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1. Introduction

A one-to-one transformation ¢ of the domain of €*(!) by a pair of
analytic functions of two complex variables z,, z,,

(1) 2 = ful(21, 25),
is called a PCT (pseudo-conformal transformation). In a previous paper

the author considered a complete set {g, (2, 23)},» = 1, 2, ..., of functions
which are orthonormal in the (bounded) domain B, B = %%

2) D a@e®), z=(n2), t=I(,1)
yam]
converges for zeB, te B and is independent of the choice of the set {g,}
of functions orthonormal in B. It is denoted as the kernel funciion Kg(z,t)
of B. See [8], p- 178, [2], [4], pp. 31, 32.
The hermitian differential form

(2)  dsj(2y, 2,)

Lk %, L * dtlog K
= J(2, 23; 21, %) 2 T (%, %43 %, 2,)d2,, A%, T s = 205
m,nel mY%n

(1) ¥2 denotes the space of two complex variables ¢ = @i+ iys; here and in the
following k =1, 2.
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defines in B a metric which i8 invariant with respect to PCT’s of B. J is
an arbitrary function which is invariant with respect to PCT’s; in particular
one can set J = 1. See [8], p. 183. See also [2], [4], p. 53, [5].

A domain C which admits the one parameter group

(3) z; = zkew, 0 << 2n,

of PCT’s onto itself (automorphism) is called a circular domain with the
center at the origin. A circular domain which admits the two parameter
group

(4) 2y = 2,6%, 0<¢,<2n

is called a Reinhardt circular domain. See [8], p. 168, [4], p. 14 ff,

The theory of PCT’s differs in many respects from the theory of
CT's (conformal transformations). A simply connected bounded domain
of % cannot in general be mapped by a PCT onto another domain of #=,

One of the questions of the theory is to determine whether g given
domain, say B, can be mapped by a PCT onto a Reinhardt circular domain.
and, if this is the case, to find the pair of analytic functions {0, ™}
which realize this mapping. This question has been discussed in [11]
and in other papers (to appear) by the author. In the following we
shall give a short survey of the results of these papers.

2. Multiply connected domains of %

It should be stressed that the situation in the case of PCT's of simply
connected domains of ¥? is similar to the situation of conformal mapping
of n-ply connected domains 2 < n < occ. Therefore it will be instructive

by
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Fig. 1. The domain Q
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to consider at first an example of mappings of 3-ply connected domains

of €. Following [10] we consider the domain 2 bounded by three circles.
See Fig. 1.

In this case the line element of the invariant metric is

(2a) ds,(2) = VI ,(2, %) [da? + dy?]'?,
while
1 d%loghl,,
5 Jo(2,2) =— —
(0) D( s 2) K_Q 9207

is the curvature of the invariant metric multiplied by —1. The function
Jo(z,2) i8 in general not constant. In Fig. 2 the level lines

(6) Jg(2,2) = const = ¢

in the upper half of @ are indicated. When we approach the boundary
(along a path which lies completely in 2), limJy(z, Z) = 2z, see [8], p. 39.

g 7 27 P 22

T

Fig. 2. The level lines of Jo(z, Z) = ¢ = const. in the upper half (y>0) of the
domain 2, withp, = 1/4, p, = 1/4, pg = 2

Jo(2,%) has in Q critical points, which we call interior distinguished
points. Sec [b], p. 48. Since J, (2, Z) i8 an invariant these points are preserved
in CT's of 2. As the case of doubly connected domains shows, J(z, %)

can have a distinguished line. For details see the paper by K. Zaran-
kiewicz [18].
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3. The behavior at the center of the invariant J in the case of a Reinhhardt
circular domaijn

In the case of simply connected domains of %* as a rule the inverse
of the (scalar) curvature
1 =
CORIP 70 P S F
I'1.1 Tzs - |T1:f2 r}:m azn
(see [37a], p. 183 of [8]) is not constant.

In order to decide whether a domain, say B, is a pseudo-conformal
image of a Reinhardt circular domain R in the paper by Bergman and
Hahn [11), the following invariant characterization of the center 0 of R
is derived.

Three possibilities are considered.

I. The level hypersurfaces (or a segment) of
(7) 1/J(z, Z) = const, 2 = (z,,2,)

2 = (2, 2,)

degenerate at O to a point.

