
ANNALES
ÜNIVEB8ITATIS MARIAE C U E IE-S К Ł O D O W S К A 

LUBLIN -POLONIA

VOL. XXVII, 4 SECTIO A 1973

Instytut Matematyki, Uniwersytet Marii Curio-Sklodowskiej, Lublin

LUCJA GRZEGÓItSKA

Distribution of Sums of the so-called Inflated Distributions

Rozkłady sum tak zwanych rozkładów „nadętych” 

Распределения сумм так называемых „раздутых” распределении

1. Introduction. Recently M. P. Singh [5], S.N. Singh [6] and K. N. 
Panday [3] have discussed the so-called inflated binomial and inflated 
Poisson distribution. Each inflated distribution is defined as a mixture 
of a simple distribution and a degenerate distribution. Analogously, we 
can define some other inflated discrete distributions. One can observe 
that a large class of inflated discrete distribution is a particular case of 
inflated generalized power series distribution (IGPSD) which is defined 
as follows:

A random variable X is said to have the inflated generalized power 
series distribution, if

(1) P[A = ®] = p(x‘, 0, a)

а(х)в* ,
1 —a + a —— for x — x0, 

Л0)
a(x) 0х
Ж for X = #0+1 ja #o + о “ J •' • 1

Where 0 < a < 1, a(x) 0, f(0) = £ for = {0 : 0 < 0 < JS}r
X*T

the parameter space, and li is the radius of convergence of the power series 
°f f(0), T = {®0,a;0+l, ...} is a subset of the set non-negative integers.

In this paper, we consider the distribution of sums of random variables 
xn the case of a IGPSD, and also the distribution of sums of truncated 
sums of random variables having inflated Poisson or inflated negative 
binomial distributions. Moreover, we find the distribution of the sums of 
a generalized inflated binomial distribution (a value x 0 is inflated) 
ahd the distribution of sums of random variables having a truncated
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generalized inflated binomial distribution. The results of this paper cover 
also some generalizatins of the results given in [1], [2], [7].

2. Distribution of sums of random variables with inflated generalized
power series distribution. G.P. Patil [4] has shown that the random va-

n
riable Z — ^fXt, where Xlf X2,Xn are independent and identically

i=l
distributed random variables having the GPSD has a GPSD, too. The 
case of the independent random variable having the IGSD is different.

Theorem 1. If X1,X2,...,Xm are the independent random variables 
having the same inflated generalized power series distributions (1) and, if 
X = -Vj -p -T 2 H” •.. ~{~ , then

<2) P[Y = y] = p(y, 0, a,m)

X'/m\ Gi .\ J“ 1-ct —7T®) — for y = ”

m
tl_f (m <)<e# 

f<(0)
for y — mx0 +1,

mx0 +2, ...,

where ao(O) = l,/o(0) = l,/{(0) = [/(0)]‘ and a((x) is the coefficient of 
0x in the expansion of f{(0).

Proof. The theorem will be proved by mathematical induction with 
respect to m. In the case m = 2, and for y — 2x„, we have

P[X =2r0] V
Zj

a’(l —a)2-’
affxo) 0ix°

whereas for y 2x0

V~x0
P[ï = ÿ] = V = x]P[X2 = y-x]

= 2a(l-a)
«(y —æ0) 0V x° 

f(0)
„ a(x)6x a(y — x)Ov~x

[ a ri №
X — Xq

2

«’(1 —a)’“-1
— i)x0)av (2 <)a!o
fiCor

i
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Hence, formula (2) is valid for m — 2. Assuming now that (2) is valid 
for to > 2 we demonstrate that it is also true for m +1. For y — (m +l)a;0, 
we have

P[Y = (to+1)ic0] =P[Am+1 = a?0]2,[A1+JTs + ...— mx0]

-~ü,(ix0) 0,x°
f7(W

= V
» = 0 

m

t=0

a{(ixo)0^
/<(»)

-»• <h+i((j+i>.)e(<+1)*°

/<+i(0)

a'(l- a)m-i+l

a,+1(l —a)*

=(”0+l)<1-«r'+^[(j-

j»+i\
r V»+d " f~»W

and for y = (m +l)æ0 +1, (to+1)æ0+2, ...

