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Some Extremal Problems for the Class S,
Powne problemy ekstremalne dla klasy 8§,

HekoTopre skcTpeManbHHe Mpo6ieMH AaA Kiaacca S,

1. On a connection between the class Sa and the class P of functions of
positive real part

Let 8., 8, 0<a,y<1 denote classes of functions of the form
(1) f(2) =2+a,22 + ...

that are holomorphic in the disc K (K, = {z: |2| < r}) and satisfy the
conditions

(2) 1 f( ))'<a7t/2 for ze K,

zf' (2)
© f(z)

(2" >y for z¢ Ky,
respectively.
Let P denote the class of functions

(3) Pp(2) =14+p,2+p,2%+ ...

holomorphic in K, and having the positive real part there.

In this paper using a connection between S, and P we obtain estima-
tes of some functionals in the class S,. We obtain also some relations
between §, and S.

It follows from the definition of the class 8, that if fe § than p(z)
= [2f'(2)/f(2)]V" €« P. Conversly if pe P and a function f(z) = z+a,2?+
+ ... is defined by the formula zf’(2)/f(2) = p°(2) then fe S,.

From this we obtain a structural formula of the class S,.
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Theorem 1. A function f analytic in I, belongs to the class Sa if and
only if there exists a function pe P such that

iy, 4_ ~1
(4) 1) = zexp [ PO ac
0
holds,
Proof. A function fe 8 if and only there exists a function pe P such
(5) o' (2)[f(2) = p°(2)

and (4) follows by integrating.

2. Some estimates in the class S,

From (5) we obtain the following
Theorem 2. If fe S,, then we have for 2] =r < 1

. a ’ L '\ll
(6) {1 r} gx‘ezf(z)éflkr ,
\1+47r f(2) \1—»
(1—7r\* | 2f'(2) (1+7\®
(1) (i) < <(=*1),
\L el e | flahal £ ALt
(8) argﬁf—(zl < 2aarctgr,
R ()
and these estimates are sharp. The extremal functions have the form
> »\“ d
9) F(2) =zepr [(1“") _gfge o e g
1] 1 Et

and map the disc K, onto the domains bounded by two logarythmic spirals join-
ing the point er, to the poinl —er, exp {n tg i;:i}, wherer,is theradius of thelarg-

est disc centered at the origin and covered by values of functions of the class S,[3].
Proof. In order to obtain (6) and (7) it is sufficient to consider the for-
mula (5) and well-known estimates of re p (2) and |p (2)| in the class P whereas
(8)follows from the fact arg p®(z) = earg p (). The extremal function F(z) cor-
responds to the function p (2) = (1 + 2)/(1 — €2), [¢| = 1, by the formula (5).
Using the structural formula (4) one can easily establish the following

Theorem 3. If fe S, and |2| = r < 1, then
= o o\ [ —a) "
(10) resp 3 3 (—1 (3) ,Z%) 5 < e

n=1 keo

<rem 3 S0 5)2

n=1 k=0 (L



Some extremal problems for the class Sa 103

w e S

n=1 k=

(_——)expzz(_ ( )('nik)%

and both resulis are sharp. The extremal functions have the form (9).

3. The radius of strong starlikness of order a and some other radii

We shall start with some notations that we will need further.
Let us denote by 8, 8°, §; families of functions as follows:
(i) fe 8 <= f(2) = z+a,2*+ ... regular and univalent in K,,
(ii) fe 8* <> fe 8 and re{zf'(2)/f(2)} > 0, z¢ K,,
(iii) fe S5 <> fe 8 and re{zf'(2)/f(2)} > B8, 0 < B < 1,2¢ K,.

Let us observe that S* = §; = 8§,.

A function f(2) = z+a,22+ ... shall be called starlike (starlike of
order f3; strongly starlike of order a) in the disc K, if and only if re {zf'(z)/
[f(2)} > 0 (re{zf (2)[f(2)} > B, larg{zf (2)/f(2)}| < an/2) holds in K,.

Connections between univalence, the strong starlikness of order
a and starlikeness of order 8 are given by the following theorems.

Theorem 4. Each function feS 18 a strongly starlike function of order a
in the disc Kp,), where

(12) R(a) = th 2%,
1
Proof. If fe S then [cf. 2]
1]
farg of (2 f @)} < log | .

holds for |3] < 1. It follows that a function f is strongly starlikness of order
a in a disc K if
LFle| o (W%
— 2| 2

Hence the number E(a) is the smallest positive root of the equation

for |z| < R.

The equation has exactly one root in the interval (0, 1) given by the
formula (12). The theorem has been established.
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Corollary 1. Taking a = 1 we get the radius of starlikeness of the class S,
. 7
(13) Rl)y=r = th_f'

Theorem 5. Each function f of the class S; is strongly starlike of
order a in the disc |z| < R* (B, a) where

| 1-p-VO-pP—O-2puin’(a2) g, 5
(14) B*(B, a) = (1 —2p)sin(an/2)
l_sin(an/2), for p =1/2.

The number R*(B, a) is the best possible one. The extremal functions have
the form

(15) Fy(z) = 2(1—e2)20, | = 1.
Proof. If f ¢ S; then there exists a function p ¢ P such that

of (2)[f(2) = (L—P)p(2)+B.
Hence if fe S; then

l zf (2) or

(16) arg——— | < aresin

1@ 8 i 46 2
1+7r 4 -5 1—r?

holds for |2 =r <1 [1].

