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O reopeme Juectpéma-Raxansa

The following result is well known in the theory of the distribution
of zeros of polynomials.

Theorem A. (Enestrom-Kakeya). If p(z) = _g‘ a,? 0 is a polyno-
mial of degree m such that o
(1) >0, =0, ,>...2686=a,>0,

then p(2) does not vanish in |z| > 1.

There already exist in literature ([1], [2, Theorem 1, 2, 3, 4], [3, Theo-
rem 3], [4]) some extensions of Iinestrom-Kakeya theorem. Govil and
Rahman [2, Theorem 2] proved the following generalization of Ene-
strom-Kakeya theorem.

Theorem B. Let p(2) = 2’:‘ a,2* # 0 be a polynomial of degree n with
complex coefficients such tkh=a?t
larga, — Bl <a<=x/2, k =0,1,...,n
for some real B, and
(2) 8] = 18y = l@y_al = ... = lag],

then p(z) has all its zeros on or inside the circle

n-1
25i q

(3) 2] = cosa+sina -+ < >1 lagl .
el &3

For a — B = 0 this reduces to Enestrom-Kakeya theorem.
Here we prove the following refinement of Theorem B.
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Theorem 1. Let p(z) = Y a,2" + 0 be polynomial of degree n with
k=0
complex coefficients such that

(4) larga,— Bl <a< a2, k=0,1,...,n
for some real B, and
(5) | = @, _y| 2 |ay_s] = ... = [aql,

then p(z) has all it8 zeros in the ring shaped region given by

1
6 —_————— < IR
(6) 1 2R|a,| < [?] ’
B |—~ —(cosa+sina)
0
where
-1

I ma A

(7) R = cosa+sma+ |aL[

| 1l|

The example p(z) =1+2z+2%2+... +2" shows that the result is best
possible.
We need the following lemma.

Lemma. If |arga,— 8| < a < ®[2; |ay] = |a._,|,
then
(8) lay, — @,y | < {(la| — lay_,|) cos a + (|ay| + [a,_,|)8ina}.

The above lemma is due to Govil and Rahman [2, Inequality 6].

Proof of Theorem 1. We may plainly assume g = 0.
In view of Theorem B, it is sufficient to prove that p(z) = 0 if

1
(9) 2] < R™* ol “
[2R — " —(cosa+sina)]
|aol 1
Consider
(10) 9(2) = (1—2)p(2) = ag+ Y, (@ — ay_)# — a, 2"’

k=1
= a, +f(2), say.
Let
M () = max|f(2)].

13]=r
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Then M(R)> a, where R is defined in (7).
Clearly

F@) < lagl 2™ + 3 |ay—ayy| 12,
k=1

and R - 1. Hence

n
M(R) = max |f(2)| < |a,| R"** + Y l|a,—a;_,| R*
izl=R ot
< 1a"l}{ll+l+b)n Z ]a-k_ak_],l < la”lRfH—l
k=1
+B*[ ¥ (14— la_\)cosa+ ¥ (lay] + lay_,|)sina],
k=1 k=1

by the lemma

n—1
= |a,,|R”“+R"[|a”|(cosa+si'na)+2 2 |a;.|8ina — |a0|(cosa+sina)]
k=0

= |a,|R""' 4+ |an|R"[R - E-d (cosa + 8in a)]
L || 1

n

||

(11) = |a,|R" [21{— (cosa+sina)].

n
Since f(0) = 0, hence for |z2| < R we have by Schwarz’s lemma,

2| M(R)

(12) f@l<—F

Combining (10), (11) and (12) we get for [2| < R,

g (2)| > |ag| — 2| R"~'[2Ra,| — |a,|(cosa + sina)] > 0
if
1

2] < -

R*! [2R la,| _ (cosa + sina)] '
L @, ]

From this the theorem follows.
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We may apply Theorem 1 to 2"p (%) to obtain the following
Corollary 1. Let p(z Zak., + 0 be a polynomial of degree n with
complex coefficients such that
larga,— Bl <a<=x/2, k =0,1,...,n
for some real B, and
lagl = ay| = |ag] = ... = |a,|

then p(z) has all its zeros in the ring

1 i |y .
B < 2l < R}‘"l2R, Idml- — (cos a -+ sin a)]
1 (1

where K, is given by

28ina
(13) R, = cosa-+sina+ —— V.ra.,;..
=

We shall briefly indicate how we can prove
Theorem 2. Let p(z) = i’akf #+ 0 be a polynomial of degree n. If Rea,
= a;, Imma;, =B, for k = f)iol, cenynand
a,=>a, 1 >0,_93=>...202=>0,a,>0
then p(z) has all its zeros in the ring

