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On a Certain Class of Regular Functions
O pewne) klasie funkecji regularnych

O HeKOTOpOM KJjacce peryJApHHX QyBKuui
1. Let S;(k > 1) denote the class of all functions of the form
(1) f(2) = 24+ @, T Fap T+ L,
regular, univalent, and starlike in the disk K = {z: |z| < 1}. Next, let

85 (M) be the class of the functions of the form (1) and satisfying the
condition

(2) o () —M’ < M, for every ze K,
f(2)
where M > } is an arbitrary fixed number.
Evide_ntly
Si(M) e 8;(c0) c 87 (o) = 87,
and

8. (M) = 8 (M) < 8 (o0) = 8,
where 8] is the class of univalent and starlike functions of the form
f&) =2+a,2 2+ ..., ze K.

Coefficient estimates for the functions of S} were given by T.H. Mac-
Gregor [6]. Some proprietes of the class S (M) for M > 1 were considered
by W. Janowski [5]. In this paper we obtain the coefficient estimates
for the functions which belong to S;(3f), exact bounds for |f(2)| and
If'(2)|, the radius of convexity for S;(M) and some other estimates.
The results of W. Janowski [5] and coefficient estimates given by T. H.
MacGregor [6] are particular cases of our results.
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2. Let 2 be the family of all functions of the form
(3) P(z) = 1+p2+p 2+ ..oy
regular in the disk K, satisfying the condition
ReP(z) > 0 for every ze¢ K,
and let #; be the set of functions of the family £ of the form
(4) P(2) = 14 pp 2+ pp 2+ sy k=10

Let #(M) and %, (M) be the families of functions (3) and (4) respecti-
vely, regular in the disk K and satisfying the condition

(5) |[P(z)— M| < M for every ze¢ K and M > }.
First we remark that the condition (5) may be written in the form

4
1-m

1

1
o where m =1———, —1<m<1,

M

(6) ;P(Z)— |<

while the condition (6) is equivalent the following equality

lta 1—m
(M) P() = ———, where p(2)e%;, a = T

Denote by 2, the family of all functions of the form
(8) (2) = e +ep 2+ L,

regular in K and satisfying the condition |w(2)| < 1 for ze¢ K. By Schwarz’s
Lemma we have |w(2)| < |2|* for every ze¢ K. It is well known that every
function of %, can be represented in the form

1—wm(z)

(9) P(2) =ma

where w(z)e 2, .
Using this fact, following Lemmas can be proved (the proofs can be
obtained in the same way as for m = 0, see [4]).

Lemma 1. If a function P(z) belongs to the family P, (M) then it can be
represented in the form
1+ w(?) 1

(10) Rk e o llesegy

where w(z)e 2,.
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Lemma 2. If a function P(z)e #;(M), then for 2| =r <1

1—f2)* 1+ e
(11) m,{ < |P(2)| < _l—ml2«'|* ,
and
12) 2P’ (2) k(1 -+ m)|zl* R
P(z) | 1—(1—m)zl*—m|z*

The estimates (11) and (12) are sharp and the signs of equality hold for
the function of the form

1+ &F

(13) P(z) = 1—emd’

le] = 1.

Lemma 3. If P(2) e#,.(M), then for |3 =r<1

1— |2|* 1+ 2%

i dPln o pe pRYE
L 1+mlzf = oP(z) 1

—m|z|*
The bounds are sharp, being attained by (13).
Proof. From (10) we have

1+(1-mReo@-mlo@E?* _ 1-lo@ _ 1-j*

ReP(2) = 1 —mo (@)} T lmle()] T 14+mi*

The proof of the left side is similar.
Now we prove some theorems for the class 2#,(M) = 2 (M).

Theorem 1. If P(z)e #,(M), then for |z| <7

(15) |P(2) — H (r, m)| < G(r, m),
where
~ (14+a)(a+b)
H(r,m) = m,(}(?’, m)
R(1+a) 147 2r

gL - = R: L
a*+2ab+1’ 1—7%’ 1—92

Proof. From (7) we have

l1+a
P(2)

p(z) = —a.
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The function p(z) maps the disk |z2| < r on the disk |p(z)—b| < R and
therefore

1 a+b > R !
P(z) 1+a| 1+4a’
hence
(1 _a—{—b>ll 1 a+b)< R?
P(z) 1+a/\pz) 1+a = (1+a)

and consequently

(1+a)(a+b)|  R(1+a)

