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1. Introduction In this paper we want to consider experiments in 
which the observed random variable is described as a sum of population 
mean, effects of the levels of treatments and the effect of experimental 
error. If inferences are going to be drawn about just the levels of the treat
ment that appear in experiment, the effects of such a treatment are consid
ered as fixed. When the levels of the treatment occuring in the experiment 
are considered as a random sample from an infinite population of levels, 
then the effects of such a treatment are considered random. These random 
effects are regarded as random variables having zero means. Variances 
of these random variables are called the variance components.

In many cases, one sees the need for a model in which some effects 
are fixed, others random. Such a model will be called a mixed one. The 
population mean is always considered as fixed and the effect of error as 
random.

For balanced data the most frequently used technique of estimation 
of variance components is the analysis of variance method, which consists 
in equating the observed mean squares to their expected values, and solv
ing the resulting equations.

In a balanced case for a mixed model when random effects are assumed 
independent and normal, the analysis of variance method leads to unbiased 
estimators with minimum variance [1]. The analysis of variance method 
cannot be used for unbalanced data. Henderson [3] proposed a method 
of estimation for an unbalanced mixed model, and that method was then 
developed by Oktaha [8] and Searle [10]. For unbalanced mixed models 
the unbiased estimators with minimum variance are unknown. There 
exist methods that give unbiased estimators. In mixed unbalanced models
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Henderson’s method requires the inversion of matrix. In practice there 
appear situations in which this method requires the inversion of matrix 
of the rank about 500.

Koch [4,5] developed for random models a method which is com
putationally simpler than that of Henderson. Niedokos [7] proposed 
a method of estimation for mixed unbalanced models which is similar 
to that given by Koch and does not require the inversion of matrix. Paper 
[7] deals with unbalanced two-way cross classification, and a model with 
the combination of two-way cross classification and nested classification. 
In this paper these two models are dealt with again without restrictions 
that are imposed in [7] on the fixed effects, and some estimators have 
been given a simpler form. Furthermore, the author developed methods 
of estimation for others three unbalanced mixed models consisting of 
a combination of nested and crossed classifications. The numerical example 
illustrating the use of estimators given in [7] is presented in [9] by Oktaha 
and Wesołowska.

2. Notation Letters A, B and C denote the treatments that occur in
experiment; A xB denotes two-way cross classification; A{Bj denotes 
the ij-th subclass of the classification A xB ; A xB xG denotes three-way 
cross classification of the treatments A,B and C; denotes the
ijk-th subclass of the classification AxB xG. Symbol G(A) denotes the two- 
-stage nested classification with the levels of G nested in the levels of A. 
The k-th level of G nested in the i-th level of A will be denoted by C^. 
Symbol C(AxB) will denote the combination of the nested and cross clas
sification in which the levels of G are nested in the subclasses of the two-way 
cross classification AxB. The k-th level of C nested in the ij-th subclass 
of the classification AxB will be denoted by C^W). In distinct situations 
k will be used instead of k(i) and k(ij).

3. Two-way cross classification AxB Let us consider a model of two
-way cross classification AxB with fixed effects of the treatment A and 
the random ones of the treatment B.

We shall asume the model

(3.1) yijk = y + a,- + bj + abfj + eijk,

h — 1, 2, .• •, a; j — 1, 2, • • ■, 5; k — 1, 2, ..., 2,

where yiJk are the observations, y is a population mean, af is the fixed 
effect of A,-, b} is the random effect of Bj, ab{J is the random effect of the 
.subclass AiBj, and eijk is the random effect of error, associated with a given 
observation.
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Let the random effects satisfy the following assumptions.
a. The {bj} are random variables that are independent and have 

means 0 and constant variances ab.
b. The {aby} are random variables that have means 0 and constant

variances (a — and covariances

(3.2) Cov(aZ>,7, ab„) = ----- <4, ii i =£r,j = s
a

0, otherwise.

c. The {eijk} are random variables that are independent and 
have 0 means and constant variances c^.

d. The random vectors {&,}, {aby} and {ef7Jt} are independent of 
one another.