1“n|_

14 < <R
et R T(Ry (20, 1 Bal) — (a0 + ol + 1BaD] = A< B
where

(15) By =1+ -;"-Lf: 1Bal.-

Proof of Theorem 2.
Consider

9(2) = (1—2)p(2) —ao+2 o —a,_))? —a, 2"

k=1
= @y "}‘f‘(z)a Say.
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Obviously R, > 1, hence on [2| = R,,

If*(2)] < lan BRE* + Y oy — 4y | BE
k=1

~

n
1
< |a’n|R;H_ +R,1L z Iak_ak—ll

k=1

< lan B+ BY | N (ap— )+ 3 (18 + 1B
k=1 A=1
< gl + 18D B + BY|au—ag+2 Y 18] — 18l — I8,
k=0

= RY[2a, R, + |Ba| By — (ag + |Bol) — 18.1]

Therefore

(16)  M(R,) = max|f*(2)| < R{[20, R, + (B, —1) |8, —(ae+ Bo])]-

Il,—Rl
Since f*(0) = 0 hence by Schwarz’s lemma

1) (o) < LEVEL _ pnor i 90, By + (By—1) 184 — (a0 -+ 1Bol)]

1

or |2| < R,. Consequently for |z| < R,,

g (2)] = |aol — If*(2)]
= lag| — R} [2][2a, Ry + (B, —1) B, — (ag+ | Bol) ],
by (17) if
(18) 2] < g

- R?—l (2a, R, + (By—1)|B8a] —(ao + 1Bol)] i

Combining (18) with [2, Theorem 4] the conclusion follows immediately.
In particular, when the coefficients are non-negative, monotonic
non-decreasing, we get

n
Theorem 3. If p(2) = ) a,2* # 0 i8 a polynomial of degree n such thut
k=0
A, = Gy 2 oo = G5 = 0,

then p(z) has all its zeros in the ring-shaped region given by

(19) i S
(24, — a,)

2 — Annales
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This i8 clearly a refinement of Enestrom-Kakeya theorem.

The example p(z) = 2" --2""' 4+ ... + 2z +1 shows that the above result
is the best possible.

We are extremely grateful to Prof. Q.I. Rahman for his valuable
suggestions.
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STRESZCZENIE

Jesli p(2) =ay+a,2+...+a,2" jest wielomianem o wspélezy-
nikach rzeczywistych i dodatnich, tworzgcych cigg rosngey, to jak wia-
domo, wszystkie zera p(z) leza w kole jednostkowym. Ten klasyczny re-
zultat Enestréoma i Kakeyi zostal uogolniony przez autoréw ktoérzy wyzna-
czajq pierécien zawierajgcy wszystkie zera wielomianu p(z) ze wspélczyn-
nikami zespolonymi @, w nastepujacych przypadkach: (:) moduly a,
tworzq cigg rosngcy a ponadto

larga,— Bl < ae<=x/2, Kk =0,1,...,m,

(71) czebei rzeezywiste wspllezynnikow a, tworza ciag rosngey.

PE3IOME

Lecmmn p(2) = ay+a,24 ...+ a,2" ABIAETCH IIOTUHOM C 1I0JIOKUTCIBHBIM
U JeiiCTBUTEJIbHLIM Kod(duimentamy, oGpasylomuMy Bo3pacTaiolylo moc-
JICAOBATEIBHOCTb, TO KAaK W3BECTHO, BCC HYAM P(2) JIeKAT B eAMHUYHOM
Kpyre. JT0 KiIaccuyecKoe yTBepsjenme Iuectpéma-Hekoust Gbuto 0606-
[eHO ABTOPaMM, KOTOpBIE [{al0T KOJILIIO, BHYTPM KOTOPOTrO JIe;KaT BCe
HYJH HOJTHIOMA P(2) ¢ KOMINIEKCHBIMI KO3HUIENTaMK @, B CIeLyIOIATX
ciyyaax:
(i) Momysnsi a ABIIAETCA BO3pPacTaloIleil 1OCICHOBATEILHOCTBIO; KpOMe
TOro

larga,—f|l<a<=/2, k=0,1,...,m,

(ii) meiicTBMTesIbHBIE YacTM KoddduiutenToB @, obpasyioiuue Bo3pacra-
IOUIYI0 TIPOrPECCHIO.



