ANNALES
UNIVERSITATIS MARIAE CURIE-SKLODOWSK A
LUBLIN—-POLONIA

VOL. XX, & SECTIO A 1966

Z Katedry Funkoji Analitycznych Wydzialu Mat. Fiz. Chem. UMCS
Kierownik: prof. dr Jan Krzyz

JOZEF MIAZGA, JAN STANKIEWICZ and ZOFIA STANKIEWICZ

Radii of Convexity for some Classes of Close-to-convex Functions
Promienie wypukloéci pewnych podklas funkeji prawie wypuklych

Paguycsl BLIDYKJIOCTH HEKOTOPLIX MOAKJACCOB MOYTH BLINYK/ILIX QYBKUMIH
1. Introduction
Let P,, (m =1,2,3,...) be the class of functions p, regular and
univalent in the unit disk A, with the power series expansion
(1) - Pm(?) = a0t 2™+ agy 2™+ ...
which satisfy the conditions
(2) rep,,(2) >0 for zeK,
1Pm(0)] = [ao] =1,

and let P, be the class of functions with a, = 1.
Let S’ be the class of functions regular and univalent in K, with the
power series expansion

(3) f(2) = a 2+ a,22+ ...
where
(4) @, = 1.

Let C, (k = 1,2,...) be the subclass of 8’ consisting of k-symmetric
convex functions

(3) @e(2) = b2+ by by T L

The function f is said to be close-to-convex in K, if there exists peC;
such that
(6) ol @

. >0 for zeK,.
7' (2)
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The class of close-to-convex functions will be denoted L. Obviously feL,
iff there exist the functions ¢ and p which belong to C; and P;, resp.
and satisfy

(7) ' (2) = ¢'(2)p(2).

Let B be the subclass of L first introduced by I.E. Bazilevi¢ [1] and
defined by the relation (7) with ¢eC,, peP;.

We now consider some subclasses of L and B which are defined as
follows.

The class L, of functions regular in K, and such that

(8) f'(2) = gr(2)pm(2),
holds with ¢, eC; and p,(2)eP,,

The class B,,, of functions regular in K, and such that (8) holds with
¢x€C, and p,,eP,.

In this paper we determine the radii-of convexity within the classes
L, and B,,.

2. Radii of convexity for L,, and B,,

Theorem 1. If fe L,, then f realizes a convexr mapping of the disk
|2| < r(k, m), where r(k, m) i8 the unique root of the polynomial

(9) Pk pim__om (k4™ — K1 =0
contained in (0; 1).

The number r(k, m) i3 best possible. The eéxtremal function has the form

2

s ﬂ)—J}Lrﬂu+fW*

Proof. Suppose that feL,,. Hence (8) holds with p, ¢ P, and ¢,eC}.
After differentiation we obtain from (8)

7" (2) 2 (2) | 2Pm(2)

11 1 =1+ - zekK,.
L "7 T e e
Since ¢, €0, we have

i (5)}
12 14+ —F——(eP,.
b { 7x(2) t

Moreover, each p,eP,, has the representation

(13) Pm(2) = gm(2)cosa+ising; la| < %,

where ¢,, eP,,.
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Hence (11) takes the form

of"() _ fRia 2 (2) 2g,,(2)cosa

(14) 1+ ) #1(2) ' gm(2)cosa+isina

Hence by taking real part of both sides we obtain

2f" (2) 29y, (2) 2q,,(2)cos a
15 Loaa Yo doan 1 7 . K,.
£ re{ - J' () a @ (2) -{—req (2)cosa+isina s
Note that geP, implies q(2™)eP,,. Using this and (12) we obtain

20y (2) 1—v* Y

and thus (15) implies

(17) re{l—}- zf”(z)}> i niplh
fi) 7 14+

2q,,(z)cos a
gm(2)cosa+isina

_1=7  agn(2)cosal  1—r*  j2g,(2)]
1+r" reg,(z)cosa  1+7*  req,(z)

By our previous remark we obtain from the well known estimate of
2q'(2)/q(2), geP,, see e.g. [3], the following inequality

2 2mr™
[2qm (2)| < 2m

req,(z) 1—r™

(18)

Thus (17) takes the form

o {1 zf"(z)} 1—r* 2mr™
(19) P Te ST 1 T 1=
Now, f is convex in 2| < r iff

”f”(z)}
2 0:
(20) {1+ @) >0; |z|<r

which certainly holds if

1—rk 2mr™

W5 o PP

(21) > 0.

This implies the convexity of feL,, in the disk |2| < r(k, m), r(k, m)
being the unique root of the polynomial (9) in (0; 1)

The value r(k, m) is best possible which is easily verified by the fact
that the function (10) yields sign of equality in (19). Theorem 1 is proved.



D6 J6zef Miazga, Jan Stankiewioz and Zofia Stankiewicz

Theorem 2. If feB,,, then f is convex in |2| < r(k, m) where r(k, m)
18 again the unique root of (9) situated in (0; 1).
The number r(k, m) is best possible. The exiremal function has the form (10).

Proof. Obviously B,,, = L,,,, hence the radius of convexity for B,,
is at least r(k, m). However the extremal function (10) belongs to B,
and this proves that radii of convexity for both classes are the same.

