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Some Remarks Concerming of Uniqueness Conditions of Lipschitz Type

Uwagi dotyczace warunkéw jednoznacznoéci podobnych do warunku Lipschitza
3aMeuanua 06 YCIOBMAX EeXMHCTBEHHOCTA, MOAOGHHX ycioBMAM JImmmmna

In the study of the existence and uniqueness problems for the
differential equation

1) & = [, x)
two typical sytuations are usually considered:

I. The function f(¢,z) is defined and continuous for te¢ [0, '] and
re R", |x| = max |r;| < r, its values lie in R" and

(2) If @t @)l < M
holds, where MT < r.

II. (Caratheodory conditions). The function f(t, z) is defined in the
same domain, it is continuous with respect to 2 for every fixed ¢ and it
is measurable with respect to ¢ for arbitrary fixed . Moreover

(3) If(t, 2)| < M(2)
holds, where M (t) is an integrable function on [0, T'] such that

T
fM(s)ds <r.

Ag it is well known both hypothesis I, IT are sufficient for the existence
of a solution of the equation (1) with the initial condition
(4) z(0) =0

which is defined in the whole interval [0, T].
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In both cases the Lipschitz condition
(5) If(t 2) —=f(t, 9l < Lz —yl

for te [0, T, |z] <7, is sufficient for the uniqueness of such solution.
This uniqueness condition has been generalized to the case of the function
f(t, ) satysfying the condition

(6) If (¢, 2) —f(t, y)| < L(t) [ —yl

where L(t) is a function having some ,good” properties. For example
it is sufficient to assume that the function L(t) is integrable on [0, T]
(see e. g. [1]).

Some non-integrable functions L(t) are also good enaugh. For instance

the well-known Nagumo condition [2] states that the function L(t)= -(‘i

with ¢ < 1 in the case of hypothesis I and with ¢ < 1 under hypothesis IT
for bounded f(¢, z) is good. When ¢ > 1 some additional condition con-
cerning function f(¢, ) must be given. It is sufficient to assume that

If @, @) —f(t, )| < Alx—yl*

holds, where ¢(1 —a) < 1. This result is due to Krasnosielski and Krein
[3]. Our aim now is to prove some uniqueness theorems of this type
under the assumption that the function L(¢) is measurable and finite
almost everywhere.

Let the function f(¢, z) satisfy condition I. Since it is continuous
the function

(k) = sup[|f(t, x) —f(s, 2)|: x| < 7y 8,te [0, T], [t—8| < h]
tends to zero as h — 0.

Denote
Ay =[:L{t) = N
and
L t ‘ A. '
LypB R st <
N ti AN

Moreover, let u( ) denote the Lebesque measure in [0, T'].
Theorem 1. Suppose that f(t, x) is subject to hypothesis I and the
inequalily (6), and L(t) satisfies the condition
T
M§M)gﬁww

Then the equation (1) has exactly onc solution in the interval [0, T'] which
satisfies (4).

(7) inf[,u(AN)w( ¢ N> o] —o.
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Proof: Let us cover the set 4, by a sequence of open intervals G; =
(a;, b;) in such way that

u(G) = /t(_U1 G) < pu(Ay)+e

Now let us construct the function

f(t, z) for t¢ @

flag, @) for tc(a,-, a‘+b‘_)

el

Ix (4 @) =

Ly

f(b;yx) for e [a—‘-l‘;ﬁ, b;)

It is obvious that fy(t, ) satisfies hypothesis II, it is bounded by the
same constant as f(¢, ) and, moreover,

Ifx(t, ) —fn(t 9)| < Ly @) e —y| < Nz —y|
holds, so the equation

(8) & = fn(t, @)

has exactly one solution z, (t), satysfying z, (0) = 0. Let z(¢) be an arbit
rary solution of (1) such that z(0) = 0. Now we have

¢ t
o) ~an() = | [ flo,@)ds — [ fuls, an(o)ds| <
t !

