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1. Introduction

Let S be the class of functions regular and univalent in the unit disk K
of the form

(1) f(2) = z4az22+ ...

Let C; denote the class of functions ¢, convex and k-symmetric in K
with the power series expansion

(2) Pe(2) = 2+ ak+1zk+l+ a2k+1z2k+l+

and let P, be the class of functions of positive real part in K with the
power series expansion

(3) Pm(2) = 1+ ap2™+ azmzzm’*" oo

I.E. Bazilevic was concerned [1] with the class B of univalent func-
tions f satisfying some special Lowner-Spencer-Kufarev equation. These
functions can be also defined as follows: each feB satifies

(4) ') = ¢’ (2)p(2)

with peC, and peP,. Some authors (see eg. [4], [7], [8]) assumed that
the class B is identical with the class L of normalized close-to-convex
functions introduced independently and in a formally different manner
by M. Biernacki [2] and W. Kaplan [3]. This is not, however, true [5].
In [6] some special classes of L were investigated. In this paper we are
concerned with some subclasses B,,, of B which are defined as follows.
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We say that feB,,, iff there exist the functions ¢,¢C, and p,eP,
such that

(5) f'(2) = gu(2)Pm(2)-

In this paper we find the domain of variability of logf’(z) for f ranging

over B,,. and solve some extremal problems associated with this class.
2. The domain of variability of logf'(z) within B,,,

It is easily verified that the domains of variability of logf’(z) and
logf’(]z|) coincide. Hence we are led to determine the domain of varia-
bility E(r, k, m) of logf'(r) with 0 < r < 1.

Theorem 1. The set E(r, k, m) is closed and convez.

Proof. The class B, i8 compact and therefore E(r,k,m) is closed.
Suppose now that ¢, peC,. Then also

(6) 9(2) = [[¢' ()] [¥' (2)]'*dz

belongs to C, for any real A¢[0,1].
Moreover, if p, qge P,,, then

(7) Q(2) = [p()1'[g()]'™*
also belongs to P,,.
If f, geB,,, then by our previous remarks also the function

(8) hz) = [[f' @19 ()] dz

belongs to B,,,. From (8) we obtain

(9) logh'(r) = Alogf’(r)+ (1—4)logg’(r).

Hence, if w,,w,eE(r,k, m) and 0<A<1, then w = Aw,+ (1—A)w,
eE(r, k, m). This proves the convexity of E(r, k, m).

Theorem 2. The domain E(r, k, m) of variability of logf’ (r) for a fized
re(0, 1) and f ranging over B, 18 a convex, closed domain symmetric with

1
respect to the real axis and the straight line rew = g log (1 — 7**) whose
boundary consists of an arc I' determined by the squation

1 + .’-m ﬁ“?mtp)

(10) w = log (1—1‘1”1‘.’."?"‘“11}(1— r* ¢ k(P) ’

V<<,
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where

(11) 0,(8) = p— arcsin(7*sin g)
14+rm \

(12) 7e(B) = =+ arcctg(l_rm Utﬁﬂ}

and its reflection I'* in the real awis.

The functions corresponding to the boundary points of E(r, k, m) have
the form

; 1+zm6‘)’m(ﬁ) )
) - sl 6’ (1— 2™ g"rmi) (1 — r* 6" %P s
or .y
(14) G(2) = F(2)

where 0y, y, are given by (11), (12), resp.

Proof. We first determine the domains of variability E, (r, k), E,(r, m)
of logg’(r) and logp(r) within the classes C, and P,, resp.

The domain E,(r, k) is obtained from E,(7*,1) by a homothety with
ratio k~! which is easily verified in a similar way as in [6]. It is convex

and has the real axis and the straight line rew = — k" log(1—r**) as
symmetry axes. The boundary points correspond to the functions
2
dz
0

On the other hand, E,(r, m) is symmetric w.r.t. both coordinate axes
and its boundary corresponds to the functions

(16) P(R) = —=-

Hence E(r, k, m) has the following form:
(17) E(rykym) = {w: w = w,+w,, w,eE,(r, k), wyeEy(r, m)}.