P[r = 3z] = JP ^[^«+1 =®]P№+X,+...+Tm = y-®]

7 |a*(l —a)”>+1
•=i

_f a((y — (to+1 — i)x0)Ou <m+1 ,)æ» 
/<(«)

a(y — xom) 0v~xom
+ a(l —a)"

'W'a<+1(l —a1(x)ai(y — (m-i)x0-x)+

m

f(0)
QU-(m-i)x0 v~^>

fi+iW
a{(y— (m+l — i)xo)0v (m+1 *)a:®

/.(0)

+ a’
m+i am+i(y)Ov

_ y /to+1\ , +1_< a((y— (m+l — i)x0}Ov (m+1
zi i )a{1 a) M)

Annales
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In particular case, when T is the set of all non-negative integers, where 
a?0 = 0, by formula (2) we get 

(2') P[T =y] =p(i/;0,a,m)
m

m

........

Now, let us consider some special cases of the distribution (1).

(a) Inflated binomial distribution. Let /(0) =(1 + 0)N and 0 = —.

Then «,(») = (*f),A(0) = P = {0,1, ..., N}

and

P(X = o>] = p(x\p, N, a) =
1 — a + aqN for x = 0,

for x — 1, 2, ..., N.

In this case the formula (2) has the form:
(3)

P[Y =y] = p(y,p,N,m, a) =

' (1 — a + aqN)m for y = 0,

J; (7) (^) a< d - a)”-y for y =1,

<2,..., Nm.

(b) Inflated Poisson distribution. Let/(0) = e° and 0 = A. Then/,(0)

= «’’*, a,(a;) =—T = {0,1, 2,...} and formula (1) is of the form 
x!

1 — a + ae~x for x = 0,

P[Z = »] =p(x-, A, a) = Ax
ae — for x = 1,2, ... . 

tel
From (2) we have

(4) P[Y = y] = p(y; A, m, a) =

®!

(1 — a + ae-'*)’“ for y = 0, 
»»
Y M«<(1-„)*-<
fci'VJ y\

for y = 1,2, ....
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(c) Inflated negative binomial distribution. Putting in (1) /(0) 

= — 9 = p and «(»)=(—If | we have the so-called

inflated negative binomial distribution

1 — a + aqN for x — 0,
P[X = a>] = p(x-,p, N, a) = $^(-lYcpxqN for x = 1, 2,....

Noticing that /,(0) =(1 — a) Ni and a{(x) = (—l)1 

by (2)
(1 — a + aqN)m for y = 0,

we get

(5) P[Y = y] = p(y,p,N,m,a) = a*(l - a)“-‘( -If ( pvqNi

for y = 1,2,....

(d) Inflated truncated binomial distribution. If we put/(0) = (1 + 0)‘v — 

—1, 0 = —, a(x) = and T — {1,2,..., N}, then the distribution (1) 

18 the inflated truncated binomial distribution, i.e.

NpqN~'-
± — a ■+• a

=®] = p(x-,p, N, a) =
for X =1,

1 1-<ZV

for x =2,3, ..., N.

In this case
/,(0) = [(i + 0)*_i]< = (l-q”?q-Ni,

Then by (2) we get

(6) P[Y = y] = p(y',p, N, m, a)
m i
Y for y =

I’ J < -1)-' (?) (i) (,+?-») “,<i - i-m „N\+m-v~i

(1 —yv) * for y = m+l, m+2,...,Nm.
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(e) Inflated truncated Poisson distribution. Putting in (1) f(0) = e®—1, 

0 = A, a(x) = - y and T = {1,2,...}, we have
xi

1 — a + ale */ (1 — e ?) for x = 1,

P[X = x] = p(x; A, a) =
ae ——/(1 — c ) for x =2,3,.... 

a>!

Because of

/,<©) =(e*-l)‘ =(e*-l)’,

’/A,

we get by (2) 

(7) P[Y =y] = P(y; m, a)

7) | ;.|(-ir; a<(l-a)'"-<-(^C-A*7(l-e-7 for y =m,Vi

i=0 >=0 

m i

i=»i y=o 
for y = m +1, m +2, ..

\V+i—m

(f) Inflated truncated negative binomial distribution. If we put f(6) 
= (1 — 0)~N — 1, a(x) = ( —l)z^ and T = {1, 2,3,....}, then by (1)

1 — a + aNpqxl(l — qy) for ® = 1,
P[X = x]= p(x-, p, N, «)= XnNlll v, „

«(-!) I x for ® = 2,3,....

