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Introduction

Let S(b,) denote the class of univalent holomorphic functions
(1) f(2) =b(2+a,2%+ ...), 0< b, <1,
which map the unit disc into itself. This class has been investigated since
1950 by several authors. Here we confine ourselves to refer to Z. Cha-
rzynski, Z. Nehari, O. Tammi, W. Janowski, M. Schiffer, and J. Lawry-
nowicz [1—10].

The present paper is concerned with functionals of the form
(2) B = |a,—pa,a, +qal|.
The least upper bound of B is obtained (Section 1) for some intervals
0 < b*(p, q) < b, <1, where p, q are complex. This is a generalization of the
analogous result for p, ¢ real, due to J. Lawrynowicz and O. Tammi [3].

The investigations are based on some generalization of a necessary
and sufficient condition for a function of the form (1) to be in S(b,) due
to Z. Nehari [5]. This generalization was obtained by M. Schiffer and
O. Tammi [7] and can be formulated as follows.

Let A,,, B,, be defined by the relations

3) og 111 = 3 Ao,

n,m=0

—log(1 —f(2)f(2)) = 2 Bun™™, 2l < 1, 1 <1.

n,m=0
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The generalized conditions in question, necessary and sufficient as well,
read as follows:

N N

A% |2

(4) Re ¥ (A, 20+ BnZpZy,) < V! J‘?u._’
d 25N

n,m=0 n=1

N=12,...,
n

where z, resp. z,,...,, are arbitrary real resp. complex parameters.
Equality holds if and only if

Re{C,} =0,
(1/k)z, for 0<k<N
A o, |3z :
0 for k> N,
where
N
) Ck = %o dja+ D, (@ndin+ZBin),  k>0.
n=1

On putting z, = 0 in (4) one gets the original Nehari’s result.
Recently M. Schiffer and O. Tammi [8] have found a further genera-
lization of (4), which involves more complex parameters:

N N
(M Reftgot Y n-atattoatad) < Il + D nlly_al + tal),
n=1

n=1
where
N
(8) Yp = E tkckn! n = —N,
k=—N
(9) () = Y ez  for k #0,
n==k

log[f(2)]/z= Ecanz" for £ =0,

k=0

and ¢, is assumed to be real.
Relations (4) follow from (7) by a special choice of parameters.
Aplication of inequalities (7) instead of (4) gives more freedom for
choosing suitable parameters and, consequently, possibly better results.
However, it is shown in this paper (Section 2) that in the case of B both
kinds of inequalities lead to the same result.
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In addition to the considerations concerned with B an analogous
problem for

(10) L = |ay— pa;|

15 solved (Section 3) with the same method. References concerning already
known particular cases are given in [3].

Finally it is shown (Section 4) that, apart from a rotation, there
is exactly one B that satisfies hypotheses of Theorem 1 and whose least
upper bound is given by B*, defined in (24) below, for the whole interval
0 < b, < 1. Similarly, one can easily show that an analogous statement
holds in the case of L and the only answer is L = |a, — a;|.

Sharp estimates of B and L are useful when investigating the coef-
ficient problem for f in S(b,). For instance J. Lawrynowicz and O. Tammi
(oral information of the authors) are estimating |a;] with help of the
following unpublished analogoue of the inequality (21), (given below):

. 13
Re {azwf + (a;, — a3) @ + (a4 —2a,a,+ Fai) 3 + (as —2a,a,—

A 2 2 3 4 2 o a 2_!‘_ 3 __
- 3a“+4a2a3— 3 a, |z, +{a,—2a,a;, — 3a,a, + 4a3a, -+ i a,a,

59 ., 689 3 .\ 5
——é—a2a3+ 320 a)+ |2a, — Ea,}m +12a, — 3a,a; + — az x, +
3 ( 5 2 29 2
+ 2a, — 4a,a, + 2a; rr,a:4+\2a5—4a,.a‘—;a3+—4-a2a3_
35 " 2 1
~ 3 “;)J"a} < 2(1 _bl) |, |* + (1— bI) |2, |* + (—3‘ > b lay|* —
2 1 1 8 il s &
s E b{) Iw3|2+ (—2— —bi |a2|2— E bt) |w4|2+ (—5“ H E bl as—-4— a,|” —