P(z)— — < :
(@) a’+2ab+1 a’+2ab+1

Theorem 1 implies the following results.
Theorem 2. If P(z)e #,(M), then

(16) arg P(z)

f R
< arcsin ;
a-t-b
and

Theorem 3. If P(z)e 2, (M), then

R(1+a)
7 ImP e,
Y m (z)l C a4 2ab+1
b—R
(18) (1+2a)(a+ )<ReP(z)< (1+2a)(a+b+_I_'Q
a*+2ab-+1 a‘+2ab+1
and
(L+a)(@a+b—R) (1+a)(a+b+R)
< IPI:\I <
(19) a’+2ab+1 = 3L a’+2ab+1
The signs of equality in (16)—(19) hold for the function
1+ ez
P(e) =———, l¢| =1.
1—emz

For the class S}(M) theorems similar to Theorem 1 through 3 can be
proved.

3. For the class S;(M) we have

Theorem 4. If f(z)e S; (M), then for |z| =r, 0 < r < 1, we have
(20) . (14 me¥) TR < £ (2)] < (1 —mr¥)m(mENImE - for £ 0,
(21) re ™k < |f(2)| < 1" for m = 0.

Theorem 5. If f(z)e Sp(M), then for |2| =7, 0 < r < 1, we have

(22) (l_rk) (1+’nrk)—(mk+m+l)/mk < Ifl (z)l < (1+rk) (1 —”lrk)—(mk+m+l)/m,‘
for m #£0,
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(23) L —™e~ ™ < |7 (2)] < L+ for m = o.
. zf'(2) _
Proofs. Since @ s #.(M), then by Lemma 3, we have
1—[z|* 1+ 2
—— = < ReP(zg) < —.
(24) 1+mlzl® (2) 1—mjz*

Using the equality

) = res g 7o

and (24) we find

0 0 m-+1
= 2)| < —|logr— = ——
0r1081f( ) < ar[o ;o log(1 m")] where |2] = r

Integrating both sides of this inequality from 0 to r, we obtain

If(2)] < r(1—mek)=m+0imk - if oy £ 0,
and
If(z)] < re™* if m — 0.

The proof of the another inequalities are similar.
The inequalities (20) —(23) are sharp and the signs of the equality hold
for the function

(25) f(2) = 2(1 +eme*)~" ™M 1e) = 1; in (20) and (22),
and

(26) fulz) = Zexp(

ec*

T)’ le| = 1; in (21) and (23).

Remark. The Koebe constant for the class Si (M) is equal to
[1+m]-l‘.m-| I}fmk’ m # 0.

Theorem 6. The radius of convexity for the family Si(M) is given by
the formula

217 :v_2+&+ﬂ)-'/%(1+1n)[k(l+_@+4].

2

h 1— 2t
wnere m = 1— —.
g M

8 — Annales
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Proof. 1t is easy to verify that

7" (2) 2P’ (2)
s =P ;
T J'(2) i P(2)
Thus
of" (2) . P’ (2)
Re(l > ReP(2)— : ==
e( * I'(#) Pcnrargzm g m:;:?;{u) P(2) lal=r

From (12) and (14), we have
:f"(z)\:) 1—o* $ k(1 +m)r*
f2) |7 14m*  @-H)A+mr)
*_[24+k(14m))rF+1
1—*) A +mr¥) 7
The denominator of the expression on the right-hand side of inequality

(28) is positive for 0 < r< 1.
Thus the inequality

(28) Re( 1+

(7).
@0

is valid for r = |2| < r., where.7, is given. by the formula (27). Hence the
radius of convexity for S5 (M) is given by the formula (27) and this result
is sharp as shown by the functions of the form (25) or (26) (m = 0). For
k=1 m =1 we obtain r, = 2—¥3 [T7].

Theorem 7. [ff(z)c 8% (M), then

Re(1+

1+
(29) “laal <i——

for m <0, where n =k+1, k+2,...,k>1,

1
30) Ja,|l < T for m = 0, where n =k+1, k+2,..., k> 1,

! ) 1 = m+1 - 1
(31) .f‘nl %(T_m !-! (pm+ % ) for m = 1——E> 0,

where vk+1<n< (v+1)k, » =1,2,3,.