An assumption similar to (3.2b) is used by Gaylor and Hartwell [2], 
Niedokos [6], and Searle and Fawcett [11]. It means that interaction 
effects which are associated with the same level of the random treatment 
B and different levels of the fixed treatment A are correlated with constant 
correlation coefficient for all pairs of indices (i, r) with i =£r. From the 
assumptions (3.2), it follows that

Var (?/(yfc) — ab 4----------4 + <ra.
a

The variances ab, ——— 4 and <re are the variance components that are 
a

to be estimated. We -want to find the estimators that are linear functions 
of the products of the following type: yijkyrat and y^.y^., where yijt deno
tes the arithmetical mean of all observations from the subclass

Using (3.2), we obtain the following expectations :

a- ^(yijkym) = (/* + °<)a + 4---------~ aubi if &

b. E(y{i.yn.) = (ft + Vi)2+ 0b+^^rtb+ if i =r, j = «;
(I 'Hjj

<3'3> (/* + <h)a» ift=r,

(fj, + ai)(y + ar) + (^b- — 4, if i r, j = s; 
(I

i/* + ai)(jM + or), if i ^r,j ^s.
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To find the estimators of variance components, we consider the following 
normalized sums

t=l y=l
a b

„ 1 V V/ 2 V^2 =-r > > («;>-««) > yukVat,ab y=i k^t

(3.4)

a
1 V V

-2—T7 > > îfy.y,».,*s<3 a(b2 — b) Zj Zj Vii-
' <=1 j/s

Si (a2-a)b
j=*l i^r

<? A V Y
5 (a* - a) (ft* -b)^Z Vii-,Jrs- •j#r j*s

By using (3.3), we can obtain the expectations of the S’s. Detailed deri
vations are given only for St and S4. We have

-® ( V^kVijl} — f(/‘ + ai)2 + °b 4-------- - °2ab1

k*t k^t L J

(»«“»«) f + a2 +2/za< + 4 + o2a6j.

Hence
a b

J_ \n WI 
ab

Z*2 + a2 +2^ + al + —<T2„6j

1=1 J = 1

a—1 
a

1 W „ „ a —1 „
= Z*2 H—■ / . (ai +2j«a,) -J- «Ti H---------------- aub.

»-1

To obtain 22 ($4), we first find

Æ (2l yii-Vr>-)= [(jM+ai) (|M+ar)+°* - ff“6l

i^r i^r
= (a2 —a) (/z2 + or£— -<r2^ [aiar + /z(a,- + ar)].



Estimation of variance components... 77

Finally, we get
6

^(#4) —-r + ----- ««6 + —------ [«iar + /*(<h + ar)l!
0 I a a‘ — aj~i ' iVr ’

= /i’+ T7—7 y? [“/“<•+/*(«<+ «r)] +- — <^6- 
a- — a —> “

i*r

By methods exactly analogous to the above, we get

a—1W =/? + i V (a? +2/4«,•) +«* + <& +h-M,
a a»—1

where
a b

'i=l y=l 13 ' 

a

^(^2) — /*2 H---- y (ai +2/40,) + «ft H-----------«aft ,
(Ji d

i-1

(3.5) F((Sf3) =/*« + — V (a?+2/4«,),
a 7-*1-1

F((S4) = /t2+ - 1 y [a,a,. + /«(ai + ar)] + o2- —«2ft,d — (I (Ii&r
^(^5) =M1+"V— y[a.a, +/*(«» + «(•)]• 

a2 —a <*r

If 8W are equated to their expectations the unbiased estimators of «2's 
are obtained by solving the resulting equations.
The estimators are as follows:

(3.6) =^(8,-8,),-^^ = —(82-83-8,+8i),
a a

ft = («4 - SS) + («2 - S3).
a a

These estimators are unbiased. If we impose the restriction Fa,- = 0, then
a

£ («i + ar) =0 and £ aiar = - <4-(3.7)
l^r t^r 1—1
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It may be shown that if (3.7) is true, then we can get the following unbias
ed estimators of the functions of parameters

/\a
(3.8) =lZ1-^ + I«3 and -i- ya} = S2-Ss.

a a a—1 —u<-i
Using the identity

(3-9)
i&r »‘=1 i=l

we shall rewrite the formulas (3.4) in a form more adaptable to compu
tation. We have

"tf nija b 
1 VÏ

8t=~ri EE (n^~Hii)~X [Œ~ E’
»=1 j=\ k=l *=l

' ' »=1 3 = 1 3 = 1

' ' i=l »=1 t=l

»=1 3 = 1t'=l >=1a b
*=1 >=13=1 »=1

a b

If an experiment is balanced, then formulas (3.6) give the estimators which 
coincide with those obtained by the analysis of variance method. It can

n
be shown by replacing in formulas (3.4) nl7 by n and yl7. by n”1 £ yijk.