3 2 i i Xz
= bdla,* — Y bi)—zRe [blagw. xa+bl("a = "5)""” %

1 T _
+ Bia,x, %, + 9 bl“&(da“ ;ag)ma'}‘biazws]v

and it is easily seen that the knowledge of sharp estimates of functionals
(2) and (10), and analogous five order functionals (cf. [4]) determines
in the natural way the optimal choice of parameters.
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1. Estimation of |a, — pa,a, -+ qa;|

In this section we prove

Theorem 1. Suppose that p and q are constans (in general complex),

5
Rep < 2 f belongs to S(b,), and one of the following six cases holds:

2
- X
(11) lli—z;:g%f<b,<l for X>0,Y>0,X27,
oan 7
(12) %gb,gl forX>0,Y>0, X<Y,
2l X AN8 ¥
(13) :3—2:21X—3Y<b‘<1 forX>0,Y<0,
2—p’-3X+¥Y
14 <h <1 X<0,Y>0
( ) |3—p|’—3X+ Y 1 fOT 1) b}
2—pP—3X
(15) —:3—;’—#?\1»,<1 for X<0,Y<0, X<V,
2=—pil ¥
(16) :?%sblgl for X<0,Y<0, X>7,
where

7
a7) X=Re(p2—p—4q+ .j)

7
and Y = (—sgnv) Im(p’—p—ziq—}—q y v=Im a,.

Then
[ ]
(18) |a4_pa2a3+qag| < 3(1 —bi)-

The estimate is sharp for every p, q, and b,. All the extremal functions are
given by the formula

(19) fI(2) = e “P7(b,P(e“2)), P(2) =
Proof. By (4) applied to

2
—{l_jm,lﬂ <l,—a<e<n.
)

— a g - a 1 1
(20) Vf(z") = b}(z+—2iz"+(-2—3—-—82—)zs+ (?—Za2a3+ﬁa§)z’+ b,
l2] <1,
we get
A4, =B, =0 for u+» odd,
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Ay =Sa, A; =4, 2“:“5‘“::
1 1 1 13
Ay = 4 @ 3 %2 Ay = Ea4—a2a31-§4—a§,
.| " LS
B, =b, B,;=B8, = - 08,
1 1 1
By, = Eb%: By = ?b1|02|3+§bi-
Hence (4) with N = 3, , = 0, and z; = 1 yields
13, 2 3
(21) Re a4—2a2a3+1_2"'2‘*‘“’1“2*‘&2(“3_“:)'*‘2391 aa—Iaz

2 1
< = (1-28})— = b, la,)* + 2 |z, (1 — b,) + |2,|2(1 — b?) — 2b, Re(x,3,).

Now we put z, = #,a, and 7; = &,a,, whence

; v PRI R |1 2
Re{a4+a2a3(w2+2w1_2)+ag(‘vi_§w1_m2+l_2)} <'§ (1—b)+

v 1 “
|26 =)= 50,25, R + i1 B e
We choose &, so that, &, + 2%, —2 = —p, i. e. &, = 2 —p — 2Z,. Therefore

y _ 2 3
Re{a;—pa,a;+qa:} < ?’T(l_bl)'*'

g g 1
2|31|2(1_b1)—‘;b1—

v 2 < 2\ 22 o, Ly 1)
2b, Rew, | |a,|" +12 — p — 22, (1 — b})|a”|* — Re wx+;“’1+?"‘q_l—2 @y -

v " < 1
Since (1 — b}) |a,| = 0 we choose Z, so that2 —p — 2z, = 0,i.e. T, = l—gp.

Now we notice that there is not any loss of generality if we assume
(22) a,—paa,+qa;, > 0, a, = u+iv, u<0, v<0.
Consequently, by (2),

1 L
(23) B—B* g-21—u2{|2—plz—b,|3—p|’—§Re(p’—p—4q+é-)u+

3 /| 1
—Im p’-—p—4q+L)v}+—2-v"'{I2—p]2—~b1|3—plz+

3 1 7
‘2‘Re(l’z—P"—4Q+§)“—§Im(?2—1’—4q +§)”}’
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where

(24) B* = —(1-0b)).

w2

According to (17) inequality (23) can be rewritten as

1 1 3
(25) B—B‘<Eu’{|2—p|’—b,13—p|=—5Xu+5Yv}+

i 3 1
—2-v’{|2—plz—b,|3-p|=+§Xu— :.TY”}‘

and hence it is natural to consider the following cases separately:

(26) X>0, Y>>0,
(27) X>o0 Y<o,
(28) X<o, Y>o,
(29) X<0, Y<o0,

where in each case we assume that p # 3.
Here, by (22) and |a,] < 2(1—b,) (cf. [6], p. 6), we have

(30) —2(1-b)<u<0, —2(1-b)<v<0.