II. There exists a distinguished hypersurface or a distinguished surface
say h = [J(2,2) = ¢ = const] which passes through the origin 0. If
there exists on & a distinguished, closed line, say g? (or a surface, say T2),
then we construct at every point P of g! (or of 7'?) and (invariant) hyper-
sphere h¢(P, ¢) with the center at P and radius p.

For sufficiently small o, there is no point common to all ¢(P, 0)
Peg'. If o increases, then there exists g, say o = g,, 80 that all R4(P, 0%
intersect at one and only one point, say @. For ¢ > o the intersection
of h'(P, p) is a four-dimensional set. @ is the image {(0) of the center
O of R in B.

HI. There exists in B a distinguished hypersurface (or a surface) S passing
through the center O. The domain B admits an automorphisin trans-
forming an arbitrary point of § into another arbitrary point of S,[8], p.- 195.

As a rule, all operations mentioned above can be carried out nume-
rically, and we obtain a necessary condition in order that a domain B
is a pseudoconformal image of a Renhardt circular domain possesing
the properties indicated above. Suppose Jg(2, 2) is not constant. If B
is a pseudoconformal image of a Reinhardt circular domain, then there
exists in B a point, say ?,, in which the level lines of the invariant (2, 2)
behave as indicated in I, II, or III

Remark. It should be noted that using the kernel function one can
determine various quantities, invariant with respect to PCT's. Skwar-
czynski in [15] introduced an invariant distance
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o, 1) = |2 —2 K (19, 1) K (1, ¢y \ v
’ K(f.“j, t(l))K(t(z)’ t{:})

between two points t* = (#{*, ). In [11] Skwarczynski investigated
the relations between o and the representative domains. See also [5]
p. 48 and [16].

4. The mapping pair {+'°, »"} transforming B into R

In order to determine the pair of functions mapping B onto a circular
domain R (if this is possible) we use the following results.

Theorem 4.1. Let B be a domain possessing the kernel function K (z,z)
To every point te B = €*, there exists a representative (domain) R(B,1t).
The mapping pair {v'° °'} of B onto R(B,t) can be expressed in terms
of K, and its derivatives. See (50) and (51) of [8], p. 188 ff, [1], [6], p. 29.

Theorem 4.2. If the domain B can be mapped onto B* by a PCT so
that the point te B goes into t*e B*, then a linear PCT maps R(B,t) onto
R(B*, t*). See [8], p. 190; [6], p. 29; [1].

Once we established that in the domain there exists one and only
one point, say ?,, as described in I, IT or III, sufficient conditions that B
is a pseudo-conformal image t(R) of a Reinhardt circular domain are
obtained as follows:

We determine the representative domain R(B,t). The formula
expressing the mapping pair {v°, »°1}, transforming B in the represen-
tative domain with respect to the point ¢ = (¢, t,) e B, is given in (50),
(561) of [8], p. 188 ff. See also [1], [5].

If B is a pseudo-conformal image of a circular domain with the center
at t, R(B,t) must be a circular domain; it can differ from a Reinhardt
circular domain only by a linear PCT

(8) 2 = G2+ ap 2y,
where a;, are constant.
In this way one obtains sufficient conditions in order that B is
a pseudo-conformal image of a Reinhardt circular domain. See also [6], [7],
For further details see [11].

5. Series developments of K, and Jy at the center O in terms of certain
geometric quantities (*)

The possibility of explicit computations indicated above is connected
with the determination of the kernel function Kg(z,?). One can prove

(*) Geometric quantities = quantities which can be computed if the domain
given,
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that for a large class of simply connected domains (including bounded
domains), every function regular in B < %* can be approximated by
polynomials. Domains of this kind are called Runge’s domains. See [12],
P. 129. In B the system of orthonormal polynomials is complete. See
also [17]. Another procedure to obtain a complete set of orthonormal
functions for analytic polyhedra is based on an integral representation
for analytic functions of two complex variables.

In order to derive the desired results, one has to approximate (3.7),
p. 861 of [9] by a finite sum. In this case one obtains the system

Bty tay A, A)

- = L STt W T v
By (b, tay ) By (tyy 1y A) T 7 s

Here 2’ and A* is a sufficiently dense set of points for every k, s. For
the notation see [9].

