKLMH TeopeM.