Conmnsider first the case (26). By (25) and (30), in order to obtain (18) -
we have to assume

1 3
60 e-probp-pf-g x| -2a-b)|+ ¥ 0 <o,
" $aii3 1
(32) 12—p"—b,13—p| +5X-0—5 Y[-2(1-b)]<0
or, equivalently,
_ 12-pl+X po 2-PPHY
YT —pr+x T Y T p_ppry T

5
It is easily verified that M,, M, < 1 for Rep < B Hence for Rep < %,
inequalities (31) and (32), and, consequently, (18) are satisfied for
max(M,, M,) < b, <1, where
M, forX>Y,
M, for X<Y.

Hence, by (26) we conclude that the desired estimate B < B* holds for
b,, X, and Y satisfying (11) or (12).

max(M,, M,) =
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Consider next the case (27). By (25) and (30) in order to obtain (17)
we have to assume

1 3
(33) 12—pl'=b,13—pl —g X[-2-b)1+ 5 Y[-2(1-b)] <0,

3 1
(34) |2—1’|2—b1|3—P|2+°2-'X'0—E-Y'OQO,

or, equivalently,
a2 —pl+ X —-3Y L vi2 =gl
il BT AR L el el
Since (27) implies
l2—p|’< 2—pP+X—-3Y
B—pf = B3—pP+X-3Y

and _
2—p'+X-3Y _
B—pP+X-3Y

then inequalities (33) and (34), and, consequently, (18) are satisfied
for

1 for Rep < —,

| e

DS

2—-pP2+X-3Y
13--p*+X—-3Y

Hence by (27) we conclude that the desired estimate B < B* holds for
b,, X, and Y satisfying (13).

The proof in the cases (28) and (29) and for v = 0 is quite similar, so
it remains to prove that (18) is sharp and to find the corresponding extre-
mal functions.

It remains to prove that if f* belongs to 8(b,) and is extremal for
(18) then it is given by (19) with ¢ = 0.

Indeed, applying (25) for f* we get a, = 0 and, according to (22),
a, > 0. We utilize then for f* the inequality (21) with z, = #,d,, 73 = Z,d,,
where Z, and 7, are supposed to be nonnegative. Therefore

<bh <1

8] +2,|ay* +27, |, < g(l—bi) + 22} (1 — b)) [ay* + 2, (1 — b)) las],
whence
B—B* <7*(1—b)|ay —2[51 — 31 b)) -——;-5;'2] lag[?.
On putting #, = 1 and #, = 0 the above relation becomes
B—B* < —2b,la,/’,
whence a, = 0. Consequently, f* must satisfy

a, =a, =0, a, > 0.
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Therefore we conclude, by (21), that f* is extremal for (4) with N = 3,
T, = & = &3 = 0, ¢; = 1. Thus, according to the result of M. Schiffer
and O. Tammi quoted in Introduction, the corresponding coefficients
Ciy k =0,1,..., satisfy (5), 1. e.

1
(35) Co=01=02=0’ (’1=—3—,('k=0f01‘k>3.

Now we recall (cf. [7]) that if f is in S(b,), D, = f({z: 2| < r < 1}),
, = {w: lw| < 1\D,}, x,, resp. z,, k =1,2,..., are real resp. complex
parameters, F,(t) are Faber polynomials defined by

o 1
(36) —log(L— () = D) Z Ful),
k=1
and, finally,
N
3| @, e —
(37) mm=wmmw—gi7w4w)—; n)
then ff|q (w)|2dT = 0 implies (4).
On putting w = f*(z) in (38) we get
N oo
* - 9 \1 _‘Tlﬂ_ - \_10 m
(38) Bifall = anloga 20T X Gt

where C,,, m = 0,1,..., are given by (6).
Relations (38), (37) with w = f*(z), and (35) yield

A 7
a-rr - a—ew f <t
and this implies (19) with ¢ = 0.
On the other hand one verifies directly that any function of the form
(19) belongs to S(b,) and is extremal for (18). Thus the proof of Theorem 1
is completed.

