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A Class of Domains Determined by an Invariant Property of the
Bergman Function

Klasa obszarow okreslona przez niezmienniczg wlasnosé funkeji Bergmana
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In the present paper we shall consider a class of domains in the space

C" of » complex variables. For a domain D = C* we denote by L2?H (D)

the Hilbert space of functions which are holomorphic and square integrable

with respect to Lebesque measure in D. The relevant scalar product

is given by (f, g) =If fgdw. It is known that for every point pe D there
)

exists a unique element y(p)e L2H (D) such that for all fe L2H (D), f(p)
= (f, z(p)) holds. The function K,(p, q) = (z(q), x(P)), P;ge D is the
Bergman function of D. This function has been a source of numerous
biholomorphic invariants. If D is equivalent to a bounded domain the
distance in D given by

_(Ep@, DEpig, D) “]”’
\Kp(p,P)Kplyg, 9)/

is invariant under biholomorphic transformations. The distance between

p and ¢ is never greater than one, and is equal one if and only if

Ky(p, 3 =0.

The question whether exists a bounded domain D for which the Berg-
man function attains zero value was raised first by Lu Qi-Keng in [2]
P- 293. In the following we shall call a domain Lu Qi-Keng domain if
its Bergman function does not attain zero value. In view of the trans-
formation rule for the Bergman function the class of Lu Qi-Keng domains
is invariant under biholomorphic transformations. Furthermore two
followings remarks are true.

op(®,9) = [1
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Remark 1. The Cartesian product of two Lu Qi-Keng domains is
a Lu Qi-Keng domain.

Remark 2. If D,, c D,m =1,2,... is a sequence of Lu Qi-Keng
domains and limD,, = D is bounded then D is a Lu Qi-Keng domain.

m

The latter is a conclusion from the recent result by Ramadanov [3] who
proved that the sequence K, (p,§) converges locally uniformly to
K,(p, q) on DxD.

It would not be meaningful, however, to distinguish the class of
Lu Qi-Keng domains without giving an example of bounded domain
which does not belong to this class. To this aim we prove

Theorem. Consider in C' an annulus R = {z: 0 <r < |2| < 1}.
For r < e % R is not a Lu Qi-Keng domain.

Proof. We begin with a series which expresses the Bergman function
for R

0o .
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where in the sum the index » = 0 is omitted. It can also be written in
the form
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Here w =z2t, 0 =7%,0 < o < |w] < 1.

In the above formula we note that the expression in parentheses
is real for real w and for w on the distinguished line |w| = » since then
o/w = . Furthermore it is a continuous function of w positive for positive
w, and for ¢ < e~* negative in a neighbourhood of w = —1. To sec the
latter denote the expression in parentheses by ¢(w). We have

o s Qm ; 0m+l 1 1
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The right side is negative for —Inp > 4 or p < e*. We conclude that
@(w) must vanish in some interior point of the w-annulus q.e.d.

More detailed investigations of the above example were carried out
by P. L. Rosenthal who proved that all doubly connected Lu Qi-Keng
domains in C' are biholomorphically equivalent to the unit disec with
deleted center. In a case of higher connectivity, or n > 1 the situation
is more complicated. The following problems seem to be open:
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1° Is every Lu Qi-Keng domain of finity connectivity in C' equivalent
to the unit disc with a finite number of points deleted ?

2° Is every simply connected, bounded domain in €' 2 >1 a In
Qi-Keng domain?

3" Is every bounded convex domain in C" a Lu Qi-Keng domain?
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STRESZCZENIE

Praca zawiera przyklad ograniczonego obszaru w C€C!, dla ktérego
funkeja Bergmana przyjmuje warto§¢ zero. Pozwala to na rozwazanie
klasy obszaréw, dla ktérych funkcja Bergmana nie zeruje si¢. Sformulo-
wane 83 pewne wlasno$ci obszaréw, nalezacych do tej klasy, oraz kilka
otwartych problemoéw.

PE3IOME

B pabote man npumep orpannuennoii ob6mactu B C', mia kortopoii
¢yurkuusa Beprmana npuHuUMaeT HyJeBoe 3HAUYeHUe. ITO NMO3BOJIAET paccMa-
TpUBaTh Kiacc oGiaacreil, 11A KoTophiX PyHKIMA beprvana He NpuHHUMaeT
HysneBoro 3HauyeHud. CdopmyaupoBaHbl HEKOTOpHIE CBOWCTBA obmacreii,
NpUHAJIeKAIINX K 3TOMY KJaccy, a TaKie HECKOJbKO Hepa3pellleHHbIX
1npo6iem.






