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The Radius of Convexity and Starlikeness for Certain Classes of Analytic
Functions with Fixed Second Coefficients

Promiei wypukloéei i gwiazdzistoéci dla pewnych klas funkeji analitycznych z usla-
lonym drugim wspélezynnikiem

Paguyc BHNyKI0CTH W 3BEBJHOCTH JJIA HOKOTOPHX KJACCOB aHAJIMTHYECKMX QYHKUMi
¢ QHKCHPOBAHHHM BTOPHM K03pPHULHEHTOM

1. Introduction

Let 8* denote the class of functions
f(2) =24+a,22+ ... +a,2"+ ...

which are regular, univalent and starlike in the unit disc D: |z| < 1.
It is well known that the radius of convexity of the above class of functions
is 2—V3.

In this paper we shall gencralize this result and find the radius
of convexity of the class 8 of starlike functions by fixing the value of a,.
Without loss of generality we may assume that a, is non-negative since
e - f(2¢") belongs to S whenever f(z) belongs to S.

We shall further consider the class of analytic functions

f(2) =24-a,22+ ... +a,2"+ ...
which satisfy the condition

-
-

Re [f(z)] > 0 for |2| < 1.

Mac Gregor has proved that the radius of starlikeness of this class

is l/é—l, [1]. We shall generalize this result and determine the radius
of starlikeness when a, is fixed.
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2. Basic lemma (*)

We shall need the following
Lemma. If

P(z) =1+bz + ... +b,12"+ ...
i8 regular in the unit disc D and has positive real part for |z| < 1 then

| 2P (2)

_ 2r pri42r+p
| P@)

S1-7 r24+2pr+1°

(1)

where r = |z|, p = 41b,|.

Proof. We can as before assume b, to be non-negative. Put b, = 2p
sothat 0 <p < 1.

Since real part of P(z) is positive for |z| < 1, therefore

1+4g¢(2)

(2) P(z) =Tg{§’

where

g(z) = pz + ...
and

lg(2)| <1 for 2] < 1.
Differentiating (2) we get
zP'(2)  229'(2)
P 1-g(()

(3)
Let

(4) h(z) = ———

then h(0) = 0 and |k(2)| < 1. Therefore by Schwarz’s Lemma [h(2)| < |2|.
From (4) we have

z(p+h(2))

(5) g(2) = 1LPhiz)

*As pointed out to the author by the referece, the sameo result as in Lemma 1 and
Theorem 1 has been obtained independently by: D. E. Tepper — T. A. M. S. vol. 150,
No 2, August 1970, p. 519-529 (“On the radius of convexity and boundary distortion
of schlicht functions”).
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Differentiation and simplication gives

_p_—i—h(z)__ - = zh'(2)
¢ Laphs) 0P e
1o T F R e
- z:(l‘i"Ph(Z) 2

Putting

Pt+h(z) (1—phh'(2)  ,

——1+ph(z) = h,(2), then _(1+ph(z))’ = h,(2).
Therefore
©) g h(2)+2ky(2)

I-(g@f  1-FmE)
Obviously k,(2) is analytic in D and |h,(2)| < 1, therefore

' 1—[hy(2)?
(7) 1By (2)] < W
Using (7) we get from (6)
1— |k, (2)]*
‘ o by (2)] + |2 1R
(8) <
1—(g(2))? 1— 22|k, (2)[?
(I8 (2)] + 121) (L — [21 1Ry (2)]) hy(2)] + |2

B (L—1213)(1 + |21 |hy (2) 1) (L — |21 1k, (2)]) T a- l212) (1 + 2| By (2)]) ©
Since |h(z)| < |2|, therefore by [2]

P+ 2|
9 ki(2) < — 5
) LA )I\1+p|z|
The inequality (8) gives in conjunction with (9)
"(z ri-2r4
(10) ' i M PR it A
1—(g(2)) (X —r?)(r2+2pr +1)
From (3) and (10) we get
2P’ (z) 2r  pri42r+p
P(z) |  1—7 r342pr+1°
) 1-—22 ]
The function P(z) = —————— shows that the result is sharp and
1-—-2pz+22

the upper bound is attained for z = —r.
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3. Radius of convexity for starlike functions

Theorem 1. Let f(z) = z+ 2p2® + ...
be regular, univalent and starlike in the unit disc, 0 < p < 1. Then f(2) s
convex for |2| < r,, where r, is the smallest positive root of the equation

(11) 1-2pr—6r2—2pr3+¢* = 0.
The result is8 sharp.

Proof. Since f(2) is starlike in |2] < 1, therefore

Re [%] > 0= -for-el<-1.
Let
(12) =P,

then P(0) = 1 and Re[P(2)] > 0 for |2) <1 and
P(z) =1+4+2pz+ ...

