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A Certain Minimum Problem in the Class S
Pewien problems minimum w klasic 8

IlekoTopaa mpoGiemMa MMHUMYM B Kiaacce S

Introduction. Let S be the class of all holomorphic and univalent
functions f(2) = 2+ a,2*+... in the unit disc [2] < 1. Each function
f(2)e 8 maps conformally the disc 2| < 1 onto a domain D which contains
the origin 0 of the coordinate system and w = 1/f(2) maps |2| < 1 onto
a domain G, where G is the exterior of a continuum FE of capacity 1. The
origin 0 is contained in E. To each function f(2)e S corresponds in one-to-
-one way a continuum E, capE = 1 and the coordinate system with the
origin 0 E. When E is fixed, capE = 1, 0¢ E, then the rotation round 0
gives a new function in 8 but the absolute values of the coefficients a,,
n = 2, 3, ... remain unchanged. Therefore to each continuum E, capF = 1,
there corresponds a certain subclass of the class S. In particular when E
is a segment E of the length 4 we denote by S the corresponding sub-
class of 8.

Let us consider the class S, of all those funections f(z)e S which have
the same positive value of the second coefficient a,, i.e. a, = ¢, ce [0, 2].
We shall prove the following

Theorem. When ¢ > 0 is close enough to 2, then the minimum value of
las], |ad], |as] of functions f(z)e S, is assumed by function f(z)e S, f(z)
=2+ cz2+ (€2 —1)28 +(¢®—2¢) 2t + (¢t —3¢2+1)2° +.... The function 1/f(2)
gives the conformal mapping of the unit disc onlo the exterior of the
segment E, the origin O of the coordinate system lies in the distance ¢ from
the middle O of E and the positive real axis has the direction of 0O.

Auxiliary formulas. Let 7,, 75,..., 7, be the n* extremal system
of points in FE, i.e. a system of » points in E such that [] |9 —xl
i<k
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= sup [] |w;—w,. F. Leja proved in [3] the existence of the
wj«E i<k
following limits
s =lim@f+pk+...+95m, Ek=1,2,...
A—00

The point s, — 00 is the center of gravity of the natural mass distri-
bution on E and its position relative to E remains unchanged after rota-
tion or translation of the coordinate system.

Let us consider the set of all continua F of capacity 1 situated so
that the center of gravity O is the common point for all E. It is known
that all E lie inside the disc K of radius 2 centred at the point O.

Among all E under consideration there are segments of length 4
which have their endpoints on the circumference of K, all other £ have
a positive distance from the boundary of K.

F. Leja [3] gave formulas which express the coefficients a,, n
= 2,3,... of f(z)e S as polynomials in 8,, 8,, 83, .... If one computes the
“moments” 8, relatively to the point O instead of the origin 0 one obtains

e A = '!k\ 5 : X
8 = sk(o)+!‘1’l313k—l(0)+\2)8lsk—2(0)+"'+31

The formulas given by F. Leja are the following
@y = —8,, Gy = @3—85(0)/2, 8, = @3 — ay8,(0) —84(0)/3,
as = a3 —3a38,(0)/2 —2a,8,(0)/3 —8,(0)/4 +583(0)/8.

As the rotation of the coordinate system does not change the modulus
of a, we can choose it so that the real axis has the direction of 0O i.e.
a, = 00 = 0.

For the Koebe function z/(1—2)? is a, =2, 8,(0) = 2, 8,(0) = O,
84(0) = 6. In the general case

a2=2—£+i81’ 8>
(1) 8,(0) = 2—0+id, 6=0

84(0) = 6—n+in, 5=0
and
rea; =3 —4e+6/2+ 2 — ¢

(2) rea, = 4—10e+25—res;(0)/3 +6&* —6ef —e® +3eed + 6,0, — £6
reag = 5 —20e+78/2+7/4 —4res;(0)/3 +58°/8 —582/8 +21° —
—216} +2¢,im83(0) /3 —8e® +¢* 1362 8/2 +6¢, 8, + 2466 —
—6e%e] + 6} —367 8/2 —3ee, 6, —6£6+2¢er08,(0)/3
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Proof of the theorem. As ¢, — ¢ > 0 we obtain
reag = 3—4e+06/2+ €?

