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Wplyw wsepélezynnik6w na pewne wiasnosci funkeji regularnych

Bausanue KoadPuiMenToB HA HEKOTODHE CBOMCTBA peryJaApHHX (YHKUHK

1. Let T be a fixed subclass of the functions of the form
(1) f(z) = a,+a;2+ay22+...

which are regular in the unit disc K,(K, = {z: |2/ < r}) and having the
following property

(2) f(2)eT = N f(rz) or if(rz) belongs to T.
0<r<1 r
We say that the function f(2) belongs to T in K, or that f(2) is the function
of the class T in K, if the function f(rz) or f(r2)/r belongs to T.

For the given function f(z)eT we change the coefficients a, into a,
and form a new function

f(2) = @ +@y2+@p22+....

This new function f (2) in general does not belong to T in K,, but it may
belong to 7' in a smaller disc K,, 0 <7 <1.
In this paper we want to find the maximum of these radii » for which

f(2)eT = f (2)eT in K, when T is the class of Caratheodory functions with
positive real part in K, or when T is the class of functions with bounded
rotation.

This problem when @, = a, ¢ for some n was investigated by S A. Kas-
yanyuk and G.I. Tkac¢uk [1]. Q.I. Rahman [3] investigated the. problem
of the influence of coefficients on the zeros of polynomials.

2. Let {n;} be a finite or infinite subsequence of the sequence of natural
numbers and {¢,,} be a corresponding sequence of complex numbers and
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let f(z) of the formi (1) belong to T. Let us put

a,, if m #n,k=1,2,...
(3) dm . .
a,, +&n, Ay, if m =mn, for some Fk,
and
(4) f2) = Y i = f2) + Y 0,2
m=0 k
Definition 1. For fixed {#n,], {e,,k} and f(2)e T let us denote by

R, = R,(f, {Enk}7 T)

the radius of the largest disc K, such that f(rz) or f(r2)/r belongs to T
in K,.

Definition 2. For fixed {»,}, 0 and f(z) e T we put

4

R2=Rz(f7 {”k}v e, T) = inf R,(f, {e, }’T)'

nﬁ' <e

Definition 3. For fixed {n,) and {¢,} we put R, = R({e,},T)
= ljan R, (f, {e,,k}, 7).

Definition 4. For fixed {n,} and o we put R, = R,({n,}, 0,T) =
inf  R,(f, Eui} T = ’nfR (fy {m}, 0, T) = inf Ra({enkb 7).

]rT,Iluki' e lcnkl<0
Remark 1. If we suppose that |e, | < o then
R,
R‘ " {R:} r"_ I{l-

3. Let P be a class of Caratheodory functions

(5) f(z) =14+a,z+a,22+...
which are regular in the unit disc K, and satisfy the condition
Ref(z) > 0 for zeK,.
Remark 2. The function f(z) belongs to P in K, if and only if f(2)
has the form (5) and Ref(z) > 0 in K,.
In this part we shall find some estimations for E, when T = P. Sup-

pose for this and the next part that the sequences {n,} are finite or the
series Zle,,ka,,kv"k are locally uniformly convergent in the interval <0, 1).
k

Theorem 1. For fized {n,}, {¢,,} and f(2) ¢ P the number R, = R,(f, {,,}, P)
8 greater or equal 1o a positive root of the equation

(1 +r)2 le a”k[r"k+r—1 = 0.
2

n
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There ewvist such functions f(z)eP and such sequences {e
18 the best possible.

Theorem 2. For fized {n,}, o, and f(z)e P the number K, = R,(f, {n;},
0, I’) is greater or equal to a positive root of the equation

up) that the result

o1 +7) Y la, ™ +r—1 = o.
2

There exist such functions f(z)eP and such sequences {Enty [€,] < o that

R, = R, and the result is the best.

Theorem 3. For fived {n.} and {e,} the number R, = Ry({e..}, P)
18 greater or equal lo a positive root of the equation

2(L+7) ) lea,Ir™ +7r—1 = 0.
T
Theorem 4. For fived {n,} and o the number R, = R,({n.}, o, P)
18 equal to a positive root of the equation

201 +7) Y Pk +r—1 = 0.
k

The extremal function is f(z) = (1—2)/(1+2) and ¢, = —o(—1)".
Now we give some remarks

Remark 3. Putting {n,} = {2k} we do not change the odd coefficients
but only some even coefficients. Then R, is equal to a positive root of
the equation

20(1+7) M 4r—1 =0

k=1
that is
(20—1)r2+42r—1 = 0.
Thus
I, = . =
V20 +1

Remark 4. Putting {n,} = {2k —1}° we do not change the even coef-
ficients but only some odd coefficients. Then R, is the positive root of
the equation

r*—2(1+)r+1 = 0.
Thus
By = 1+e—yele+2).
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Remark 5. If we put &, = —1 then @, = 0, that is some coefficients
of f(z) vanish.

a) If {n} = {2k}, e, = —1 then f(z) =1+ 3 ay_, o™
k=1
and
R, =R, =V2-1.