*=1
Suppose that some value /? is added to each observation yijle, then the 

Sw in (3.4) will be transformed as follows
a b

(3.10) 8’w = 8W + ^^ Yy{J. + ^, w =1,2,3,4, 5,

»=1 i=i

where S'u, represents the transformed value of 8W. It is easy to see that 
(3.10) represents a translation of 8W and differences between Sw are inva
riant under such a transformation. These arguments show that the esti
mators (3.6) are unchanged if we subject the observations to the transla
tion: yiA->3Zf>fc+)?.
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4. Combination of cross and nested classifications C (A X B). We shall 
consider a model in which the fixed treatment A and the random treatment 
B form the cross classification A xB and the levels of the random treatment 
C are nested in the subclasses of the classification A xB. The mathemati
cal model can be written

(4.1) Ifijki — ll + ai + H a^n + e(ab+ «iy^y^y*),

i = 1, 2, ..., a j j = 1, 2, ..., fe; £(?j) = 1, 2, ..., Wyy Js 2;

= 1, 2, ...,piJk^2,

where yijkl are the observations, y, is a population mean, a,- is the fixed effect 
of A{, bj is the random effect of B}, ab^ is the random effect of the subclass 
A{Bj, c^ab)^ is the random effect of the subclass C$,7), and eyfc(iyWW is 
the random effect of error associated with a given observation. Suppose 
that the random effects satisfy the following assumptions:

a. The {fey} are random variables that are idependent and have 0 means 
and constant variances a^.

b. The {abi}} are random variables that have 0 means, constant va
riances (a—1) ar1 cr2ab, and covariances

(4.2) Cov(afefy, afer(t)
----- <4, if i r, j = s

a

0, otherwise.

c. The [c(ab)^} are random variables that are independent and have
0 meas and constant variances a2.

d. The {eijk} are random variables that are independent and have 
0 means and constant variances a2.

e. The random vectors {fey}, {afe(y}, {cfafe^} and {ei]kl} are independent 
of one another.

From these assumptions, it follows that

Var(yw) ==ff6 + ^-----0^ +<%+<£•

Using (4.2), we can write
a —1

a. B(yiJklyijku) = (/* + a,)2 + <4-)------  «Q» + «c, if I =/= u.

fr • (yiik(U). Vyun). )

a —1
(4.3) ,u + a()2 + (r2h + — Ori + ot+Pijk^, if k(ij)

(/, + ai)2 + a2 + ^-a2b, if k(ij)
a
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c. -E(ÿ«..2/r«..) =(/* + «;)% if i = r,j ^s,

(f* + ai) (z4 + ar) + ab ~ — a‘ub, if * riî — St

(/* + «i)(M + «r), if i ^r,j ^8,

where y^na). and denote the arithmetical means of all observations 
in the subclasses C$y) and A^ respectively.

To obtain the estimators of the variance components, we form the 
following normalized sums:

a b nijl VT

(4.4)

Ä,

*Sl ab S™”'

i=J j=l *=1

$2 ^IJ (Pijk Pijk) PHklVijkul
i=l j=l k=l l?-u

1 °#8 2 {n'i ~ n‘ir' 2 y«*-y<»- ’
1=1 j=l litt

1 a .~ a(b2-b) 2 2y‘,"!,it"'
<-l jZ«

&
1 b

~ 7 « 77 z z yij-Pri-^(a2 — a)b Â-J 4_jJ=1 il=r

)(b2-b} 2 2yii"yrs"’S6 = (a2 — a)(b2 — b) <i^r j^s

Using (4.3), we can obtain the expectations of 8W. We have

a b

<=1 >=1 fc-1

£(S,> 2 Zn«‘ H o* w+4++«m1
t = i y=i fc«=i L “*

1 = 1 *- J y_l ^_ï I 1

a
= M* H \ (“i +2/*a,) + a2b H---------o2ub + a2 + hp c%,

a à-j a
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where

(4.5)
nH

k = 2 2n* 5p^'
»=i j=i *=i

In a similar manner, we can find the remaining expectations. They are 
as follows

a
^(#i) = /** +T y,(«i+2M«i) + fffc a 1

' rib + °c + >
d

E($i} =^ + A y (a’+2^)+ 4 4- — «^ +a2,,

a—1

a/J
i=l 

a
1 V

z=i
a

1

(4.6)

JS(/S’s) = /*« + — V (a2 +2/*af) + a2 + --- rib,
a a

i=l
a

E(8t) = p*+ — \'lrii+2pai), 
a i=i

■®($s) = /** + —£-— y' L<*iar + M(ai + ar)] + ri- — <ri 
d “ (v d

i*r

^(^s) =/*a + —r—7 y [a!-«r+i«(ai + «,)]•a‘ — a

i “ 61 V VI

; + ■

a

i-^r

After equating these expectations to their observed values and solving 
the resulting equations, we obtain the estimators of the variance compo
nents. They are as follows:

=^l(^i-^),^ =«2-^3,

(4.7) rib = («3- -S, + S6),a a

ri (s5-s6)+-(ss-s4).
d d

These estimators are unbiased. In a balanced case, i.e. when and pijk 
are constant, then the estimators (4.7) coincide with those obtained by 
the analysis of variance method. Imposing the restriction (3.7), we can 
obtain the unbiased estimators

/\

A2 =-—£6 + -S4 and - Vri = S4-S6. 
a a a—1

6 — Annales



82 Edward Niedokos

for Sw. We have
By using the identity (3.9), we can obtain the computing formulas

nij Pijk Pijka b

= i S 2nti'S {p2^~pi^ 1 [( J? ’
1 = 1 >=1 k-=l 7 = 1 7 = 1

a b nij nij

1=1 3=1

(4-8)
*=^j;[QX)s-2V4

1=1 3-1 3=1

b

(a2 — a)b' ' j=i i~i
a b

7^^K22^r-2(2’»r

X M ' t = l >=1 r = l J-l

ba ab

&

j=l i-1 »=1 3=1

Let us subject the observations to the translation: yijkr+yuki + P- 
Then the Sw will be transformed as follows

a b nij

S'w = 8w+ Vijk. + = 1,2,3;

i = l > = i fr=i
( a b

S'w = 8w+ri2j£yii--+f}*’ W =4,5,6.

<=1 3=1

It is easy to see that replacing of 8W by S'w in (4.7) and (4.8) does not 
change the estimators of o-J, <^, ob and (4—l)a-127aa, but the estimators 
of (r2nb and /j,2 will be changed.

5. Combination of cross and nested classifications (7(A) xB Let us 
consider a model in which the fixed treatment A and the the random 
treatment B form the cross classification and the levels of the random 
treatment C are nested in the levels of A. The observations are assumed 
to have the following structure

(5.1) y»;« = y + ai + bj + a&ÿ + d(a,)*(<) + bcÇctj)  ̂+ ,

i=l,2,...,a;j=l,2,...,6; Tc(i) = 1,2, 2;

=l,2,...,p<iJt>2,
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where y is a population mean, a,- is the fixed effect of A{, b} is the random 
effect of Bj, ab^ is the random effect of AtBj, c(ai)k^ is the random effect 
of the k-th level of the treatment C within the i-th level of A, bc(ai)jk^ 
is the random effect of interaction between the j-th level of B and the 
k-th od G within the i-th level of A, and *s the random effect
of error associated with a given observation. Suppose the random effects 
satisfy the following assumptions

a. The {fy} are random variables that are independent and have 
0 means and constant variances o£.

1». The {aby} are random variables that have 0 means, constant va
riances (a— l)a_1o^ft, and covariances

(5.2) Gov (aby, abrs) = a
if i r, j = s,

0, otherwise.

c. The are random variables that are independent and have
0 means and constant variances <r|.

d. The {^‘(aj;^,-)} are random variables that are independent and
have 0 means and constant variances cr^.

e. The {eijkl} are random variables that are independent and have
0 means and constant variances a2.

f. The random vectors {6,}, {c(a<)Mi)}, {be (a{)jk(i)} and
are independent of one another.

It is easily shown that
ffl—1

aar (2/ÿ«) — ab H----------anb + ac + °be + ae •
(I

Prom the assumptions (5.2), we get

fc(i) = /(»),

(5.3) (/4 + a,-)2 + nJH----------0ft, if j — s, &(i) t(i),
a

(/4+a,)2 + Oç, if j 8, k(i) = t(i),

(/4 + af)2 if j

c. E(yi}_yn) = Gu + a.-H/z + aJ + o^-^-o^ft, if i =£r,j =8, 
(I

= (Ju + ai)(l« + af), if i^r,j ^8.
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Let us form the following normalized sums
a b ni1 X"i

N
ab___ ___ ___{=1 Jfc(,)=,l

a b ni

i-l y-1 Jk(i)-1

et b ni

'^2 ~ (.Pijk Pijk) yijkiyijkut

S3

i=l j=l k=l

a
1 VI

i=l

1

y=l k^t
a ni

\\,7'V VWi- VI,.

a(b* — b) —' » = 1 k=l jyts

yijk. yisk.