Let us denote by @,,n = 3, 4,... the coefficients of the function f(z)
then @; = rea; = 3 —4¢+¢3. Hence

rea,—red, = 6/2>0

for all functions in S.. But |ag| > rea,. Therefore |as| > a; = ¢?—1.
Similarly

rea,—red, = 26 —resy(0)/3 —4, and &, = rea,.
One of Grunsky’s inequalitees, see [1] has the form
(3) 182(0) £1/2 +485(0) €1 £2/3 + [84(0) — 83(0) &2] < [£4]° +2144°

where &, and &, are arbitrary numbers and the equality holds only for
the Koebe function. Taking the real part of both sides for &, = 2 and
£, = 1/2 we obtain using the previous notations

226 +4resa(6)/3—n/4 +6—06*4+6}/4 <O.
Hence

(4) —res;(0)/3 > —7/16 —48/4 -+ 63/16 — 6 [16.
On the other hand it was proved in [2]

1383(0)/4 —24(0)/4| < 3/2  for all f(z)e 8.
Therefore
(B) —30—3681/4+38% /4494 <0
and
74 < 36+363/4—36%/4.
From (4) and (5)
—res,(0)/3 > —8—61/8+6%/8.

Hence

rea,—red, > 6 —ed-+ 68 —81/8.

But & +(2—98)° = [83(0)> <4 for all f(z)e 8, see [1]. From the last
formula follows
(6) 628 = (6—b)[2+ (b —&)/8 < (8—b)/2.

Hence
rea, —red, > 6 —e8+02(8—0/24b/2> 8[1—e]> 0

for sufficiently small ¢ > 0, i.e. for ¢ = 2 —¢ sufficiently close to 2. As
la,| = rea, and red, = @, it follows |a,| = @, = ¢*—2¢ for ¢ close enough
to 2.
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We have (see (2))
reas—red; = 70/2+7/4—4res8y(0)—567/8+56%/8 +
+2¢ere8,(0)/3 +36% /2 —6ed.
According to (4)
n/4 —4resy(0)/3 > —6—8%/4+ 6*/4.
Therefore, see (6)
rea;—red; > 506/2 —367 /8 +36°/8 +2¢eresy(0)/3 +3626/2 —6¢
> 6+3b/2+362/8+3626/2 —66d +2re85(0)/3
> 6(1 —6e]+2cresy(0)/3.
If we put in (3) &, = —2, &, = 1/2 we obtain
res,(0)/3 > —n/16 —6/4— 616 -+ 62/16
and multiplying by 2> 0
2eresy(0)/3 > —ne/8 —0e/2 —6%¢[8 +6%¢/8."
Using (56) we obtain
2eres;(0)/3 > —2e0—8e[4+ 8°c/4 > —3ed+eb+ 8%¢/4.

Hence rea;—rea; > 6(1—9¢) and for sufficiently small ¢ > Orea;—
—red; > 0. As |az| >reag and @; = red@; it follows |a;| > d; = ¢4 —3¢2 41
for ¢ sufficiently close to 2.

Remark. From (2) follows immediately
(@, —4)—(8;—3) = —6c+5e2—e2 <0
for sufficiently small ¢ > 0 and
(@;—5)— (B, —4) = —10e+15e?—Te2+et < 0

for ¢ > 0 close enough to 0.
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STRESZCZENIE

Autor zajmuje sie klasa S, funkeji f(2) = 2+ ¢22+..., analityeznych
i jednolistnych w kole jednostkowym, przy czym 0 < c¢ < 2. Znajduje
dokladne wartosci min|f®(0)/k!|,k = 3,4,5, dla ¢ bliskich 2.

PE3IOME

ABTOp 3aHuMaercA KiaaccoM &S, aHAIWTUYECKUX I1I OTHOJIUCTHBHIX
¢yHruuit f(2) = 2+cz?+... B €eIUHUYHON OKPYKHOCTH, NMpPH 3TOM 0 <
< ¢ < 2. llomryyaer Tounylo ouenky min|f')(0)/k!| miaa ¢ 6auakux 2.



