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1. Introduction

Let S denote the class of functions f(z) = z+a,2%+... analytic and

univalent in the unit disc 4 and let S (a, B) be its subclass consisting of
functions f subject to the condition

26 f' (2)
Re———= g
(1) € @) > Bcosa

where Be (0,1) and ae (—=/2, n/%).

In the case § = 0 the class S(a, 8) becomes the well known class of
Spaéek [3], in the case a = 8 = O it is identical with the class of starlike
functions which is usually denoted by S*.

Let J(a, B, 4) denote the class of functions of the form

‘3 t A
p(2) = j f(th)] dt

where fe AS;(a, B) and 2 is an arbitrary real number.

In this paper we shall determine the exact value of the radius of con-
vexity in the class J(a, g, 41). In particular, for 4 = 1, 8 = 0 this result
is identical with the result earlier obtained by Libera and Ziegler [2]. In
view of the well-known connection between the classes of starlike and
convex functions this radius of convexity is equal to the radius of star-
likeness of the class S( a, 0)
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2. The main results

Let P be the class of functions of the form p(2) = 1+p,2+..., 2¢e 4,
and such that Re p(z) > 0 for ze 4.

Lemma 1. [1] If pe P and |2| = r <1, then

1+17r2 2r
—‘d i —-‘ﬂ <
e Pe) 1—r* T

a being real.

It is known [2] that if ge S(a, 0), he 8* then

h o
@ 9o = o[~

holds in 4 for each real a.
Lemma 2. If ge S(a, 0) then the function

L
3) 1) =z[""’"] ,ze 4, Be (0, 1)

2
belongs to the class S(a, B) and conversely.

Proof. Let f, g satisfy the condition of the lemma. Then taking the
logarithmic derivative we have

fie) 1 +(1—"‘rg'(z) 11
o s TP e e
and
ze“f'(z) = 26" g’ (2)
(4) Re = Bcosa+(1—p) Re_—g(z)
Since g is an element of S(a, 0) we obtain
~pla £
%{;)(z—) > fcosa
Hence fe S(a, p).

On the other hand if fe §(a, B) then in view of (4) we have

26“g'(z) 2 ze"f’ (2)

peosa (1 —p) Be—;(;)— = e——ﬁr>ﬂ003a.
Thus
s B ooty P W
g9(2)

and ge S(a, 0)
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Lemma 3. If he 8® then the function of the form

k (Z} '](l—ﬂ)oosac““

f(z) = :[ :

where ze A4, Be{0,1), ae(—n/2, n|2) belongs to the class S(a, B).
Proof. It follows immediately from the formula (2) and Lemma 2.

Theorem. The radius of convexity for the class J(a, B, 1) i8 given by the
formula

(1/[A(1 —B)cosa + VA2 (1 —pB)2cos?a — 24(1 —B)cos?a +1],
for A= 0.
L 1/[—1(1—ﬂ)008a+Vﬂ.’(l——ﬁ)’cos’a—2l(1—ﬂ)cosza+1’]
for A < 0.

The extremal function has the form
p(z) = J‘-(l_emt)-u(x-p)cosae—"“dt'
0

Proof. In view of LLemmma 3 we can represent the function ¢(z)e J(a, 8, 1)

as follows
s h(t A(1-f)cosae—1%
o0 = [ | a
0

Now taking the logarithmic derivative of ¢'(z) we obtain

2 r 1 h' Y
::'(S) - —ﬁ}nmua"“i—i? —A(l —pB)cosae™™

(
In what follows we have

} = (1 —p)cosaRe {}_e—ia Zh'(z)} b

2" (2)
Re 1+ h(z)

¢’ (2)

—A(1l—pB)costa+1.

Since zh'(z)/h(2)e P then in view of Lemma 1 we have

W

y

<) zh’(z)} (1 +7%)cosa—2r )
R {le ) 1 A 1_n y A= 0;

' zh'(z)}> (1 +7*)cosa+2r

Aot 1<0.
Re%”’ h(z) AT 3 1

3 — Annales
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Hence
4 1 2 __2
Re{l—l—zq), (z)>l(1—ﬂ)cosa( —H)coi—r—-—
?'(2) -4+t
—A(1—pB)cos?a+1, 1> 0;
rr 1 2 y 2
7' (2) Telgh

—A(1—pB)cos2a+1, 1< 0.
The function ¢ is convex in a disc [z] < r if the conditions

(L+7*)cosa—2r

1—2(1—p)ecos2a+A(1—p)cosa o >0,120;
1492 2
1—A(1— B)eos?a+A(1—B)bosa +’l)c°s:’+ ">0,1<0
—.r

hold. Obviously this can be written as follows
[2A4(1 —B)cos?a—1]r*—24(1 —B)cosar +1 > 0, 1> 0;
[2A(1—p)cos?a—1]r2+24(1 —fB)cosar +1 >0, A < 0.
The trinomials in (5) have four roots +,, r,, 74, r, given by the formulas
ry = 1/[A(1 —B)cosa+V12(1 — B)2cos?a—2i(1 —B)cos?a+1], >0
rg = 1/[A(1 —B)cosa—VA2(1— B)2cos?a—24(1 — B)cos?a+1], 1> 0
rg = 1/[—}.(1—ﬁ)COSa+I/}.2(l—ﬂ)“cosza—2l(l—ﬂ)cos”a+l], A<O
ry = 1/[—A(1—B)cosa—V2*(1 — B)%cos?a— 24(1 —f)cos?a +1], 1 < 0.
There are following possible cases

1° If 2A(1—p)cos?a—1 < 0 and 41> 0 then r, =17,

2° If 241 —pB)cos?a—1 =0 then 7, = r; = cosa

3° If 2A4(1L—p)cos2a—1 > 0 then r, = r,

4° If A< 0 then r, = 7rg
The greatest lower bound of r, with respect to 4 is attained for + oo or
—oo and it is equal 0.

For 8 = 0 we obtain the radius of convexity of the Biernacki’s integral
within the class of functions of Spatek.

(5)
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STRESZCZENIE

Niech S bedzie klasg funkeji f(z) = 2+ a;22+... regularnych i jedno-
listnych w kole jednostkowym A i niech §(a, 8) bedzie podklasg klasy S
funkcji spelniajacych warunek (1).

W nocie tej wyznaczono dokiadng wartofé promienia wypukloéei
w klasie funkeji J (a, §, 1) postaci

-4 t i
p(2) f [i-ti—l] dt

gdzie A jest dowolng ustalong liczba rzeczywista, f(2)e S(a, ).

PE3IOME

Tlycts S 6ynmer knaccoMm ¢yHKumil f(z) = z+a,z>+ ... peryiapHRIX H OJHO-
JIMCTHRIX B elMHMYHOM Kpyre 4 u nycrb S(a, f) 6ynet noaxmaccom kmacca S GpyRk-
LA, oTBedalowux yciaonuio (1).

B pa60Te BBIYHCIIAETCA TOYHOE 3HAYECHHE panHyca BBIMYKJIOCTH B KJIacce d)yﬂl(-

ouit J(a, B, 1) Bana
o= [ (€0),

0

roe A sBnseTCH TNPOH3BOJIbHBIM (bkaHpOBaHHblM W BELICCTBCHHBIM YHCJIOM,

J@) S(a, B).