(5.4) S, k; v va(ô2-è) y-ijk. If ist.
j^s k&

s. (a2 — a)b

b
Eyii--yr3-’

j=l i^r

S7
(a2 — a) (b2 — b) Vrs..

i^r j^s

2
Vijkii). :

&

Now, for example, we shall calculate the expectation of S7. According 
to (5.3c)

E (z?^ya--y^..) S ^2 + y(ai + ar') + aiar]
<#r jV« i=tr

= (b2 — b)(a2 - a)n2 + (b2-b) £ [>(0, + ar) + aiar].
t*r

Averaging this expression, we obtain E(S7). Similarly we can get the re
maining expectations. They are as follows

=fj,2 + — V(a?+2/zai) + ^ + -^—i-<^& + o^ + <r^ + 
a a<-i

+ hpo2e, where hp =
a b ni

i=l fc=l

E(S2) = + i V (a,+2juai) + ff£ + ^—— o^ + oî + o^,
(I Cl

»=1
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E(8S) — ,«2+ 'S (a,-+2/4af) + <7j H--------- atlb,
a —> a

1 r
E(SJ = (S + - V (a?+2/4«,) + ^, 

a »■=i 
. «

Ws) =jM2 + — y (a$+2f4ai),
a —Ji=i

*№) = Z*2 + [£'iar+<«(a1 + ar)] + 4-^a6,

iVr

-®(^7) =/i2 + "l—- Eaiar + ^(a< + ar)]-
a* —a —i\+r

If 8W are equated to their respective expectations the unbiased estimators 
of the variance components are obtained by solving the resulting equations. 
This gives

= V(^1-^),^C =<s2-s3-<s4+s5,

(5.5) a2 =^-^,^±^= — (^-^-  ̂+ -87),
a a

ft ^^L(86-S7) + -(83-8s).
a a

Imposing the restriction (3.7), we can obtain the unbiased estimators

(5.6) p = ^—Ls,1+±ss,-±-Yft — 8s — S7.
a a a—1 XJ»=1

It can be proved that for balanced data the estimators (5.5) are identical 
with those obtained by the analysis of variance method.

The computation formulas for 8W are as follows
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b

&
J=1 *=1

n<
i=l *-lb «t

k=l >-l >-1 fr = l

' y=l 1 = 1 < = 1

a b

s7 =
(a2-a)(b2-b) l(22»4-Z№4-

i=l ;=1 i=l y=i

Z(Z>4+2Z*.-}-
1=1 1=1 J=1

a b

If we subject the observations to the tranlation: yakr^ywa+P, then the 
Sw will be transformed as follows

S',„ = 8„

SW+ ab

i=l

b b ni

2nrl^^yiik- + ß2> 1,2, 3,4, 5
j=i j=i fc=i

M V
b

y^yij..+ß2,

j=l
w =6,7.

It is easy to show that replacing the 8W by the corresponding S'w does 
not change the estimators (5.5), except ob.

5. Combination of cross and nested classifications A xC(B) Now, 
we consider a model in which the fixed treatment A and the random treat
ment B form a cross classification and the levels of the random treatment 
G are nested in the levels of B. The observation have the following structure

(5-1) Vijki — /* + a< + + ab{j +c(b})^ + + cyW(0fc),

i — 4,2,...,(i', j — 4, 2,..., b ', k(j) = 1, 2, ..., n-y 2 j

Z(yfc) = 1, 2, ...,pf>fc> 2,

where /j, is a population mean, a,- is the fixed effect of A{ bj is the random 
effect of B^ab^ is the random effect of J.yBy, c(6y)^yj is the random 
effect of Cty), ac(bj)iki^ is the random effect of interaction between the 
i-th level of A and the-th level of G within the j-th level of B, and eijkl 
is the random effect of error. We assume that
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a. The {/>;} are random variables that are independent and have
0 means and constant variances a2b.

b. The {a&y} are random variables that have 0 means, constant va
riances (a— l)a_1<r^6, and covariances

Cov(ab[j, ab*)
if i =tr,j = s

0, otherwise.

> c. The {c(6y)^)} are random variables that are independent 
(6.2) and have 0 means and constant variances o£.

d. The {ac(fy)«o)} are random variables that have 0 means, constant 
variances (a—l)a-1<7aC, and covariances

Cov(ac(Z»;)fW), ac(b})rt{})) a
if i t6 r, k(j) = t(j)

0, otherwise.

e. The {eijld} are random variables that are independent and have
0 means and constant variances o^.

f. The random vectors {^},{a6y}, {c^b^}, {ae(fy)<fc(J)} and
are independent one of another.

From these assumptions we obtain

a — 1
Var(yw) = a2 + &ab + ac +

a —1
a2

a

To obtain the estimators of variance components we need the following 
expectations:

a- ^(Viikiyuku) = + ----- - ^6+^H ~°“e’
tt 14

if I u.

-®(y«W).2f«<(«•)

= (/X + aj)2+G? + —-<4 + <^+ —-^ac + Pv'kOe, if Mj)=*(j), 
a a

(ft + a,)2-)-4---- ——if MJ) MJ)*

(6.3) c. ^(y^jJf^yj.)