2. Application of the Schiffer-Tammi inequalities

We proceed to prove that the generalized inequalities (7) due to
M. Schiffer and O. Tammi lead to the same result as formulated in Theo-
rem 1.

Indeed, we take t, = 0, and N = 3, and apply (7) to (20). Therefore
(39)  Ref{y_,y, 4+t 1t +2(y_¥:+1_5t) +3(Y_s¥; +1_38)}

Slya P+ F+2ly_, 1 +21t.7+3 |il/—3|2 +3 |yl
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where, by (8) and (9),
3 -3j2 —1/2 1 ~1/2 1/2
V=) - '_E‘-Sbl O LY R ‘2"—1'51 a;+4b,",

Y, = t—zbl_l’ Yy, = ‘_:bl_l(“:—“s)’*‘t:bn

Y3 = t-sbl_m’

3 15 35 3 1
Y = t—sbn-m(_‘2_“4+"4—azaa—ﬁag)+t-1bfl/’(‘§a§_§aa)+

+,b\%a, +t, b},
Hence (39) yields

9 27 75 = 15 T
Re{(—-564+_2‘a2a3— ‘g‘ag) bl"t‘_3+(—4—a§—3a:,) by t_st s+

o 1
wq—ﬁowﬂh—;ﬁmﬂﬁq+m4u+uqa+2tﬂ}s

3 " ] -
l— = b7 b | 20b 3 P+

3161 +208, 2 + 1t 1%

Now we put t_; =, =1 and ¢, = t_,l,, whence

9 27 0 15
Re{(_ii' a4+-3{- @y Cy — ’8_"1;)4' (‘Ia’:_3a3)b1t-1+2(“§_a3)b1t2—2—

1
E%ﬁﬁ}a3u—m+wRu—4mm&—%qm+

e b2+ 2ty 2by + (21,2 1,12 + 18,12 b1

3
lt 1-——2—a2b1 ll

We choose 1, = a,{_,,t_, = a,{_,, and t, = @,1,. Therefore
9 27 ‘ 0 15
Re{—-5-04+(7—-31’11_1—21’1{—2)“2“34‘(_‘8—+—4“b1{—1+2b1i—2“
1 2 J2 3 3 2 3 wi 3 -1 . 2
—Eb,l_l all < 3(1—b})+ |a,)* | — 20} Rel_, 1, + -t b
|

|£,|2b§) + lag|(— 4B31E_, | Reldy + 2 [1_,| 1E,I°b)).
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2 9 J
Next we choose 7_, 8o that Eb‘i—‘+zb‘{‘2_3 = —p, i.e.

9 2
L be‘(3—p-—3bli’_,).
Consequently, we obtain

2 2
Re{a4—pa,a3+qa§} " 5(1—&1‘) = 5 9 |a,|? ( “2biRel—1{1 . id

(1,252 —2b? Rel, + 1) —

3 2
{—1—be_lrbf‘*‘wllzb?)—m's[l;‘_P—’3" bll—l

1 1 11
Re {(5 bii?—l — Ebll__l— Eﬁ-p—q)&:}.
Now we notice that there is not any loss of generality if we assume
(40) a,—pa,a,+qa; < 0, a, = u+1iv, u >0, v = 0.

Consequently, by (2) and (24),

2 3
(41) B—B‘<§|a,|2(—2bi‘Re{_lil+ l_,——2—bl“

]
B+ |l,|2bi‘) "

2
|ay) (3 —p —Ebll_,

1
(1%*b] Ret, +1) + Re {(gb% -
1 11
ry bt ,— 'i"z"‘:“p _Q)a;}-
Since |f,[?b>*—2Rel,b3+1 > 0 for each {,, the right-hand side of (41)

3
is minimized by ¢_, = > b;'(3 —p), and it becomes

2 9
B—B' < 1o’ (1h"6] —3b]Re (3 —p)ly + 712 —pI") +
1 7= gk 11 p
Re{[z(3—p) -4 B-r-33 +p—q]az}-
The right-hand side of the last inequality can be minimized by
3 a 3 -1
Rel, = ERe(3—p)b, - Y lnily =§Im(3—p)b, 3

and, although the choice of all parameters was optimal, we arrive to the
same result as formulated in Theorem 1.
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3. Estimation of |a, — pal|

In this section we prove

Theorem 2. Suppose that p is a constant (in general complexr), Rep < 1,
f belongs to S(b,), and

42 Rep—1 <b, <1
X = —_y

(42) ®*P Rep—_1)*+ (Imp)* = *

Then

(43) la; — paj| < 1—b;.