Proof. The proof is based on a method due to Clunie [1]. If f(z) € S3( M)
then ~f (2) —ee @, ( M) a
f2)
_zg_f_’ (2) 14+ w(2) \ 1

i f@ T 1-mel)’
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for some function w(z)e 2,, Where ©(z) = ¢;7*+ ¢, &'+ ... From
(32) it follows that
(33) af' (2) —f(2) = w(2)[m2f’(2) +f(2)]-

By equating coefficients of the power series on both sides of the equation
(33), we obtain the relations

(34) m—1)a, = (L+m)eay, m=k+1, k+2,...,2k.
Lialil e 3
Since |w(z)| <1, it follows that 3 |e,?< 1 and therefore
n=k
2k—1
(35) I A S
n=k
From (34) and (35) we ﬁnd that
(36) Y (1) e, < (1+m)

=k+1

We rewrite (33) as follows

oo p—k o
Z (n—1)a.2" =w(z)[(1+m)z—i; ‘; (1Ion+1)anz”]+ ‘Z b,2",

n=k+1 n=k+1 n=p+1

where the sum 3 b,2" is convergent in K, and p > 2k-+1. This can
n=p+1
also be written as

4 o0 p-~k
Y (n—1)a+ Y d2 =w(z)[(1+m)z+ ¥ (mn+1)a,.z"]-

n=k+1 Aa=p+1 ne=k+1
Put z = 7€, 0 < ¢ < 2x, 0 < r < 1; then since |w(2)|' < 1, we have

fl \ (n—1)a,(re*)" + \ d, (ré")"
= +l n-p+l
p—h
+ v(mn—}—'l)an(re‘“)"rd(p

w5

Upon integration, we get

d<r<—f I(le)re

k

D=
(37) Z (n—1)|a,Pr" + 2 PP < (14 mr 4 Y (mn 1) a2,

n=k+1 n=p+1 ﬂ=kkl
In particular (37) implies
P -k

(38) D =10 e, P < @+ mPr+ N (mn+ 1) |a, P

n=k+1 n=mk41
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Passing to the limit in (38) as r — 1, we conclude that

P p—k

(39) (n—1) a,]' < (1 +m)' + (mn +1)* |a,*.

n=k+1 n=k+1

For m < 0, the inequality (39) implies

p—k

(P—171a," < (L +mf—( 3 n(m+1)[n(1—m)—2]la,l' +
n=k41
+ ) (n—1la,l’).
ne=p—k+1

Therefore, it follows that for n >2k+1, k> 1

(40) @n| <

n—1"
The estimate (40) is sharp and the sign of equality hold for the function

f.(2) = 2(L+ eme™ )~ mENM D gy 2 0 p=k+1, k+2,..., ¢ =1.

If m = 0, then |a,| < & and the extremal function is f,(z) = zexp %

n—1
x(w 1), lel =1. For m > 0, the inequality (39) is equivalent to

P p—-k

11 Y (n—1)tla P <@ +m)P+(1+m) D nin(m—1)+2]le,"

nep—k+1 n=k+1

By an inductive argument we will establish the inequalities

(v+1)k o 1 2

U |k L mt1n)

I ALY gl oo TP 01\” i
(v-}_—il)k

{42b) _\-; n[n(m—1)+2]|a,® < [v?k*(m—1)+2vkm +m 4+ 1] %
n=vk+1
g 1
({ ’_111(;.1??!—— m+1)} ;
for v =1,2,....

For v = 1, (42a) is valid since it is the same as (36).
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We can prove (42b) for » = 1 by using (36) as follows

2k
2
2 ”["‘(7’5_1)'*‘2][‘111‘! - (,'Z" ]_')_]i__*-ikimj- Im+1

L= kz
n=k+1
%;‘1_ nlntm—D+20B o DE 2wl
"k“ (m — 1)k3+2km+m+1 " k2
2k
1
x X n-1)1a,2 < (m—1)k*+2km - m -+n(”tt_).

n=k+1

Now suppose that (42a) and (42b) hold for » = 1,2 ..., ¢—1. Using (41)
with p = (¢+1)-k and the inductive hypothesis concerning (42a), we
obtain the inequalities

(¢+l)k

9
(n—1)2|a,|? < (1+m)’+(1+'m)‘\_:n[n(m—l)+2]|a,,|'

n=gk+1 n=k+1
-1 (»+1)k
(Hm++ﬁ—Y’VMWnnwmﬂ
=1 n=vk+1

(1+m)"{1+2( ’ska(ml o 72:1::’; +1)[%!j(”m+ m?-:_l)]!}
’ £ .
- {(q—iT)—‘ !l (P'm-]- m;-l)} é

The last equality can be proved with an inductive argument on ¢. This
last sequence of inequalities implies (42a), where » = ¢. Continuing our
inductive argument, we use (12a) with » = ¢ to deduce (42b) for » = ¢
as follows.