— (M + at)(/* +«r) + ab-- ^06 + °C------ CTaC> if * MJ)a a

(/* + a,-) (fi + a,) + o2b —
a

if i r, k(j) t(J).
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d* = (j« + «<)2 if i—r,j^s,
(/i + ai)(/i + ar), if i ^r,j ^s.

Let us form the following normalized sums

S,
b a nj

1 \ ’

a b
1 VI V^ 
ab

s.

7=1 1«1 fc=l

b nj

Y (Pijk-Pukr1 V PukiPijku,

1 = 1 3 = 1 fc=l l^u

1 "
83 ^~äb^ №;)~1 S Viik-Viit- ’

1=1 y.l

(6.4)
1 & i

Vi * 2j Ä y'ik-Vrik- '
(a2 —a) 6

y=l fc=l i*r

8S

b

- 2 2 2 •
' ' 3 = 1 iï-r k*t

a(b2 — b) Jt y<i--yis--'a(b*-b) *

(a8-a) (ft2-6)

i=l 3/«

A y^-yn- ■

i^r j^s

Now, we calculate the expectation of S3
a bu u r __

E(83) = ab^J^j F(M+ “.)* +<^+
° 1 = 1 j=l krl L -*

= P +2ya< + + +

t=l 7-1 '

a
= ^+- V(a?+2/*ai) +

a
«—1 ,

”aftH--------- °a

In the similar way we can obtain the expectations of the remaining 
We have

J5(«!) = jU2 + — V (aj+2/xaf) + a?, +a a
i=i

a—I , a—1 „
• o«6 + O"c T------- (Tac +

&

&
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I a b nj
+ hpa-, where hp = — £ V nf p$.

t = i i-i A-i

a

E(82) = p» + — (aj +2pq,) + o2b + —- <r26 + cr£ + ——
(I ft ft

t=l

a

■®(S3) =J«2+— 5 (CTi+2/zaf)+ ——— Cq6,
ft —J ft

i=l

a
E(84) = p2 + — \ (a;+2/zai) + <^- —ff2c, 

ft a
i=*l

1 °E(S$) = p2+~ \ (a*+2pai) + o2b- — a2ab,
a —< ai=i

a
E(86)=p2+^(a2i+2pai),

t=l

W = M3+“i—- y [a,ar+ /*(«( + «,.)]. 
a- —a —tVr

Using the method of previous chapter we obtain the unbiased estimators 
of the variance components

3 = —= — №-£3-^4 + St),
a a

(6.5)

=^(-S\-««) + -(«2-^3), 
ft ft

— Kb = — (83-8s-86 + 87),
a a

âl = -”1 (Ss - S,) + - (8,- 8S).

(6.6)

a a

If the restriction (3.7) is true, then we can obtain the following unbiased 
estimators :

•=i
<1
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In balanced case estimators (6.5) coincide with those obtained by the 
analysis of variance method. The computation formulas for Sw are as 
follows:

8, =
a b 

£ V 
ab

Pijk Pijk

2 2nj 12S ~piik) 1 [Œ yiiki\ ~ S ’
i = l > = 1 fc=l i = l

83 =
1 = 1 y=»l Jk-1

nj a

8, =
' ' j=l fc=l 1-=1 1=1

8S =
y=l t = l fc-«l i«=l fc=i

8,

fc=l i=l

' 1 i=l >=i y=l

87

a

<-l Ä = 1

»=1 >=1 1 = 1 ; = 1

b a a b

y=l 1=1 i=l i-1

A translation of the observations: yijkrVlijki + P, causes the corresponding 
transformation of Sw

6 a nj
S'w -8w+-^^nr1^J^ynk. + Pi, ™ =1,2, 3,4, 5;

;=i <-i fc=i
a b

y»-+^ ™=6>7-
1=1 >=1

Replacing Sw by S'w does not change the estimators (6.5) except ab, 
and the second estimator (6.6) either.
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7. Three-way cross classification AxBxC with one fixed treatment
Let us consider a model in which the fixed treatment A and two random 
treatments B and G form a three-way cross classification. We assume the 
following model of observations

(7.1) Vijkl = + + + a^ij + acik + bCjk + a^cijk + eijkl,
i = 1,2, ...,«; j = 1, 2, ..., 6 ; I- = l,2,...,c;Z =1,2,...
• • • J nijk 2 ,

where /z is a population mean, a{ is the fixed effect of A{, bj and ck are the 
random effects of Bj and Ck respectively, «6l7, aeik, bcjk and abcijk are 
the random effects of A{B}, A{Ck, BjCk and A^C^. respectively, and

is the random effect of error. Suppose that
a. The {fty} are random variables that are independent and have 0

means and constant variances <r§.
b. The {a&y} are random variables that have 0 means, constant va

riances (a— l)a_1ff^6, and covariances

Cov(a&0, abrg) =
if i r, j = s

0, otherwise.