This means that E(r, k, m) has the real axis and the straight line rew

= —k 'log(1—r**) as symmetry axes and its boundary points correspond

to ¢ such that
) 1 14 2™ 6"
(18) @' (2)

o (1— PPk T_ome"

with 0, y suitably chosen.
The parameters 6, y can be determined as follows. The domain E(r, k, m)
being convex, its supporting line subtending the angle 8 with the imagi-
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nary axis becomes vertical after a rotation by an angle — . Hence we
have to find 6,y for a given fe¢[0, n] so that the expression
: 1+ 2 .
= —iB 6
(19) H(y, 0) = re{e g [log T —ilog(l—r"e‘ )]}
has a maximum.

Obviously the maximum of (19) corresponds to the maximum of I,(y)
and the minimum of I,(0), where

iy 1+rm6”
(20) L) = re{e"‘ﬂlog L‘ﬁ}
1—7r"e"”
(21) I,(0) = re{e *log(1—r*¢")}.
Differentiating (20) we obtain
y ( ., 2ir™e” UV doifig "N}
(22) E (= gngeeh W} = 2Tim ) g |

f
Hence the equation I;(y) = 0 is equivalent to
y = y(B) = arccot [(147*")(1—7*")'etgfl+In, I = 0,1,

and it is easily verified that ! = 1 gives a maximum. On the other
hand
0(8) = B— arcsin(r*sinpg)

corresponds to a minimum of I,(6).
Ultimately
149™ &' vklP)

(23) max H (y, 6) = log A= rmgiyk{ﬂj}(l_rkaw*{ﬂj)!,‘k

which proves that the upper half of the boundary of E(r, k, m) is deter-
mined by (10).
Putting z = r in (13), or (14) we obtain the boundary points of
E(r, k, m) since log F'(r) with 8¢[0, =] yields (10). This proves Theorem 2.
As a corollary of Theorem 2 we obtain the estimates of |f'| and argf’.

Theorem 3. If feB,, and |2| = r, then

A 14 rm
4 ,
(2 ) (1+TM)(1+rk)2/k < |f (z)l < (l_rm)(l_rk)z/k
(25) largf’ ()| < 2arctgr™+ %arcsinr".

The estimates (24), (25) are obtained as bounds of rew and imw®» for w
E(r, k, m), By convexity and symmetry of E(r, k, m) the maximum of
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imw corresponds to f = = whereas the maximum of rew corresponds to
B = =/2 which gives (24), (25).

The signs of equality are obtained for z = r for the functions (13),
(14) with g = =, 0, /2, resp.

3. Some particular cases

Let B, be a subclass of B consisting of f with the power series expansion
(2). It is easily verified similarly as in [6] that

(28) Bk = Bkk'

Corollary 1. The domain of variability E(r, k) of logf'(2) for f ranging
over By, is a closed convex domain with the real axis and rew = — k™ 'log(1—
— r**) as axes of symmetry. Its boundary consists of the arc I" with the equation

1 +rke_irk(ﬂ)
(1_ ’Jcﬂl'mlﬂl'] (1_ ,J‘eiok(ﬂ))zlk
where 0,(B), vi(B) are given by (11), (12) resp., and its reflection I'* w.r.t.
the real axis.
The boundary points of E(r, k) correspond to the functions (13), (14)
with k& = m.

Corollary 2. If feB,, then

(29) w = log

1—o* 1+7*
W < /(@) Q(T——W

2
largf’ (2)| < 2arctgr®+ —arcsinr*
K

where |z| = 7.

The case m = 1 corresponds to the class B, which is the class of
close-to-convex functions associated with the class of k-symmetric convex
functions.

Two analogous subclasses B,,, B,, would also be considered. Both
classes show, however to be different.
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Streszczenie

W pracy [6] autor rozpatruje podklasy L,, funkeji prawie wy-
puklych takich, ze pochodna

fR) =¢()pk), [f(0)=1

gdzie ¢(z) = a2+ ap 12T +ag, T+ ..., |6y = 1, odwzorowuje kolo
K, na obszar wypukly, a funkcja p(2) = ay+ @,,2" + a,,,2*™ + ... spelnia
warunki: |p(0)] = |a,] = 1, rep(2) >0 dla [z] < 1.

