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On Meromorphic Quasi-starlike Functions
O funkcjach quasi-gwiazdzistych meromorficznych

O kBa3u-8Be3HHX MepoMOopPHEX GyHKUHAX

Let XZ* denote the class of functions
1
(1) F(2) = > +A,+4,2+...,

which are univalent and holomorphic in |2| < 1, except for a pole at
2z = 0, and map |2| < 1 onto a domain whose complement is starlike with
respect to the origin.

The class of functions f(z) determined by the equation

@) ) MF(2),

(e
where Fe X* and M is fixed, (1 < M < o), will be called the class of
meromorphic quasi-starlike functions and denoted by X™.

Let us introduce the following notations

a
3) f(2) =T"+ao+a1z+...,|z|<l,
Where a_, = J‘.f, and
1 \k
@ () = oo el k1,3,

Further, let Z(m, denote the subclass of Z¥ of meromorphic quasi-
starlike functions determined by the equation

(5) [ ” (f2) —a)* = —n(l—akz)‘*

k=1
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where
(6) o, = €%k, g, —real, o, # g, for i #kyi,k=1,...,m
and
m
(7) Ybo=2 B>0 k=1,2,..,m

k=1
Suppose that
@) H = H(zoy %1y -+ 23» Zoy 1y o1 Z7)
is a real-valued function of 2N 42 complex variables, defined in an open
and sufficiently large set ¥ and suppose that grad H £ 0 at every point

of V.
Given a function f(z) of the form (3), let

(9) Hy = H(agy yy -5 Gy Boy Ty, -, Q).

One can prove the following

Theorem 1. If the functional (9) attains ils extremal value for a function
f(2) of the class Z{5,, then this funciion satisfies the following equations:

re2() sedoslil) g
gp(_}_) 2 A(2)
fo (-
and
g(__l_) A
1o “\f@) 12w _
f@ g}(_i_) 2 A(z)
@
where
N+1
26) = ( +0,,z") +Co,
k=l
N+1
A(z) = ( ol )
k=1
N-I-l
P) (?’i ) 3,
N+1
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N I-k+1
1) Dy= Y H Y By anln-1ae,,—df™"), k=1,..,N+1,
lok—1 n=0
A b
(12) D, = ‘—‘é”k}__,l 'E(Dkdk“f‘Dkdk)y
N+1
C, = E Dy, k=1,..,N+1,
l=k
N+l
C, = 2 Did and C,=0C,,
=1
Nil o4
Ek= —Dldl—k7 k=1’...’N+1’
=k l
1 N+1 1
E, = 3! < (Dyd,—D,dy),
k=1
0H [0H
13) Hy=— +|— = sl
( ) k aak -} aﬁk ’ k 0719 ’ ’

(15) Bk:'(-_l)' da dl do . mps 3 k-"‘flggsu-:Bn:li

a7 &b afag.e d,

Moreover, the numbers o,,t = 1, ..., m, which appear in (5) and (6)
are roots of #(z) and double roots of R(z).

The proof is based on the method of Lagrange’s multipliers for the
functions of complex variables [1].

Theorem 2. The exiremal value of the functional H, is attained in the
N+1
class Z, for a function which belongs to the class \J Zr).
m1

Proof. Let H® denote e.g. maximum of the functional H, in X%

k
and let H; denote an analogous maximum in |J Z¥). 2=1,2,....
m=1

Let us observe first, that Hj = Hy,, for k> N+1 and conse-
quently
(16) sBpH; LV H
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k
In fact, because the class | J Zin), k =1,2,..., is compact and H is
m=1

continuous, we can find a function fe S":‘, , ¢ < k, realizing the mentioned
extremum. Then from Theorem 1 it follows that the function .é-t(z) of the
form (10) has double roots at points z = g,y = 1,...,4. This implies
1< N+1 and, as consequently, inequality (16) follows.

Next, we prove that

17) H*<Hy,,.

It is not difficult to observe that we can approximate any meromorphic
quasi-starlike function by the functions of the classes Z‘ﬁﬂ, (m =1,2,...).
Therefore, the assumption H, > Hy,, with fye X contradicts (16)
and this implies the inequality (17).