(7.2) c. The {cfc} are random variables that are independent and have 
0 means and constant variances <r£.

d. The {acik} are random variables that have 0 means, constant 
variances (a— l)«“1^,., and covariances

Cov(aclA., aerl) =
— — ale, lc =t

a

0, otherwise.

e. The {bcJk} are random variables that are independent and 
have 0 means and constant variances o^.

f. The {aftcOfc} are random variables that have 0 means, constant 
variances (a—l)«-1«-^., and covariances

g. The are random variables that are independent and
have 0 means and constant variances o^.

h. The random vectors {fy}, {cfc}, {ab{J}, {etc,*}, {bejk}, {abcijk} 
and {eiikl} are independent one of another.

It follows from (7.2) that

Var (yijkl) — rffy + 4-----------------4-------------------------a2^, + cr|c d aabc + <4»
a a aa
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To find the estimators of variance components we need the following 
expectations that can be obtained by using (7.2).

a* ^(Vakiyukul — (/z’ + ai)“+°6+<TcH------—CT^4--------- ff^c+<r6c
d d

a—1 1 ,4--------- 0^, if I U.
a

!>• E(yuk. Drat.) — (f*~ + a«)' +°6 +°c 4--------~— °ib 4----------------- °^c 4-®6c
d d

4-^—^o2abc + nTjk<Z, if =(r,8,t),

(z* 4-«i)24-o't 4--------- <^nbi if (*>J) — (r>*)> &
d

(/*4- ai)2 4- °c 4- °acj if J i (*> ^:) = 0% 0 >

(7.3)

a

(/*4-a<)2,

(p 4~ «;)(/< 4~ ar) + CTfc 4“ ^c~ ~ 
a

C“ 4-a,.) (/* 4-ar) + <r£ ---ff26, 
a

(M 4- «f)(jM 4- ar) + a2 - — o2ac, 
a

C“4-a,)(^ + ar),

Now consider the normalized sums

if i = r,j 8,k =£t,

a~ab — — a~oc + abc------- °2abc1
a a

if i =£r,(j,k) =(8,t), 

ii i^r,j=s,k  ̂tf

ii i ^r,j ^8,k = t, 

if i r j j t.

a b c

i=l J-l fc=i

1. a b C

~ übe x\ ^nijk~nijk) ] yiiklVijlcul
i=l i=l fc=l l*u

y ijk. Vijt. J
v ' i=i J —1 k^t

a c

S* ~ a(b*- b)c Ju Zj Vi‘k'),i8k- ' 
' ' 1-1 its k-1
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o _ 1 v v v5 a(b2 — b)(c2 — c) 2-i 2^
' ' t'=l j*s k*t

(7.4) S„ =
b c

Y V V„,
(a2 — a) be Z-i
' ter j*=l k=i

ifijk. Vrik.

S‘ ytik-yrtk- ’ 
' ' i^r j = l k^t

Sa (a*-a)(b*-b)e £ S X yiJk-Vnk-'
ter j*s *=1

a =______ £______ V V V
*'9 (a2 — a) (b2 — b) (c2 — c)

v M /v j*s k*t
Vijk, Vrst.

Using (7.3) we can obtain the expectations of Sw. For example 
c

E№> “ Z Z 2,[<'‘+“'),'‘+a')+o'-1’’-]

<#r i^8 k=

(r — a —
\1 , 1 ,
/ , (/* + a<) +ar) + °C ~ ~ aac •

i^r

By a similar method we can obtain the remaining expectations.

«(«,) = /x2 i V /~2, , 9 9 ft—1 , a— 1
(a£+2/xat)+aj+<^ H--------- <rn6H----------

a — a ax-i

a —1
"h Obc where hHa abc —

i_l y=i *■=!