The estimate is sharp for every p and b,. All the extremal functions are given
by the formula

(44) f°* (2) = e “P~} (b, P(6“2)), P(2) — —z<e<m |2l <1.

y o
1-2"
Proof. By (4) applied to the function in question we get
Ay =logh, Ay = Ay =ay, A,; = a,—a3, B, = bj.

Hence (4) with N = 1 and z, = 1 yields

(46) Re(a, — a3) < 1— b} — xjlogh, — 2z, Rea,.

There is no loss of generality if we assume that

(46) a,—pa; > 0.

Consequently, by (10),

(47) L—-L'< —allogh, —2z,Rea, + Re[(1 —p)a?],
where

(48) L* = 1-b}.

Since logb, < 0 the right-hand side of (47) can be minimized by
(49) x, = — Rea,[logh,]".

Therefore

(50) L—L* < u*[(logh,)~'+1—Rep]+2uvImp —v?(1 — Rep),

where 4 = Rea,, v = Ima,.
Direct calculation shows that a necessary condition for % to be optimal
in (50) is
u[(1—Rep)(logh,)~" + (1 — Rep)?+ (Imp)?] =0,



78 Janina Palka

where the expression in the square brackets can only vanish for p < 1.
Since the latter case is well known (cf. [9], p. 10) we confine ourselves
to the case where u = 0. Now we easily check that the analogous necessary
condition for v is v = 0, and that the sufficient condition for » = 0,
v = 0 to realize the maximum in the right-hand side of (50)

—[(logb,)"'+1—Rep](1—Rep) — (Imp)* > 0
is satisfied provided that
Rep <1, exp{[Rep—1]/[(Rep —1)*+(Imp)*]} < b, < 1.
Finally, we verify directly that our choice is still optimal for
b, = exp{[Rep —1]/[(Rep —1)*+(Imp)2]}, Rep < 1.

Consequently, (50) yields L— L* < 0 for Rep <1 and (42) as desired.

It remains to prove that if f** belongs to S(b,) and is extremal for
(43) then it is given by (44) with ¢ = 0.

Indeed, applying (50) for f** we get a, = 0 and, according to (46),
ag > 0. Therefore we conclude, by (45), that f** is extremal for (4) with
N =1, 2, = 0, #; = 1. Thus, according to the result of M. Schiffer and
O. Tammi quoted in Introduction, the corresponding coefficients C,,
k=0,1,..., satisfy (5), i.e.

(51) OO=07 Cl=17 Ck=0’ fOl‘ k>1.

Now, arguing as in the analogous part of proof of Theorem 1, we obtain
that f°** satisfies the equation

f“ 2
2 b, +
1-f° 1—22,
and this implies (44) with ¢ = 0.
On the other hand one verifies directly that any function of the form

(44) belongs to S(b,) and is extremal for (43). Thus the proof of Theorem 2
is completed.

2] < 1

4. A uniqueness theorem

In this section we prove
5
Theorem 3. If f belongs to S(b,) and Rep < 2 then, apart from a rot-

ation, there 18 exactly one functional (2) for which the alternative of (11) — (16)
implies 0 < b, < 1:

13
(52) B = a,—2a,a,+ﬁa2 )

L}
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Proof. We consider (21) with z, = 2, = 0:
f 13 2 1
Re {la4—2a2a3 -;-1—2ag} = 3(1 b s — L—,b, lay]2.
. . 13
After a suitable rotation we can assume a4—2a2a,+—1§a§> 0, whence

. 1 .
B—B < —Eb1|a,|2 and, consequently, B — B" < 0 for all b,, 0 < b, < 0.