Finally, we can observe using the definitions of meromorphic quasi-
starlike functions f(z) and quasi-starlike functions that the function g(z)
of the form g(2) = 1/f(2) is quasi-starlike. From this and from a result
obtained by I. Dziubinski [3] the following result easily follows.

Theorem 3. The necessary and sufficient condition for a function
1 F
e = ﬂf(z),fc M., to belong to the class Z* is that the following

conditions are satisfied: B, =2/m,k =1,2,...,m,
. 2here

(18) o, =e ™, when m is an odd mumber, k =1,2,...,m,

i(A=[* '-1—!4 (- 1]""'q)

(19) op =e '™t *? y when m 18 an even number, k = 1,2, ..., m,

where ¢ i8 an arbitrary real number, 0 < ¢ < 2x/m, and the numbers o,
are determined by (18), (19) up to a rotation.

In the next part of this paper we shall give sharp estimates of
coefficients a,, a;, @, of a meromorphic quasi-starlike function.

Let us consider the functional H, of the form

(20) H, = rea, = }(a,+a,), = =0,1,2,
and suppose, that
(21) rea, =a,>0, =n=0,1,2,

for the function f*(z) realizing an extremum of the functional (20).

1°. Let » = 0. From Theorem 2 it follows immediately that the
functional (20) attains its extremal value for a function f*(z) belonging
to the class 23‘, . Hence, f*(2) is determined by the equation (5) (m = 1)
and the coefficient a, of f*(z), in view of (21), has the form

1
Ay = 2M(1——M_—).
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Therefore, for every function fe X we have

1
(22) |@o] < 2M(1 — E)

2°. Let » = 1. Then f*(2) realizing an extremum of H, belongs to
2
the class [J Z7).
k=1

a) At first we suppose, that f*e 2. Then f*(z) is determined by the
equation (5) (m = 1) and its coefficient a,,,, in view of (21), has the form

L
(23) a’l(lj =M (1— F)

b) Next, we suppose that f*e X. Then f*(2) is given by the equation
(5), (m = 2), and its coefficient a,,) is of the form

M —1
(24) Qyy) = gy o [(B101+B202)" — (8161 +B203)].

From Theorem 1 it follows that the numbers o,(t = 1, 2) are double roots

of the function gi(z) determined by (10)-(15). Hence, the numbers o,, oy,
B1, B. associated with f*(z) by the formula (5) satisfy the following system
of the equations

|0’ia’. =1
] (71(.1 _ﬂl) "*’(’3(1 —‘ﬂz) =0
.ﬂl'*‘ﬂz = 2.
Hence, we obtain
(25) 0 =¢€%, oy=e", pr=p: =1,
or
(26) g, = f;'"", 03 = _e—ic’, Br =B, =1.

Further, from (24)-(26) and (21) it follows that the coefficient a,, of
f*(2) is of the form

1
(27) Ay = M(l— —F)

We conclude from (23) and (27) that:
For every function fe 2 we have

1
(28) @l < M(h N )
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3ax Let n = 2. Then f*(z) realizing an extremumn of H, belongs to

the class U L(kl
k=1

a) Suppose first that f*e Z.
Then the coefficient a,,, of f*(2) in view of (5), is given by the formula

2 1
o %0 = 3r (1 - 7.?)'

b) Next, suppose that f*e Z5.
Then, from the equation (5), (m = 2), it follows that its coefficient Bys)
is determined by the formula

1-M
(30) @y(2) =

[(M2+M+4)(ﬂ1”1+ﬂz°'z) =l

—3(11[2 +M +2)(B101+ B202) (Bro1+ B203) +
+2(M2+M +1) (8101 + Bac3)].