The extremal funection is f(z) = (1 —2)/(1+2).
b) It {n,} = {2k -1}, ¢, =1 then

R, = R, = 2—V3.
The extremal function is f(z) = (1 —2)/(1+2).
c) If {n.} = {2k—1}, ¢, = —1 then
flay =1+ 3 ay#™® = }(f(2)+f(—2)]eP,
=1

that is R, =1 is not equal to R, = 2 V3.
Remark 6. If we put
{n} ={k+m} 1=0,m>=1,
then E, is equal to a positive root of the equation
LAY P gt e =1 =0, it 1 20,
and
20(™ ! L™ +r—1 =0 if I = 0.

If I = 0 we change only one coefficient, @,, = ¢a,,. Forl =0 and m =1
we have

2
Y 241+ Vagt 112041 ]
2
,_Ra . y
2lel +1+V4 (el +12e| 41
2
R,>

ola;l +1+V o2lay|? +6glay| +1°
2
““-_..
leay] +1 +V[ea, > +6 |, +1
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Remark 7. For k = 2 or 4 we have

IimR, =1
o0—0

and
limR, = 0.
@—00

Proofs of Theorems 1 —4. From (4) we have (for |z| = r)

Ref(z) = Ref(z) +Re Za,ks
Kk

1+r 1\ | l=—r \ja

n_, £ .1 > ——
1—+—T --nk"uke = 1+, "J.e“k !'

that is

"

Ref(z) >

L

From Remark 2 we have that f(z) belongs to P in K, if

p(r) =

— |@ €07 = 0.
l+ } nk “nk

This proves Theorem 1. If we take the infimum of ¢(r) with respect to all
sequences {e, }, ¢, | < ¢ then we obtain

Ref(e) > —e Z a7

and Theorem 2 is proved. If we take the infimum of ¢(r) with respect to all
functions f(z)eP then we have

e _
Ref(z) = — _22 " le, |
k

This proves Theorem 3. If we take the infimum of ¢(r) with respect to all
functions f(2) ¢ P and all sequences {snk} s, | < ¢ then we have

Ref( z)/ . r—ZQZ P

and Theorem 4 is proved too. (We used here only the facts that if f(z)eP
1—
then |a,] < 2 and Ref(z) > ——J— for 2| =r<1).
-7



104 Jan Stankiewicz

Let us put f(z) = (1—2)/(1+2) and ¢, = —o(—1)".
Then for every given sequence {n,} we have

£ = R ) [l ] ==t ‘ \’ T
flr) =f(r)+ ; €y, On, T¥ Ik —2p T‘ ',

This proves that the results in Theorems 1, 2, and 3 are the best possible.
§ 4. Let S, be the class of functions of the form

(6) fley = s+ Y a2t
k=2
regular in the unit disc K, and such that
Ref'(z) > 0.

S, is the class of functions with bounded rotation.
Now if we put 7' = S, then we obtain:

Theorem 5. For fived {n.}, {e, } and f(z)e S, the number R, = R,(f,

12,01 Bo) 18 greater or equal to a positive root of the equation

(l +r) 2“# :Ei'lkﬂﬂk!f"k“ - +r—1 =0.

Theorem 6. For fized {n,}, o and f(2)e S, the number R, = E,(f, {n.},
0, S,) is greater or equal to a positive root of the equation

e(1+7) X myla, 7™ +r—1 = 0.

There evist such functions f(z)eS, and such sequences {e, } that the re-
sults in Theorems 5 and 6 are the best possible.

Theorem 7. For fixed {'{‘bk} and {¢,} the number K, = Ry({e,}, S,)
is greater or equal to a positive root of the equation

2(1+7) Z leg, |77 1 —1 = 0.
k

Theorem 8. Ior fived {n.} and o the number R, = R,({n.}, 0, 8,)
i8 equal to a positive root of the equation

201 +7) Z’r"k" 4r—1=0.
k

The extremal function s f(2) = —z+2log(l+2).