Suppose now that L, is the subclass of L consisting of k-symmetric
functions f:

(22) Je(®) = 2+ ap 2Pt ay P+ L

As shown by Z. Lewandowski and J. Stankiewicz [2], we have L, = L,.
Using this fact we obtain as a corollary of Theorem 2 the following

Theorem 3. If feL,, then f 18 conver in the disk

(23) 2| < r(k) = Ilc/k+1—l/k(k+2)

No larger disk of convexity does exist for the fumction

S
(24) f(z) — IW dz.

Proof. Since L, = L, the equation (9) takes the form
(25) r*—2k+1)*+1 =0

whose smallest positive root is r(k).
In case ¥ = m = 2 the extremal function has the form

- f 1—22 2

(26) f(2) =) @ ds = -

The function (26) is starshaped with respect to the origin and this means
that the radius of convexity for odd close-to-convex functions is the
same as that for odd starshaped functions and is equal to 7, = r}

—V3_aVa.

REFERENCES

[1] Bazilevio, I. E., Ob odnom sluchae integriruemosti v kvadraturach uravnenya
Lyovnera-Kufareva, in Russian, On a certain Integrability in Quadratures of Lévner-
-Kufarev Equations, Math. Sbor., 37 (1955), p. 471-476.

[2] Lewandowski, Z., Stankiewioz, J., Obszar zmiennoéci funkcjonalu lgf’(s)
w pewnych podklasach funkcji prawie wypuklyck, Ann. Univ. Mariae Curie Sklo-
dowska, Seotio A, 20 (1966), p. 45-51.

(3] Robertson, M. 8., Extremal Problems for Analytic Funotions with Positive Real
Part and Applications, Tans. Amer. Math. Soc. 108 (1963), p. 236-253.



Radii of Convexity for some Classes of Close-to-Convex Functions 57

Streszczenie
Niech I,, oznacza klase funkcji f regularnych w K, i takich, ze

f(2) = g(2) P (2)
gdzie g, eCy i P, eP,,, oraz B,,, klase funkcji f regularnych w K, takich, ze

f'(2) = g(2)Pm(2)
gdzie ¢, eC, i p,eP,,.

W pracy tej podajemy promien wypukloci w klasach L,, i B,,,
ktore to wyniki zawarte s3 w udowodnionych twierdzeniach.

Twierdzenie 1. Jezeli feL,,, to f realizuje odwzorowanie wypukle kola
|2| < r(k, m), gdzie r(k, m) jest jedynym pierwiastkiem réwnania (9)
nalezacym do przedziatu (0, 1). Funkcjg ekstremalng jest funkeja postaci
(10).

Twierdzenie 2. Jezeli feB,,,, to f jest wypukla w kole |z] < r(k, m),
gdzie 7 (k, m) jest jedynym pierwiastkiem réwnania (9) potozonym w prze-
dziale (0, 1). Funkcja ekstremalna ma postaé (10).

Twierdzenie 3. Jezeli feL, to f jest wypukia w kole |z| < r(k), gdzie
r(k) dane jest réwnaniem (23). Funkcjami ekstremalnymi sa funkcje
postaci (24).

Pesome

Ilycre I, o6o3nauaer kKiacc PyHruui f(z) peryaapHux B Kpyre K,,
OTBEYaIOHIMX YCJIOBMIO:

f' (@) = gi(2)-pm(2),
rae ¢ €0y, PmePr,y a By, x1ace Pynxumit f(z) romoMopduux B Kpyre K,,
OTBEYAIOIUX YCIIOBHMIO:

F'(2) = pi(2)Pm(2),
rae ¢,eC, ¥ p,eP, . B paboTe naerca paauyc BRITYKIOCTH B, Kiaccax
L,,. v B,,, pe3yibTaThl KOTOPOT0 3aKIII0YEHH B JOKA3aHHHX TeopeMax.

Teopema 1. Eciu felL,,, To f peanuayer BhNyKIoe OToGpaxkeHue
Kpyra |2| < r(k, m), roe 7(k, m) ABIAETCA €IMHCTBEHHBIM KODHeM YypaB-
HeHuA (9), MpUHAMIEKAIUM K NPOoMeKYTKY (0, 1). DyHKUUAMU BKCTpe-
MalbHEIMH ABIATCA yHKuuM Bupa (10).

Teopema 2. Ecnu feB,,, To f peanu3yeT BRIYKioe 0TOOpaMeHue Kpyra
|z| < r(k, m), rne r(k,m) ecTh eIVWHCTBEHHKIM KOpHeM YpaBHeHUA (9),
NpUHaIe:KalMM K HpoMe:RyTKY (0, 1). IKcTpeMalbHRIMM QYHKUMAMM
ABAAOTCA QyHKuuMm Bupa (10). '

Teopema 3. Ilyctb feL,, To f ABIAETCA BHIIYKIOH B Kpyre [2| < 7(k),
rae (k) naHo ypaBHeHueM (23). IKcTpeMaIbHBIMU GYHKUMAMH ABIAIOTCA
dyHkunu Bupa (24).