From Theorem 1 it follows that the numbers o,, o, are double roots of
.é(z) given by (10) and (11)-(15). Another roots of #(z) are denoted by

= e
2, = 0,0,2, = —o0, where |o|] =1,0 < pg,=1. Hence it follows that
@

1
014 G2y P1,y B2, associated with f *(2) by the formula (5) satisfy the following
system of equations

PrtBs =2
djoyo’ =1
3 M*4+-M42
o1+ 0s+00 =— (0,06, +P:0,) ———
(81) 1 2T 0 40311 B. 2)M+M+1
(01 03)* +20,05+ f+49‘7(°'1+02) e
3 M*+M+4 3 M*+M+2,
=3 ey GBothel S5 g Bt A,
where ¢ = 1/2(¢,+1/e1)-
From system (31) we obtain
2 _e—%f 8 T l/2 2M* +2M +5
s o gy 3 M M+4
~ gt /2 2M +2M 45

—_— 3 A
n=—¢ ", b 1+2" MEyM+4
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and, as a consequence of this and the equation (30), we obtain

2 (M- 1)(2M~+2M+5) 2 2M*+2M+5
@ harvont, - Tigh G 3 M

The remaining solutions of (31) lead to the same value of |a,,)|.

¢) Finally, suppose that f*e X¥.
Then, from the equation (5), (m = 3), it follows that the coefficient a,,
of f*(2) is given by the formula

16;,’ (M2 £ 34 4)(Byoy + Pacs +Bacs)’

+2(M2 ‘i‘M“*‘l)(ﬂxai‘*‘ﬂzU;‘*‘ﬂsog)'*‘
—3(Mz'*“M+2)(ﬂxﬂl+ﬂzaz+ﬂa‘73)(ﬂ101'}‘ﬂa +ﬂ,o’)]

Analogously as in b), we verify that the numbers oy, 6,3, 03, B1, B2, B3
associated with f*(z) satisfy the following system of equations:

(33) Qy(3) =

ﬂl"*“ﬂn'f‘ﬁa =2
o130y =1
3 M*+ M2
O+ oytoy = —Zm(ﬂ101+ﬂzdz+ﬂa“a)
(34) (014031 03)* +2(0,03+ 0,03+ 0304) =
3 M*+M-+4
L= ) _ﬂ?_—FM-i-l (ﬂ1“1+ﬂ202+ﬂsaa) iy
_3M+M+2
From (34) it follows that
-;‘-c —l;-i
0'1='—19 Gy = € ’ g = € ) ﬂl=ﬂl=ﬁ3=§!

and, by (33)
) 2 1
(33") Gy = ‘5‘4‘{(1“-}‘?)-

The remaining solutions of (34) lead to the same value of |a,y|. Since
the inequalities

2/ B \» 08 1 ]/2(2M2+2M+5)’ 1
‘Jf(l_}f')“' suu'(l _M) 3 M M4 <3M M’)
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are fulfilled for every M > 1, we obtain, using (29), (32), (33’), that

a2(l) < a2(2) < a2(3)'

Hence it follows that:
For every function fe Z¥ we have

2 1
(35) |as| <—3—M(1— M’)'

From (22), (28) and (35) we obtain
Theorem 4. If a function f(z) belongs to the class Z*, then

2 1
(36) Ia”[<mM(1—W) fOT%=0,1,2.

The estimation (36) is sharp and the equality in (36) takes place for the
function given by the equation

1 et M e
(@)Y = — (1)
fz) g

Finally, let us observe that the above results suggest that the esti-
mation (36) in the class £ holds for any natural n. Moreover, it is easy
to see, after a suitable normalization of meromorphic quasi-starlike
functions (a_, = 1), that we can obtain from (36) the analogous results
for the class X* obtained earlier by Clunie [2] and Pommerenke [4].
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STRESZCZENIE

Autorka rozpatruje klase =* funkeji meromorficznych quasi-gwiaz-
dzistych, okreflong warunkiem (2) i znajduje postaé ogélng funkeji
ekstremalnych dla pewnych funkcjonaléw w tej klasie. Jako zastosowanie
znajduje dokladne oszacowania wspélezynnikéw Laurenta a, (n = 0, 1, 2)
w rozwazanej klasie.
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PE3IOME

ABTop 3amuMaerca kiaaccom SV MepoMOpPHEIX KBa3H-3BE3XHBIX
¢yHKUMIl, KOTOpHIii omnpenxeleH ycioBueM (2) KN moiy4aer oOwMii BUI
3KCTPEMAIbHHX QYHKUMI NJIA HEKOTOPHX (YHKIUMOHAIOB B 3TOM KJacce.

B npumeHeHHn [aeT TOYHYI0 OLEHKY Kodpduuuenros Jlopana a,,
(n =0,1,2) B 3TOM Kiacce,