Jezeli zaostrzyé warunki na ¢ i p a mianowicie potozyé ¢’ (0) = a, = 1
i p(0) = @y, = 1, to otrzymamy podklase B,,,. Klasy L,, i B,, sa rozne
miedzy soba. Klasa B,, jest istotnie wezsza od klasy IL,. Klase B,
rozwazal w swej pracy [1] Bazylewicz. Okreflil on jg jako rozwigzanie
pewnego réwnania Lownera-Spencera-Kufariowa.

W pracy tej okreslono obszar zmiennofci logf’(z) dla klasy B,,, oraz
oszacowania na |[f'(2)| 1 |argf’(z)|. Obszar ten nie pokrywa sie z analo-
gicznym obszarem w klasie L,, oraz inne jest oszacowanie |argf’(z)|.

Niech B, bedzie podklasg klasy B = B,, skladajaca sie¢ z funkecji
k-symetrycznych. Okazuje sie, ze klasa B, jest identyczna z klasa B,,.
Wiynikaja stad dwa nastepujace wnioski.

Obszar zmiennoéci logf'(z) w klasie B, jest rowny obszarowi zmien-
noéci logf’'(z) w klasie B,, i okre§lony we wniosku 1 pracy oraz oszaco-
wanie na |f'(2)| i |argf'(z)| sa takie jak w klasie B, (wniosek 2).

Jezeli przyjaé k = m = 1 to otrzymamy wyniki z pracy J. Krzyza [4].

Pe3wme

B pa6Gore [6] aBTOp paccMaTpuBaeT nojkxacch L,, MOYTH BBIMY-
KIbX (QYHKuUM#, TaKMX, YTO MNpou3BomHaa f'(z) = ¢'(2)-p(2), f (0) =1,
rae ¢(2) = a2+ a4 a,, ¥+ .., |a,| = 1, oToGpaskaer kpyr K,
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Ha BRINYKIYI0 o06m1acte, a OQYHKUMA P(2) = ag+ @, 2™+ a5, 2™+ ...
BRIMTOJTHAET YCIIOBMA :

[P(0)] = |ag| =1,rep(z) >0 paa (2| <1.

Eciu ycuaurtb yciioBus Ha ¢ M P, 2 HMEHHO IOJIOMUTL ¢’ (0) = a, =1
u p(0) = ay = 1, To noxyyum noaknacc B,,,. Kmacem L, n B, pasubie
Memay coboil. Hmace B,,, cymecTBenHo yie, YeM Kinacc L, . Hmace B, ,
paccMaTpuBal B cBoeii paGore [1] Basmiesuy. OH ompenmenun ero kKak
peieHue ompeneleHHoro ypasHenua JleBmepa-Cnenuepa-Hydapésa.

B atoit paboTe onpenensaerca oGnacth uameHeHMA logf’(2) muA kmacca
B,,., a TaKie OUeHKn Ha |f'(2)| u |argf’(z)|. 9Ta o6nacTh He coBMajgaer
¢ aHajormyHod o6nacTei0 B Kiacce L,,, a TaKikKe pa3jinyHa M OLeH-
Ka |argf’ (2)|-

ITycts B, Gyner nmomkmaaccom kaacca B = B, COCTOALINM M3 K-CHM-
meTpuyeckux GyHkumit. OKasniBaerTcs, 4To Kjacc B, TOKIAeCTBEHEH Kiaccy
B,,. Orciona BHTEKAalOT XBa BHIBOMA.

OGnactb mameHenus logf’(z) B knacce B, paBHa o6iacTH M3MeHeHHMA
logf’'(2) B knacce B, u oH onpenenéH B BhBORe 1 aToit paGoTh, Mpuyém
oueHKa Ha |f'(2)| u |argf'(z)] Ta e camaA Kak B Kiaacce By,.

Ecin npumeMm k = m = 1, To momyuum peayabTaThl paGotn 1. Hin-
Ka [4].