Observe that in this case

/,(0) = [(l-0rv-iy = (l-g^/g-^,

? / _1 \i+x-i / A I*at(x) = ^(-1)^1 

y-o ' x /V



Distribution of sums of the... 37

so we obtain by (2)

(8) = 3f] = p(y,N,p,a)

V (?) (j) ( ^)(a'(1 “«r_-ff*)-*for y = «b

i=0 j — Q ' ' ' ' ' '

X'i’WCH,«"-!-1'
\V+2i-m-j ai (j _ a)”‘-ipW + <-’“_

i-l >=o 
Nil•qnt(l — qN) * for y = w+1, w+2, ... .

3. Distribution of sum of truncated sums of random variables. Now wo
are going to consider the distribution of a sum of truncated sums of random 
variables. Let Z2, Z2,..., Zn be independent and identically distributed 
random variables having a probability function given by

-P(7j = «] = P(«’,P, N, m, a) =

•{l-[l-a(l-ffjV)]"‘}~1 for z = l,2,...,Nm,

i — 1,2, ... n, where N and m are positive integer numbers, 0 < a < 1, 
Q<p<l,p + q =1. It has been shown in [7], that if Y = Z2+Z2 +...+ 
+Zn, then the probability function of the random variable Y is 
given by

P[ Y = y] = {1 — [1 — a(l — —l)B_r(^) (^J (^*)‘

a’(l — a)"‘r“8[l — a(l — qiV)]m(n_ry/<flV<'-w for y = n, n+1, ..., Nmn, 

and the distribution function of Y is obtained as

» mr / \ / \ F(y) = 1 - {1 - [1 - «(1 -3")r}-B V V ( -l)n”r^) (7)

• a"(l - a)mr-"[1 - a(l - Ip(y +1, Ns -y)

'where Ip(y+1, Ns-y) is the incomplete beta function.
Let us consider the distribution of a sum of truncated sums of the inde

pendent random variables having the inflated Poisson distribution. 
Theorem 2. Let Zx, Z2, ..., Zn be independent and identically distributed

random variables with distribution function
Hl .

O) P[Z,-«]
j-i ' '

•[1 — (1 — a + ae_A)”‘]-1 for z = 1,2, ..., i = 1,2, ..., n,
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where m is a positive integer number, 0 < a < 1, A > 0.
If Y = Zt + Z2 + ...+Zn, then

n mr I \ i \(10) P[Y = y] = [l-(l-a + ae-rrn^^(_1)n’r(r T

•(l — a)mr~s(l — a + ae~x)m^n~^e~i*---- — for y = n, n+1, ... .
y-

Proof. The characteristic function of the random variables Z,-,i 
= 1,2,..., n with (9) is given by

oo m

e=l

9>Z{(t) = \ V ^a>(l-a)m-*e-V (^/[l - (1 - a + ]

> y (7) Z^fe'tz= [l-(l-a + ae-T]

= [1 - (1 - a + ae-*)"1]-1 {[l - a + aexp(A(e" -l))]m - (1 - a + ae"*)”} • 

Hence

<pY(t) = [1 - (1 - a + ae-A)’n]-” {[1 - a + aexp(A(e“ -1))]”‘ - (1 - a + ae~*)m}n 

= [l-(l-a + ae-A)*]-n^(-l)n-r^ (1 - « + ae~^n~rf 

•[l — a + aexp(A(e<J—l))]mr.

Using the inversion formula for characteristic functions, we obtain 

P[Y = y] = lim-?- ( e-^vyWdt
k-*co <-fc

= [1 - (1 - a + ae-A)w]-n \ ( -l)B-r M (1 - a + ae~l)n<n~r)

r=0 ' '

lim — f e~Uv y W a’(l - a)”"-8exp(sA(e* -l))dt 
k-*eo 2/v J \ s I

—k 11=0

” mr / \ I \= [1 - (1 - a + ae-An-" £ £ ( -l)"_r (") M «‘d - «r” • 

r=l 8=1 '

• (1 - a + ae-‘)m<n-,)c-As .II !
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Hence the distribution function of Y is given by
oo n mr

F(y)=l- V {[1 - (1 - a + ««-*)”•]-} V 5] ( —M • 
as-V+1 r=l s=l ' / ' ' '

a*(l _ „)’»•—(i _ a + ae~^n-%-^ —- 
.77!