Once a development for the kernel function is established, the deter-
mination of Jg(2, Z) and of T,; is a computational task.

A further method to compute the kernel function for certain domaings
(Siegel domains) is based on the use of a generalized g-function (see [14]).

In addition to the characterizations I, II, III, see p. 12, we can
use the following property of the hypersurface (7) in the case of a do-
main B which is a pseudo-conformal image of a circular domain C.
Let ¢* be a point of (7) and a the intersection of (7) and a conveniently
chosen ball (relative to the metric (2)) with the center at ¢*. If we make
the assumption that a is connccted but (a—2*) is no longer connected,
then (under some further simple conditions) ¢* is the image in B of the
center of C.

As indicated in [11] the formulas expressing the invariant J in
terms of geometric quantities become comparatively simple for Rein-
hardt circular domains. For instance, the coefficientg Ef:.:. of the deve-
lopment of

o= d*log K =y
(9) Vg = K dot(ﬁ) = DB oo,
m.p

at the center O of R can be expressed in terms of polynomials in By, B,

(10) B, = [lal™ 1zl dw, (mp) = (00), (10), (01), ...,
R

do = volume element.
It holds

(11) B = ByyBiBy', Ef) = (Bi B, +4B,, B,,) B.;oa—‘iBfoBmBa_\‘,

for further relations of similar type see [11].
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STRESZCZENIE

Niech B bedzie obszarem w przestrzeni ¥* dwéch zmiennych Zespo-
lonych z),2;, majacym funkcje jadrowa Kg. Przy pomocy K, mozemy
okregli¢ metryke My, przy czym element liniowy dsp wyraza sie wzorem
09og K

dsgB - ZTmr_udzdena Tmﬁ = kB
mU%q

Jest ona niezmiennicza ze wzgledu na PCT (przeksztalcenie pseudo-
konforemne, tzn. homeomorfizmy okreSlone przez pare 2z} — fe (21, 2)
funkeji analitycznych dwéch zmiennych).

Obszar posiadajacy dwuparametrows grupe przeksztalcen 2} — 2,6,
k = 1, 2, na siebie, nazywa si¢ obszarem kolowym Reinhardta R. W pracy
tej bada si¢ rozmaite wlasnoéci metryki Mpg. Znajduje sie warunki na
to by dany obszar B, B < ¢*, byl pseudokonforemnym obszarem R oraz
wyznacza sie w tym przypadku pare funkeji (2'°, o) okreslajaca odwzo-
rowanie B na R.

PE3IOME

Ilycte B — o6macTh B [BYXMEPHOM KOMINIEKCHOM mpocTpaHcTBe
€° NepeMeHHbIX Z,,72,, MMelomana KepHOYHKuuio Kp. Tlpu nomoum Ky
MOKHO ONpPENeJIUTh METPUKY Mp, NIPH 3TOM 3JIEMEHT MIIMHbI dsp MMeeT BUJ
_ Ologk

08,02,

A8y = D T @ondZ,; Tz

dra MeTpuKa o0iajaer CBOMCTBOM MHBADHANTHOCTH OTHOCHTEILHO
nceBIOKOHPOPMHEIX oToGpaxennit PCT (r.e. roMeomop$usmos, ompe-
deJIeHHBIX MapaMu 2y = fr (21, 2;) AHAINTHYECKUX dyuKuni MepeMeHHLIX
Zis. 2okl

Oﬁnacn; R, nonmyckalomas XByXmapamerpuueckyio rpymny mpeo6-
pa3oBaHuil 2, = 2,€'%, k = 1, 2, Ha ce6A Ha3uBaeTcs KPYroBo# 06/1aCThI0
Peiiurapara. B 3toii pa6GoTe uccirenoBaHm PasHue cBojicTra MeTpuKH
Mp, KOTOpHE MCNONbL30OBAHH JIA MOJYYEHUA YCIOBMit, uTOGH 3anaHHan
o6nacte B, B = C* ABaAnach MNCEBNOKOHGOPMHON obmacteio R. B 3ToM
caydae onmpenenena mapa ¢ynkumit {v' "'}, oro6pamanman B ma R.



