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Gamma-Starlike Functions
Funkcje gama-gwietdziste

F'amMa-3Be3noobpa3Hbie GyHKUMH

1. In recent papers [3,4,5] several authors have investigated regular
function f(z), defined in the unit disc D, with the property that the real
part of an arithmetic mean of the quantities (2f' (2)/f(2)) and (1 +2f" (2) [f'(2))

is positive, i.e.
f'(2) 1)
Re [(1 — a)z f(z) +a (l 1% —‘-f—'{—z)_)] >0

for ze D and for some fixed real a. Functions satisfying this condition
are said to belong to the class of alpha-convex (or alpha-starlike) functions
.#,, and they have been shown to be starlike. In this paper we consider
regular functions f(z), defined in D, with the property that the real part
of a geometric mean of the quantities zf'(2)/f(2) and 1+ 2f'(2)/f'(2) 18
positive. We will show that these functions are starlike and will call such
functions gamma-starlike to suggest the use of the geometric mean in
their definition.

Definition 1. Let f(z) =2+ ) a,2" be regular in the unit disc D, with
f(2), f'(2) and [1+2f"(2)/f'(2)] # 0 in 0 < |2| < 1. Suppose y is real and

of (2) ) ( o (2) )]
1 R 1 0,
(1) i [( 1@ e

for ze D, where the powers appearing in (1) are meant as principal values.

1 This work was carried out while the second author was an IREX Scholar
in Poland.
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Then we say that f(z) is a gamma-starlike function and we denote the
class of such functions by Z7.
Remarks. (i) Condition (1) is equivalent to the following condition:

o' (2) f”(z)) x
1(2) +“rg(1+ (@) i< >

(ii) If y = 0, #, = 8*, the class of starlike functions, while if y = 1,
%, = C, the class of convex functions.

(2) (1—y)arg

2. We now show that if f(z) is a gamma-starlike function then f(z)
is starlike and univalent.

Theorem 1. £, c §*, for all real y.
Proof. If f(z)e ¥, and we set

11w()  of'(2)
1-w)  flo)

(3)

for ze D, then w(0) = 0, w(z) + +1 and w(2) is a meromorphic function.
We will show that |w(2)| < 1, and this will imply that

Re[2f'(2)/f(2)] > 0.

Let w(z) = R(2)e®®, R > 0 for ze D, and suppose that z, is a point
of D such that

(4) max [w(z)| = |w(z)| = 1.
121129l

0
Then —a;R(zo) = 0, and since

2w’ (2) = 0D(z) .1 OR(2)
wz 9 'E 96 '

we must have z,w’(2,)/w(z,) = 0P (2,)/00, and hence z,w’(2,)/w(2,) Mmust
be a real number. A simple geometric argument can show even more.
If we assume 09(z,)/00 < 0 then w(z) would be locally univalent at z,
and this would lead to a contradiction of (4). Thus we see that d®(z,)/00
must be non-negative and so we can set

Zot0’ (%)

(5) oing ™5

where B > 0.
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Since |w(z,)] =1 and w(z,) +# +1, we must have

14-w(2)

©) 1—w(zs)

= Ui

where A isrealand A +# 0.
From (1) and (3) we have
Rel(y, f(=) )J=

Rel{110@) 7 (11w@ _z_( ; i \H
H1-w@) \1-we  we \1 +wz) 1w

where

ti 100 = (o5 ) [t +"‘fT((ZjT))

and thus at z = 2, by using (3) and (6) we obtain
L 1\T
Rel(y, f(z)) = Re|(4i)'~" Az-g-—a— A+_l_ il .
V.

If we let C = A + B(A +1/A)/2, then since B> 0 and A # 0 we have
AC > 0 and obtain

Rel(y, f(z,)) = Re[(4i)'7(Ci)’] = Re(|A|'"7|C|"i) = 0.
This is a contradiction of (1) and so we must have |w(z)| < 1 for ze D and
thus f(2)e 8*.

Note that Theorem 1 shows that if fe #,, then fe %, = §*. We can
show more than this.

Theorem 2. If 0 <8<y (or y < §<0) then BcZ,

Proof. The casec § = 0 has been handled in Theorem 1, so we only
need to consider the case 0 < d/y < 1.

If fe .?,, then there is a function P,(z) = {P(2)|P(0) =1, P(2)
is regular in D and ReP(z) > 0} sa.txsfymg

(G @\ A @Y
\ 7 ] VTR )

By Theorem 1 we have f(z)e 8* and hence there exists P,(z)e # such
that

= P,(2).