(e+1)k (g+1)k
—1)qg2k2+ 2qk 3
E'”["(m_l)+2]lan|’= (m—1)g*k*+2¢km+m+1 "\ 2

n=gk+1 (qk)' n=gk+1

n[n(m—1)+2](gk)? (m — 1) ¥k + 2qkm + m1 (@+1)k

P<'— — X X

(m— 1)q’k’+2qkm+m+1 lanf* < (gk)?

n=qgk+1

( —l)qak:+2qkm+m+1 {(q 1)'11( m+1)}

—~1)?a, 2 < -
X (n—1)%|a,| (gh)}

={(m—1)q’k=+2qk7n+m+1}{ jﬂ" +ﬁ1)}

A=0
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We used above the inequality
n[n(m—1)+2] _[n—1V\
(m—1)q¢%k2+2qkm +m +1 Q‘ qk )
which is valid for positive integer ¢, 0 <m <1 and n = ¢q-k+1,...,
n=(q+1k k=12,....
This completes the prof of (42a) and (42b).
Theorem 7 now follows from (42a).
The estimate for |a,| is precise if » is of the form n = vk +1, and equality
hold only for function (25), i. e
f.(2) = 2(1 4 emz*)~(mr0mE e 1,
Of course this function belong to S} (M), because
lg;uy_yw__ LSkl for ol }:zy-m—iﬁ' 1 ’< 1
f.(2) 14+emz* 1—m | 1+em?® 1—m 1—m
We observe that

10 =5 (37 emtr s (52

and so

)(em)’z"”—}- e + (_;a)(em)'z"‘“+ Beuy

m-+1
i.e.

Gypyy = (_wa) (em)’, where a = ==

r—1
(=1 57 m+1)
o1 [ mt— )
u=0
If k+1 <n < 2k+1 the estimate for |a,| is sharp for the some function

where k is replaced by n. For all other values of n, theorem 7 does not
give sharp bounds.

Q11 =

Remark. If £ = 1 we obtain the result of W. Janowski [5]. In the
case M = oo, i.e. m = 1 the above results are the coefficient estimates
of T. H. MacGregor [6]. It can be observed that for k¥ = 2, M = oo this
theorem gives the well known result of Golusin [2], which asserts that
if f(2) =2+a,#+ ..., and a, = 0 then the estimate |a,|] <1, hold for
n=3,4,5,....

Theorem 8. If f(z) and g(z) belong to the class S;. (M) then
Fi(2) = Af(2) +(1—A)g(2)e Sp(M), (0<A<1).
Proof.

\ZFA(Z) —M} = ;‘Ml 2f'(2)

e
F;(2) Mf(z)

Mg (2)
+ 1-A)M = M.

—1{+@1—-A)M

<an
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STRESZCZENIE

Tematem pracy s3 pewne zagadnienia ekstremalne w rodzinach
|Z,(M)iSp(M), (M >}, k =1,2,...,) funkcji regularnych w kole K = {z:
:|z| < 1} postaci

PQR) =149 +pp @+ ...
lub
f(2) =246, 7 + a2+ L

spelniajacych w tym kole odpowiednio warunek:

#f'(2)
J(2)

Podano dokladne oszacowania na wspélezynniki, modul funkeji i modut
pochodnej oraz promienn wypuklosci w klasie S; (M), jak tez pewne osza-
cowania dla klas #,(M) i 2,(M). Otrzymane wyniki stanowia uogélnienie
rezultatow W. Janowskiego [56] i T. H. MacGregora [6].

|[P(2)—M|< M lub — M|< M dlazeK.

PE3IOME

B pa6oTe paccMoTpeHH HeKOTOpPHE SKCTPeMalibHbIe BOMPOCH B KiIaccax
P (M) u Sg(M), (M >1/2, k = 1,2 ...,) peryIapHHX QYHKUHH B Kpyre
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K = {2:]z] < 1} BAnma

P(2) = 14 p 2 +pp 2+
NIN
f(2) = z+ap a2+,

KOTOpDHIEe YIOBIETBOPAIOT B 3TOM Kpyre COOTBETCTBEHHO YCIIOBHe
|P(z) — M| < M wumn |2f (2)/f(z) —M| < M pna ze K. JJaHH TOUHbIE OLEHKH
1A Ko3$PPHULMEHTOB, MOAYAb (PYHKLUUHU, MOQYIb IPOM3BONHOW M paauyc
BRINYKIOCTH JJA Kiaacca Sy(JM), a TaK#ke HEKOTOpHIE OLEHKHM I Kiac-
coB P (M) n P, (M). IlomyueHHnie peadyabTaThl 0060061[aI0T pe3yJIbTaThl
B. fAuosckoro [6] m T. X. MakI'peropa [6].