= 1 - [1 -(1 - a + atrVT” ( _1)"_r(y ) (y) u8 (X
r=l «=1 ' / ' '

•(l-a + ae-*)*n-’->ZA(3f+l)

—A W■where JJy +1) = £ e
X\x=V+l

The distribution of a sum of the truncated sums of the independent 
random variables having the inflated negative binomial distribution 
is given by the following

Theorem 3. Let Zt,Z2, ..., Zn be independent and identically distributed 
random variables having the probability function

m t \ 1
(11) P[Z{ =«] = p(z‘,N,p,m,a) = j(-1)M<1 ~ «)”*"<

pzqNil[l-(l-a + aqN)m], for z = 1, 2, ..., i = 1, 2,

where 0 < a < 1, 0 < p < 1, p + q — 1, N, m are positive integer numbers. 
If Y — Z1+Z2 + ...+Zn, then the probability function of the random

variable Y is given by

(12)
w wrP[Y = y] =[l-(l-a + «<yTrn^^(-l)™MW

r=l 8-1 \ / \ / \ . /

■as(l — a)mr~a(l — a + aqN),n{n~r)pvq!'8, for y = n, n +1, Nmn,

<vnd the distribution function of Y has the form

n mr I \ I \
P(y) = 1 - [1 - (1 - a + a«")"]~n V V ( -1)“-'j ) a8(l - a)—.

.(1 - a + ag-v)m('‘"%(y+1, Ns).

The proof of this Theorem is similar to the proof of the Theorem 2. 
For a = 1, the formulas (10) and (12) reduce to the classical ones.
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4. Distribution of a sum of the generalized inflated binomial distribu
tions. Let X be a random variable having probability function

(13)

for X — 8,

P[X = ®] = p(x-,p, N, a) = qN x for a? = 0,1 —1,

I s -j-1 f s +2, ... j A

where 0 < a < 1, 0 < p < 1, p + q =1.
Theorem 4. If Xlt X2, ..., Xm are independent random variables having

the distribution (13) and if Z = X1 + Xi + ... + Xm, then

Til

(14) P[Z =z] =

for « = 0,1,..., Nm, where

0 for Nj < z — s(m— j) or z — s(m—j)<0

otherwise.
/ Nj \* =

/ JVJ \ 
\z-s(m-j)J

Proof. The characteristic function of each random variable Xif 
i = 1, 2, ..., m is given by

<pXiW = (1 - «)?« + a(e't + q)N

Hence, we have

?z(<) = [(l-a)c),s + a(pc" + 3)Nr
m Nj

jW-r

J—0 r = 0

Using the inversion formula for characteristic functions, we obtain

fc m Nj

P[Z=«]=lim- — ( V y (W<j(Aj)aJ'(l-a)m->prg‘V3' -re,7[s(m-h+r-^^ 
2fc' 4 o / \r /

m Nj , , , *

2 2 (?) (?J)ai<1 “ fe“'J = 0 r=o
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Taking into account that

27c Jlim
fc->c5o 27c -*

1 for s(m — j) + r — z = 0, 

0 for s(m—j) + r — z + 0,
we get

\ y-*-£(?)( Nj
z-s(m-j)

Let us note that, if s =0, then for 2=0

and for z 0

P[Z = 0] = V "' «>(!-a)”'-*<TJ = (l-a + aqx)m,

m I \ /P[Z== (?) (T)“,(1 ” a}m~ipZqXj~s

m

5. A truncated inflated binomial distribution. Finally let us consider 
the case of a sum of the truncated inflated binomial variables.

The random variable X is said to have a truncated inflated binomial 
distribution, if

(15) P[J = a?] = p(x', p, N, a)

+ (l-a«v) for ® =s,

j a(^)pa’3JV_iE/(1-a«A) for x =1,2,...,

|s-l, s+1, 8+2, ..., N.

Using the inversion formula for characteristic functions, it is easy to 
prove the following

Theorem 6. If X2, X2,..., Xm are independent random variables having 
the same truncated inflated distribution (15), and if Z = A"1 + A2 + ...+ Xm, 
then the probability f unction of the random variable Z is given by

m m—j lx. \
(16) p[z=2] = 22 (?) (w 70 (’ - »•«)(-i)’n'y_r«"‘“’■(T- - «)r •

• _ a^v)-»‘ for z = m, m +1, ..., Nm.

In the case a = 1, (16) gives the formula for the distribution of the 
suni of truncated binomial distributions.
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STRESZCZENIE

W pracy podano rozkłady sum niezależnych zmiennych losowych 
o „nadętych” rozkładach typu uogólnionych szeregów potęgowych.

РЕЗЮМЕ

В работе приводятся распределения сумм независимых случай
ных величин, имеющих „раздутое” распределение типа обобщенных 
степенных рядов.