We have to show that, apart from rotation, the problem has no solutions
other than (46). To this end we consider, separately six cases:

7 7
|2—p|’+Re(p”—p—4q+:—;-)<0, Re(p’—p—4q+§)>0,
(53) ;
- 7 .
Im (pz—p —4q+%),>.=0, Re(p’—p —4q+§)>lm(p2—p—4q+ é),
12—p|*+1m(p’—p—4q+é)<0, Re(p’—p—4q+ ‘;-)20,
(54) " J
_Im(p”—:n —4q +§)>0, Re(p’—p —4q+%)ﬂlm (p’—p —4q+é),
7 7
2=pl*+ Be|p?—p—4¢+ 7] —3im|p—p 44+ 5} K0,
(55)
7 7
Re(p“’—p—4q+é)>0, Im (pz—p—4q+;)<0,
7 ; 7
|2 —pl2—3Re p’—p—4q+§ +1Im (p —p—4q+?3— <0,
(56)
7 7
_Re(p’—p—4q+é)<0, Im(pz—p—4q+§)>0,
7 7
I2—p|’—3Re(p’—p—4q+-;')<0y Re(p’—p—4q+§)<0,
(57) '
( T 7 7
Im(p’—p—4q+ 7_;-)<0, Re(p“—p—4q+g)lem(p’—p—4q+-§)’
7 7
I2—p|’—3Im(p’—p—4q+§)<0, Re(p’—p—4q+;)<0,
(58) :
7 7
_Im(p’—p—4q+%)<0, Re(p’—p—4q+§)>1m(p’—p—4q+§)-
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Since considerations in all cases are analogous to each other we confine
ourselves to describe (53) only. The first two inequalities in (53) imply

7 13
2—p2< —Re(pz—p—4q+§)<0, whence p =2 and Req = Th
Now applying this result to the remaining two inequalities in (53) we
conclude that Imqg = 0, i. e. the answer required. Cases (54) — (58) lead

to the same answer, and this completes the proof.
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STRESZOZENIE

W niniejszej pracy rozpatrywane s3 funkcjonaly (2) i (10) dla p i b
zespolonych w klasie funkecji postaci (1), odwzorowujacych holomorficznie
i jednolistnie koto jednostkowe w siebie. W oparciu o uogélnione nier6wnos-
ci Grunsky’ego-Nehariego (4) otrzymano kresy gérne r6wne odpowiednio
B* i L* dla b, odpowiednio z przedzialéw 0 < b*(p, q) <b, <1 oraz
0 < b**(p) < b, <1 i znaleziono wszystkie funkcje ekstremalne. Ponadto
udowodniono, ze zastosowanie nier6wnoéei (7), bedacyech dalszym uog6l-
nieniem nieréwnogci Grunsky’ego-Nehariego nie poprawia wyniku w przy-
padku funkecjonahu (2) oraz ze dla omawianej metody istnieje dokladnie
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jeden funkcjonat postaci (2), o ktérym mozna dowieéé, ze jego kres gérny
wynosi B* dla kazdego 0 < b, < 1.

PE3IOME

B 3roit paGore paccmaTpuBaloTcA ¢yHKUMOHANLI (2) M (10) @A KOM-
INIEKCHHX P U ¢ B Kiaacce GyHKumii suga (1), orobpascarommx roroMopdpHo
M OXHOJHMCTHO-eIMHUYHBIH KPYr B cebda. Onupasack Ha 00600LIEHHBIX Hepa-
BeHcTBax 'pyHcKoro-Hexapi (4), moiayyeHo BepXHue rpaHH, COOTBETCTBEH-
Ho paBuuie B* u L* A b, cooTBeTcTBeHHO M3 MHTepBaioB 0 < b*(p, q) <
<b,<1u 0<d*™(p)<b <1, a TaKkike HailleHO BCe JKCTpeMajbHhIE
¢ynximu. Kpome Toro mokasaHo, uTo IIpUMeHeHMe HepaBeHCTB (7),
ABNAWILMXCA JalbHeliumy o0o6ueHueM HepaBeHcTB I'pyHckoro-Hexapu,
He yuydylllaeT pe3yJsTaTa B Cliydae GyHKIuMoHama (2) M YTo IIA obcyHaae-
MOro MeTroja CyLEeCTBYeT DOBHO ORMH (yHKUMOHANM Bupma (2), o KoTo-
POM MO:KHO J0Ka3aTh, 4TO Cro BEPXHAA rpaHb paBHa B® miaa Kampgoro
bz 0< b, < 1.

6 — Annales