Hence, a function f is strongly starlike of order a in the disc K, if
the inequality
2r

(17) arcsin = < an/2,
149+ —ii—ﬂ (1—r?)
or an equivalent one
(18) 2! ~ < sin(an/2)
L e L

holds.
Taking the sign of equality in (18) we obtain the equation for R*(f, a)
whose smallest positive root is given by (14).
The proof of the first part of Theorem 5 has been established.
The equality in (16) occurs for the functions F given by (15), and
these functions are the extremal ones in this problem. They are strongly
starlike of order a in the disc of the radius R*(8,a) and only in this disc.
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Corollary 2. If fe 8¢, S° is the class of conver functions, then f 18 strongly
starlike of order a, at least in the disc |2| < Rj = sin(an/2). The number Rj
8 exact one. The extremal functions have the form

F(2) = Fy, (2) =2[(1—e2), |e] =1.

Proof. It is well-known that 8° = §,, and that the function F, given

by (15) is convex for f = 1/2. Taking in account these two remarks
and Theorem 5 we obtain Corollary 2.
Taking f# = 0 in Theorem 5 we obtain

Corollary 3. Each function of the class S* is strongly starlike of
order a, at least, in the disc

lz| < R*(0, a) = tg(an/4).
The extremal functions is the Koebe function F(z) = z/(1—e2)’, |e| = 1.

Theorem 6. Each function of the class 8, is starlike of order B, at least,
in the diso

2] < Ra(a, ﬂ) = (l—ﬂllz)/(l-*-ﬂ)“z.

The number R*(a, B) is the best possible one. The extremal functions are
of the form (9).

Proof. In view of (6) a function fe 8, is starlike of order g if
1—r\"
=p.
( 147 ) p

Hence, R.(a, 8) is given by the equation

(555 -

The example of the function (9) shows that the number R4(a, )

can not be improved since functions (9) are starlike of order g if and
only if |z] < R.(a, B).

Corollary 4. If fe S* then it is starlike of order B at least, in the disc
lz2] < Ra(1, 8) = (1—B)/(1+B).
In particular, it is starlike of order 1/2 in the disc
2] < 1/3.

Remark. Let us observe that R*(8, a), R.(8, a) may take the value 1
only in the limit cases 8 =0, a =1 or § = 1, a = 0. It shows that the
classes 87 and 8, don’t include each other for 0 < f<land 0 <a< 1l
These classes are always different ones.
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Theorem 7. If fe S, then it is strongly starlike of order a, at least,
in the disc |z| < R(y, a), where
tg(an/4y) for a <y,

Bk o 1 for a=y

The radius R(y, a) cannot be improved. The extremal funmctions have the
form (9).

Proof. If fe S, then, in view of (8), we have

f (= )l 2yarctg |2|.

Hence a function f is strongly starllke of order a if the condition
2yaretg|z| < axn/2
holds. It follows that R(y, a) i8 the smallest positive root of the equation

2yarctgr = an/2.
If > y then S, c 8§,.
Theorem 7 has been established.

Theorem 8. Each function of the class S, is comvex, at least, in the
disc |2] < RS where R,(a) is the smallest positive root of

(=71 +7)"*—2ar = 0.

The number R.(a) cannot be improved. The extremal functions have the
form (9).

Proof. From (5) we obtain
1.0 f@ _ pe)
2 f(&) £ P(?)

In view of (5) after some calculations we have

o (2) ' (2)
1 = p°
T CPEte T
Thus
o"(2) v @ | (1= 2
{” ) }>“"p o i (1+r/ P

Since f(z) has to be convex in the disc |2| < R so the condition
I/ 1-—r )“ 2r
\1+47 17

must be satisfied for r < R.
Hence we obtain Theorem 8.

>0
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STRESZCZENIE

W pracy tej rozwazana jest klasa S, funkcji a-katowo gwiazdzistych
okre§lona warunkiem (2). Korzystajac ze zwigzku pomiedzy klasg S,
a klasa P funkeji o czedci rzeczywistej dodatniej wyprowadzono oszacowa-
nia pewnych funkcjonatéw (6), (7), (8), (10), (11) w klasie 8,.

W dalszej czeéci pracy wyliczone zostaly promienie a-katowej gwiaz-
dzistoéci w réznych klasach funkeji analitycznych i na odwrét rézne
promienie w klasie S,.

PE3IOME

B pa6ore paccMoTpen kiacc S,, a-yrioBo-3Be3XHHIX (PYHKIMHA, Ko-
TOpHI#l ompenensAerca ycioBueM (2). Vicmoab3ya cBA3b MeHKAYy KIaccoM
8, 1 Knaccom P pynkumit ¢ peanbHOI MOJOMKUTEIBHON YaCThio, BhIBEIEHB
OLIEHKN HEKOTOPHIX QyHKUUOHANOB (6), (7), (8), (10), (11) B kxacce S,.

HpoMe Toro BHIYHCIIEHH PAAMYCH a-YIJIOBON 3BE3XHOCTH B Pa3HBIX

KJjaccax aHalIuTH4YecKUX ¢QyHKumit U Haob6opoT — pasHble pagnychl
B Kiacce S,.