[ 15(s, 2(@) —fuls, an(@)|ds < [ [7(s, at)) (o, a(o)) ds +

t
+ [ Wles 2(0)~1le 2 1de< [ |ffe 0) o ate) e+
% G
' sup(b; — a;)
+ [ Entlem—sylas < [o*2C=0) s
E ¢
]
+ [ Ly(@)lae) —ay(s)lds < (#(A~)+£)“’(&g~)+ﬁe)+
U]

¢
+ [ Ly(o) lo(o) —ay (o)) ds
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Hence, according to the well-known Gronwall Lemma

T
A be\ | Lyt
o — yll = max () — 2y ()] < (4(Ay) + 0 ("—‘—“’i)e R

If @, y are two arbitrary solutions of our problem then

T
i La(t)d
1o =411 < o=+ loy— 90 < 2+ o [LEF ot =,

Since ¢ can be choosen arbitrary small and (7) holds so we obtain
e —y|| = 0, and z is the unique solution.
Now put

|L(t) t¢ Ay

Ky(ty =
A lo te Ay

Theorem 2. If the function f(t, x) satisfies hypothesis II and if

| Kyt ,
9) int[ [ M@dte  :N>0] =0
AN

holds then the solution x(t) of (1) satysfying (4) 18 unique.

Proof: We set
f(t, x) t¢A
fnlty @) = l ’ .

le Ay

It is obvious, that f, satisfies the hypothesis IT and

Ifn(t @) —fn(t 9)i < Ky@t)lz—y| < Nz —y|
holds.
Hence, the equation (8) has also exactly one solution zy (t) satysfying (4).
If 2(t), y(t) are two solutions of (1), then by some calculations, as in the-
orem 1, we obtain
= ; Ry
le—yl <2 [ M(t)dte’

4N
for N > 0. In view of (9) we have z = y.

c
Exampl: Suppose that hypothesis I is valid and L(t) = o

In this case Ay = [0, -::] and the expression considered in (7) has the

s
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form
ot -:-dt
¢ ¢ ¢
PR WL PN |
N w(zN)" w(zN)

where P is a constant. Here the condition (7) holds if

Z|o—ig

o \
lim N®'w (2%) = 0, which is always true if ¢ < 1.

N-00
Under hypothesis II and if L(t) =% the expression considered in

(9) has the form

3

N
PN¢ f M(t)dt

where P is a constant. In this case we see that if M (¢) is bounded then
the condition ¢ < 1 is sufficient for (9).
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STRESZCZENIE

W pracy tej zajmujemy si¢ warunkami dostatecznymi jednoznacz-
nofei rozwigzania zadania Cauchy’ego dla réwnania rézniczkowego

& (1) = f(t, 2(1))
w ktérym prawa strona spelnia warunek Lipschitza
If (2, @) —f(t, 9)| < L(¢) |z — yl

gdzie L(t) jest funkcjg mierzalng, prawie wszedzie skoriczong. Przy pew-
nych dodatkowych zalozeniach dowodzimy jednoznaczno$ci rozwigzania
zadania Cauchy’ego.
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PESIOME

B paGoTe paccMOTpeHhl JOCTaTOYHhie YCIOBHA €IMHCTBEHHOCTH pe-
weHuAa 3amnayu Howwm pna muddepeHumanbHOro ypaBHeHHUA

@(t) = f(t, (1)
B KOTOpOM IpaBafd CTOPOHA Y[XOBIeTBopAeT yciaoBue Jlummimua
lf(t’ z) _f(t) y)| < L(t)|z — yly

rae L(t) — u3Mepumas, MOYTH Be3xe OKOHYcCHHasA ¢yHkumudA. [Ipum HekoTo-
PHIX KOITOJIHMTEJIbHHIX MPeRIOIO0eHUAX A0Ka3aHa eJIMHCTBEHHOCTh pele-
HuA 3agaun HKoww.