Differentiating (12) we get after some simplification

#f" (2) 2P’ (2)
g pfat? _ p L
M AT I TP
we have
r @1 2P'(z)
Rel1+ @) J> Re P(z) — PG)

43 1—»2 27 pri+2r+4p
T 142pr4r 1—1* r242pr41’

where we have used the estimate given in [3], p. 393:
1_ 3
1575 o ) P gtk e et sl
142pr+r?

Therefore, we get

Re [1 o Zfl:(z) ] %, 1 —2pr_6r2_2pr3+r‘

f@ 17 a-ra+2pr+r)

From this result we obtain the radius of convexity as given above.
We shall show that the result obtained is sharp.
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Let
3

f&) = 12 2pz+z’

then f(z) is obviously starlike and for this function we have

1= 14-2pz—6222p2° +2*
+zf’ (z) = i pz2 bk 4 L 4 =0 when 2= —r,.
J'(2) (1—2")(1—-2pz+2)
It follows that f(z) is not convex in any larger circle.
This completes the proof of the theorem:.

Corollary 1.1. When p = 1, the above equation (11) reduces to 1 — 4r +
+12 = 0 and we obtain the radius of comvewity r, = 21=H/30

Corollary 1.2. Let f(z) = 2+ a,2’ + a,2° + ... be an odd starlike function.
Then the radius of convexity r, = [3 —2V2]'2.

Proof. An odd function has vanishing even coefficients and therefore
on putting p = 0 in (11) we get the required result.

4. Radius of starlikeness

Theorem 2. If f(z) = 2+2p2z*+,.. 8 analytio in D and satisfies the

condition
. [f( ?)
then f(z) 18 univalent and starlike for
(13) 2] < 7,
where v, 8 the smallest positive root of the equation
(14) 1—4r—4pri—rt = 0.

The result is sharp.

Proof. Since

Rp[f:)] >0 for 2| <1,

therefore

(15) f(:) = P(z),

where P(0) = 1, ReP(z) > 0 for |2/ <1 and
P(z) =1+2pz+ ...
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Differentiating (15), we get
4@ _,, P

fzy " P2’
o [+ 2P’ (2) 2r  prit2r+p
V7o 17 71 P |7 1m0 ere2pr 11

ot bl v AR
(=) (r* 4 2pr +1)

Re[:ij['{(j)] >0 if 1—4r—4pr*—7*>0. Therefore the radius of
starlikeness is given by the smallest positive root r, of the equation
1—47r—4pr*—r* = 0.

z(1—2%)

For the function f(2) = m, we have
#f'(2) 1-4224+4p2° -2
f2) (=2 (2 —2p2+1)

which vanishes for z = —r,.

This shows that the result obtained is sharp.

Corollary 2.1 When p =1, r, = V2 —1, which is the result obtained
by MacGregor in [1].

Corollary 2.2 Let f(2) =2+ a,2°+ ... be an odd function such that
f(2)

-~
~

Rel > 0, then f(z) i8 univalent and starlike for 2| < (V5 —2)'12,

Proof. Since an odd function has vanishing even coefficients, therefore
the result follows by taking p = 0 in (14).

In conclussion the author wishes to thank Professor Vikramaditya
Singh for his kind encouragement and guidance.
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STRESZCZENIE

Niech f(2) = z+a,2%2 + ... bedzie funkcja holomorficzng w kole
jednostkowym. Autor rozwaza dwie klasy funkeji o powyzszym rozwi-
nieciu:

(1) funkcje spelniajace warunek Re[zf'(z)/f(z)] > 0 z ustalonym a,,

(2) funkcje spetniajace warunek Re[f(z)/z] > 0 z ustalonym a,. W klasie
(1) podano dokladng wartoé¢ promienia wypukloéei, a w klasie (2) promie-
nia gwiaZdzistoéci oraz pewne wnioski wynikajace z tych wynikow. Otrzy-
mane rezultaty uogélniaja miedzy innymi wynik MacGregora [1].

PESIOME

Iycts f(2) = 2+ a,2* + ... — romomopdHasa GYHKUMA B eQUHHYHOM
Kpyre. ABTOp HuccilefqyeT [aBa Kiaacca (yHKUMii ¢ BblLleyKa3aHHBIM pas-
JIOKEeHNeM :

of (2)

f(2)
(UILCUPOBAHHOM d,,
(2) dyHxuumn, KoTOpble yYIOBIETBOPAIOT yc:1oBUe Re[f(2)/2] > 0 npu ¢uk-
CHPOBaHHOM a,.
JaHbl To4HBle IpaHMlbl BRIMYKIOCTHM OIA Kiacca (1) M 3Be3XHOCTH
UIA Kiacca (2), a TaKie HeKOTOphle MOCIENCTBUA ITHX pe3yJIbTaTOB.

Peayabrarel aBTOpa 0606InaloT, B yacTtHoctH, pedyiabraT T. X. MaxI'pe-
ropa [1].

(1) ¢yHKuMM, KOTOpLIE YIOBJICTBOPAIOT YCJIOBHE Re[ ]> 0 npu