1 Vt 9 9 « ft—1 , ft—1 ,
•®($2) =jft2H— / (ftj+2/zft£)+ <r6 + --------— ---------------- ftac

(t (t (I
1=1

i -2 i ^*2
’ abc H----------^bc ?a

E(S3) = /x2 + - Y («* +2/X«,-) +(I I *
a —1 2

aobl

<-l

a b c

Y Y£

^(£4) =/x2 + — 5 (a£ 4-2/xa:) + a2 H--------------<?ac,

ft —< ft
<=»1



94 Edward Niodokos

a

E(8S) = /z2 + - >'(4+2^«,.), 
a t=i

Æ(Â6) =
ai — a

[alar + l«(ai + ar)]
tVr

«»

1 2 

— °afca

1
a

^?(*S7) = j«M--- ----- [a,af + /z(aj + ar)] + ffft----- a'ab,
Cl — Cl Cli*r

-E($8) = fi2+ V[aiar + /4(a< + ar)]+<^----- <4,
a2 — a a

i*r

E(Sg) = p2 + —^— Y [a,0,^(0,+ <!,)], 

i*r
After equating these expectations to their observed values and solving 
the resulting equations we obtain the following unbiased estimators

a a

%e = ^—^(8t-8i-St + S9)+-(St-St-Si + 8i), 
a a

(7.5) ------- o’^=-------- (8i — Ss — S,i + S9),
a a

-------------<*a& ------------- (®3 — $5 ~ $7 + 89) ,
a a

ffg = ---- ($3 —$,)H-----($4 —$5),
a a

% = —(S1-S,)+-(S3-S5),
a a

It can be proved that for balanced data these estimators coincide with 
those obtained by the analysis of variance method. Imposing the restric
tion Act,- = 0, we obtain the following tw o unbiased estimators :

(7.6)
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The computing formulas for Sw are as follows:
a b c nijk nijk= i 2 2 2S (w«* _ niik}~1 KÈ M*- ’

i-l j=l Jfc=1
a b

1=1 1=1

s*

' ' i=l j=l k=l k=l
a c b

St = • ^22[(2M'-2Ma(b2 — b)c
»=i ft=i >=i y=i

be b

s\ = „(m4<^21(22*»-)‘-2(2W-
1 = 1 ; = 1 fc=l j=l k=l 

b b c

-2(2*4+22*1'
b c

k=l j=l
a

j-1 k=l

s„ =
(a2 —a) be 221(2*4-2*]'

j=l k=l i=l i = l

b a c

s, =
(a2 — a)b(c2 — c)

3 = 1 i=i fc=l <-l k=l

a b

8 =____ _____  \

j8o =
(a2 — a) (b2 — b) (c2 — c)

b

-2(2*4+22*]'k=l i=l i=

?A(2 2*4-2(2*4
1 = 1 y=l

- 2 (2 2 2 *4
j=l 1 = 1 1=1 3 = 1

a b c a b c

[(222W-2(22W-i = l j=l k=l 
a b

t-1 k=l

a b

t=l y«=r k=l 

a b c

-2(22 - 2 <22 +2 2 (2 **)’+
>=1 i=i Jk-1 k \ » = 1 >=1 t = l J = 1 * = 1

a c b b c a a b c

2 2 (2 ’«■)'+22 (2 «4 - 2 2 2 ■
<=1 fc=l 3=1 J=1 fc=l t=l i-l 7=1 k=l
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If we subject the observations to the translation: + then Sw
will be transformed as follows:

a b c

S'w = 8u,+l^£sE',Jiik-+p2’ w = 1’2’---’9- 

i=l j=l k=l

Eeplacing Sw by S'w does not change the estimators (7.5) and the second 
estimator (7.6). These estimators are translation invariant.

8. Remarks The methods of estimation presented in the previous 
chapters can be applied to every model based on a cross classification, 
nested classification or the combination of both.

In the present paper the models have been considered in which the 
interaction effects between the random and fixed treatments are corre
lated. Same authors, e.g. Furukawa [1] assume that these effects are 
independent. Such an assumption makes the problem of estimation easier. 
This paper does not consider the case of lack of correlation separately. 
The estimators for this case can be obtained by replacing in assumptions 
and derivations the coefficients (a—I)«”1 and a-1 by 1 and 0 respectively.
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STRESZCZENIE

W pracy tej znaleziono estymatory nieobciąożne komponentów wa
riacyjnych w modelach mieszanych nieortogonalnych. Rozpatrzono modele 
podwójnej i potrójnej klasyfikacji krzyżowej oraz trzy modele oparte 
na kombinacji podwójnej klasyfikacji krzyżowej z hierarchiczną. Nie
które ze znalezionych estymatorów są niezmiennikami translacji danych 
liczbowych.

РЕЗЮМЕ

В работе приводятся несмещенные оценки компонент дисперсии 
в несбалансированных смешанных моделях. Рассматриваются модели 
двухфакторной и трехфакторной перекрестных классификаций и три 
модели, основанные на комбинации двухфакторной перекрестной и ие
рархической классификаций. Полученные оценки являются в неко
торых случаях инвариатными относительно трансляции численных 
данных.

7 — Annales