(8) = Py(2).
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If we raise sides of (7) to the 4/y power we obtain

(+f(2) )"’Y"’( " (2) Y’ p
9 1+4- P,(z)7,
= g t i ) Th
and if we raise both sides of (8) to the (L —4/y) power we obtain
' (2)\" " g
10 = =P, .
o) ( 12) ) "

Multiplying equation (9) by equation (10) we obtain

Ly TN g ppy oo <
f(2) T LR

Since P,(2)e # and P,(z)e #, we have P,(0) =1 and |argP,(z)| <

(11) (
d
Y

o]
larg P, (2)| + (1 - J—) larg P, (2)| < =/2, i.e. Re P4(z) >0 and I’,(2)¢ 2,

Consequently from (10) we have f(z)e Z,.
Note that the last theorem shows that if f(2)e £ and ¢ > 1, then
f(2) is a convex function.

3. It is possible to obtain bounds on the coefficients of gamma-starlike
functions by using certain ‘standard” methods.

Theorem 3. If fe £, f(2) = 2+ a,2" +n, and if p i8 a complex constant,
then

(12) la, (1 +y)| < 2,
(13) |a3(4+8y) +ay(y* ="y —2)| < 4,
(14) (1 49)?11 +2y|[ag —pa,| < Max [(1 | p)?, [4u(1 +2y) —3(3y +1)I]
all hold.

Remarks. (i) y = 0 (14) reduces to

|ag — pa}| < Max[L, [4u —3(],

which is a result of Keogh and Merkes [2].

(ii) For y = 1 (14) reduces to

X
|ag — uaj| < Max. [—3—, | —1|].

©

(15) 92| < 2/(1 +-7)
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and
I 3GyH1) g o TV SR
14291+’ 7 2 ?
16y gy
1 VD S
I_{‘_!*.*. 2 A
hold.

Inequalities (12) — (16) may not be sharp. They would be sharp
if it were possible to prove that the differential equation

o ey

with initial conditioa f(0) = 0, f'(0) = 1, has a solution that is a regular
function in the unit dise. The authors have not been able to prove this
for arbitrary y, but suspect that a solution exists for y > 0.

The class .#, satisfies Theorems 1, 2 and inequality (13) and it is also
true that .#, = 2, = 8* and .#, = %, = (. However, in general ./,
# Z;; This can be seen by considering § = 1/2. By using infinite series,
it i3 possible to show that (17) does have a regular solution for y = g = 1/2,
and for this solution a; — 5/3. For functions in .#,, we must have
lag| < 29/18 [3], and thus .#,, # £ ,.

We conclude by indicating a refinement in the class of gamma-starlike
functions.

Definition 2. Let f(z) = z+‘_§: a, 2" be regular in the unit disc D with

2
f(2), f'(2), L+2f"(2)/f'(2) # 0 in 0 < |2| < 1, and suppose y is a real con-
stant, 0 <y < 1. If

ol (e

for ze D, then we say that f(z) is a gamma-starlike function of order a,
and we denote the class of such functions by £, (a). If (18) is replaced by

““”“”g(ifﬁ%)‘)”arg(l ~ff(>)|<%

for ze D, then we say that f(z) is a strongly gamma-starlike function
of order a, and we denote the class of such functions by £7 (a).

Note that #*(a) and ¥ (a) are respectively the classes of strongly-
-starlike and strongly —convex functions of order a introduced by Bran-
nan and Kirwan [1].
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STRESZCZENIE

o e)
Niech f(z) = z+Y a,2" bedzie funkcja holomorficzng w kole jednostkowym
2
D = {z: || < 1} i taka, ze f(z) # 0, f’(z) # O oraz

1-Hef”(2)f'(2) #0 dla 0<|e] < 1.
Jegéli zachodzi nier6wnosé
Ro{[f* (¢)/f (2))'~7 [of” (2)/f (¢) +-11} > O dla ze D
dla dowolnego, ustalonego rzeczywistego y to méwimy, ze f(z) jest funkcjg gamma-
-gwiazdzistg.

‘W pracy tej autorzy dowodza, ze funkcje gamma-gwiazdziste sa jednolistne i gwiaz.
dziste. Podane sa tei pewne oszacowania wspélezynnikow dla rozwazanych funkeji-

PE3IOME

o o]

Mycrs f(z) = z+ ) a,z™ 6yner ronomopdHoit GpyHkumel B enBHAMHOM Kpyre D = {z: |z] < 1}
2

nomaHHexHOH ycnoBEAM f(2) £ 0, f'(2) # 0 n 142" (2)/f'(z) #0 ana 0 < |z| < 1.
ECH HCNONHATCA HEPABEHCTBO [UIA BElLECTBEHOTO (GHKCHPOBAHHOTO 7

Re{lz/*DIf @17 [of " @If @) +1) <0 nna zeD

TO TOrJa Mbl FOBOPHM, 4YTO f(z) — 3TO raMma-3Be3gooOpa3Has ¢yHKuMs.

ABTOpBI NOKa3bIBalOT, YTO IaMMa-3Be3J000pa3Hbie ABJIAIOTCA OXHOJNACTHBIMM M 3B€310006-
pa3sHLIMH yHkiMaMu. JaroTcs Takke HEKOTOPBIE OUEHKH KOIDPHULHEHTOB paccMaTPHBAEMBIX
dyHkumit.