Proofs of Theorems 5—8. We can note that f(2)e §, if and only if
f(2)eP and that if
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= 3

F2) =f(2) + ; By O 2™
then
F(2) =f(2)+ 2 My @, 2"

It follows that

(7) R, (f, {enk}y 8,) = Ry(f", {%nk}a r),
where

(8) {my} = {,n‘k‘_l}9 {’fmk} — :ka-: Yile {8"‘.}‘
Thus simillary

(9) Rz(f; {'n‘k}’ 0 So) - Rz(f" {"’k _'1}’ 0y [’),
(10) l'ca({enk}7 SO) = Rs({nmk}’ I,)7

and

(11) Ry({ny}, 0, 8y) = RB({n,—1}, 0, D).

Now we can obtain Theorems 5 —8 from Theorems 1—4 by using
(7)—(@1).

Remark 8. If f(z) = z+§akz"' belongs to S, then the function f(2)
=2z Zm'a.ﬂ,:"'"' belongs to SI:,”:n K, for every » such that 0 < » < V2 —1.
The r(l::ul]t is the best. The extremal function is f(z) = —z+2log(1--2).

Remark 9. f(2)¢ 8, then the function

oo‘ . 1
1) =2+ Y @y P = 2 [f(&)—f(—2)]
k=1
belongs to S, too.

Remark 10. If {n,} = {2k} then
Ry(2k},1, 8,) = 2—V3 = R,({2k -1}, 1, ).
If {n,} = {2k 1} then
R,({2k+1},1, 8,) =V2—1 = R,({2k}, 1, ).
These remarks are implied by Remark 5.

5. It will be interesting to solve this problem for some other classes
of regular functions: convex, starlike, close-to-convex, ....

We can also investigate a generalization of this problem, namely:

Let T and 7', be two classes of regular functions in I, . Let us suppose
that f(z)e T, and that f(z) is given by (4).
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To find the largest radius such that f(;) belongs to T, in K,.
For instance; let T, be the class of convex univalent functions and
let T', be the class of starlike univalent functions. If we put {n,} = {2k},

2, = —1 then we have

f(@)eTy = f(2)eT,.
{See Nehari [2]).
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STRESZCZENIE

Niech T bedzie ustalong klasg funkeji regularnych w kole jednostko-
wym majgeych w nim rozwinigecie postaci

f(2) = ag+a,z24+a,22+... .

Niech dany bedzie podciag {n,} ciggu liczb naturalnych i ciag | &+ liczb
zespolonych. Dla danej funkeji f(2)eT polézmy

Fla) = E =@+ Y en 0
=0 k

gdzie

@ jezeli 1 # m,,

‘-lz B . . ¢
ny T Eny g, JeZOli 1 = my,

W pracy tej rozwigzywane sa problemy wyznaczenia mozliwie naj-
wiekszej wartosei (0 < r < 1) takiej, ze

f(2)eT = f(2) jest funkeja klasy T w kole |z| < r.

Problem ten zostal rozwigzany w przypadku gdy T jest klasg P funkeji
Carathéodory’ego o czefci rzeczywistej dodatniej oraz gdy 7T jest klasa
8, funkeji jednolistnych z ograniczonym obrotem.
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PESIOME

ITycts T — DuKCHpOBaHHBIH KACC Pery IApHLIX GyHiimii B ¢JIMHHYHOM
Kpyre, HMelOmuii B 3TOM Kpyre cieaylolliee pasJ/ioKelne:

f(2) = ag+az+a,*+ ....

- Hlyerb {m;} -moamociien0BaTENbHOCTh MOCIEI0BATC.ILHOCTH HATYpadh-
HBIX 4ucel, {¢, } -M0CIEN0BATENLHOCTL KOMILICKCHBIX HICe.
duasa xanvoi ¢pyHxumu f(z)eT uycerb

o) = Y e = 1)+ X en ™

.'su
rue
a, 1l #n
a, =
I l =mn,.

B aToii pabore aBTOp 3aHHMMAJICA ONPCHENECHHEM MAKCHMAJIBLHOIO 3HA-
uenusn (0 <r <1) Tak uto f(2)e? =f(2) spasercs Qyuxumeit kaacca
‘I' B Kpyre |z| <7.

Jra npobiiema GbuIa pa3peuinMa aBTopoM B ciIydae, Korjta 1’ ABiiseTca Kiac
coM P ¢pyuxkuun HapaTeolopu C N0T0KHTE/NbIOI BelleCTBEHHOI YacTblo a
TakKe Korga T — kaace Sy OMHOJMCTHHX (VHRIMII ¢ OrpaHi4eHHBIM
IIOBOPOTOM.



