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On Mutaally Adjoint Close — to — convex Functions
0 wzajemnie sprzezonych funkejach prawie — wypuklych

O B3aHMHO COMPSXKEHHLIX MOMTH BHINYKILIX (QYHKUHSX
1. Introduction

Let 8 be the class of funetions f(z) = 2+ a,2%2+ ... regular and uni-
valent in the unit disk K, — {z: |[2| < 1}. M. S. Robertson [2] introduced
the subclass 8** of S of functions defined by the condition

zf' (2) .
(1) re o —1—2) >0 for zek,.
The latter author gave in [3] necessary and sufficient conditions that
f should belong to S8**.

The class 8** may be now generalized in the following manncr. If
fe8 and h(z) = —f(—z2), then obviously heS. Hence the denominator
in (1) has the form f+ A with f, heS. On the other hand & also satisfies (1).
Suppose now f and g are two funetions regular in K ,, normalized in the
usual manner: f(0) = g(0) = 0, f'(0) = ¢'(0) = 1, and such that

2f' (2) I
2 — ek,
(2) re @)+ 903) for zeh,,

zq'(2) d
3 ) - € y
(3) re ) L9 >0 for zek,

Such funetions will be called mutually adjoint and the corresponding
class of funetions f having & mutual adj()irit will be denoted by #. Let S°
be the subelass of 8 consisting of all funetions starlike w.r.t. the origin.
From (2) and (3) it follows that ¢ = }(f+ ¢)eS*. Since (2) can be written
in the form

(2) re{zf'(z)/p(2)} >0 for =zeK,,
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with ¢eS8*, it means that f is close —to — convex and hence univalent.
Obviously the same holds for g. On the other hand any feS8* has f itself
as a mutual adjoint, i.e. f is self — adjoint.

Let now P be the class of funetions p(z) = 1+ ¢,2+ ¢,2%+-... regular
and of positive real part in &,. In the next chapter we shall find a structural
formula for f<% in terms of a pair of functions p, geP’.

2. Structural formula for the class &

We now prove the following

Theorem 1. The functions f, g are two mutually adjoint elements of &
if and only if there exist two functions p, q; p, qeP such, that

p [ 2OT0=2 a:]fz:.,

0=
-

(1) 16 = [ pon|ex

e n ) 1
(5) 9(z) = [ q(n)[eXD f >p(C)+2qt(Q— dCJ dn.

Proof. Necessity. Suppose f,g are two mutually adjoint elements
of . Put

2zf'(2) 229’ (2)
6 = ————-- ¥ — ———
. PO = ot P T e
Hence
(7) f(2)]g'(2) = p(2)/q(z).

From (6) it follows that
g(2) = 22f'(2)[p(2) —f(2)
and after differentation we obtain

2 (2)p(2) = 22f ()P’ (2) — " (2)p*(3) + 24/ (2)p ()

8 0 —
(8) g'(2) 2(2)

This (8) and (7) yield
[ (@)[f (2) = p'(2)[p(2)+ [p(2) +q(2)—2]/22.

After a repeated integration we obtain (4) and this proves the necessity.
An analogous ealculation gives (5). This proves the necessity.
Sufficiency. Suppose the formulae (4) and (5) hold with some p, g ¢P.
The functions f, g are obviously regular and satisfy the conditions: f(0)
=¢g(0) = 0,f(0) = g'(0) = 1. We first verify by differentiation the
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identity
(9) 2zexpuf {[p(0)+q(0)—2]/20}dC

= [l +atlexp [ () +a(0)—D21ac)d.
Moreover, by (4)

(10) 1@ = p()exp f (1p(2) +a(0)— 2122} 2

which shows that f'(z) + 0 in K,. Adding both sides of (4) and (5) we
obtain

+q()—2
2¢

fIC} dn.

fl2)+g(2) = f[P(’?)+Q(77)]{eXPf =
Using the identity (9) and the formulae (10), (11) we have
2:f'(2)[[f(2)+ g(2)] = p(2)

which yields (2). The condition (3) can be derived in an analogous way.
The sufficiency is also proved.

If p = ¢q then the formulae (4) and (5) represent the same starshaped
function. Hence §* = &. On the other hand, if ¢(z) = p(—2z) then g(2)
= —f(—2) and this gives us a function feS**. Hence also 8** = .

If f is a fixed element of %, then we can consider a subclass #; of all
ge¥ such that g and f are mutually adjoint.

3. Subordination and the class &

We now quote Lemma 2 proved in [2] which enables us to define
the class & in terms of subordination.

Lemma. Suppose F(z,t) is regular in K, for each te (0,46 ), F(z,0)
= f(2),fe8, and F(0,t) =0 for each te{0, ). Suppose moreover, that
for each re(0, 1) there exists 6(r)e(0, 6> such that for any te{0, 6(r)) we
have F(z,t) 3,f(z) (F(z,t) subordinate to f(z) in the disk |2| <r), and
that the limit

O e (O

F(z
teot th ( )

exist for some p > 0.

Then re {F(2)[f'(2)} < 0 in K,. If F(z) is regular in K, and re F(0) # 0
then re{F(2)[f' (2)} < 0 in K,.

Using this lemma we prove

Annales 4
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Theorem 2. The functions f, g are two mutually adjoint elements of &
if and only if for any re(0,1) there exists 6(r) > 0 such that for any
te(0, 8(r)> we have
(12) F(z,1) = f(2)—t[f(2)+g(2)] 3 f(2)

(13) G(z,1) = g(2)—t[f(2)+g(2)] 3 9(2).

Proof. Sufficiency. Put o =1 and F(z,?) as in (12) and (13). Then
we have

F(z,t)—f(z)

i G U B Lo o B D —0(R), o (03000 s oty
o+ 2t ot 2t —z
F(z) is regular in K, and F(0) = —2. By Lemma we obtain
@ tg@) _ [ (&) +g@)
w@ 170 o |

in K,. This is equivalent to (2) and (3) and this means that f and g are
mutually adjoint.

Necessity. Consider the function F(z,t) = f(z)—1[f(2)+ ¢(z)], where
f and g are mutually adjoint elements of . We have

ZF (2, 0) ' (2)—t[f (2)+g'(2)] L

F, (z t)

X2 A rae o (P 942D
S
rof(Z)ng()

The last term is negative in K, by (2). By the maximum prineciple
we can find for each 7¢(0, 1) a positive (r) so that

re{zF,(z,1)|Fi(z,1)} < —e(r)< 0 in K,.
In view of continuity we can also find 6(r) > 0 such that
re{zF,(z, 1)/ Fi(z, )} < 0

for all zeK, an all te0, 4(r)>.
Now, from (Lemma 2 in [1]) it follows that the image domains of K,
by F(z,t) shrink with increasing ¢{,i.e.

F(K. 1) c F(K.t,) for 0<t,<t <d(r).

We can also replace F(z,t) by an analogous expresion G(z,t) which
arises by interchanging f and g.

For t, aproaching 0 we obtain the relations (12) and (13). The necessity
of (12) and (13) is also proved.
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Streszczenie

Przez P oznaczmy klas¢ funkeji p(2) =1+e¢,2+... regularnych
w K, i takich, ze Rep(z) > 0 w K,. Funkcje fi g regularne w K, nazywaé
bedziemy wzajemnie sprzezonymi, jezeli spelniajag warunki (2) 1 (3).
f(2) = z+ a2+ ... ¥ jezeli istnieje funkeja g(z) = 2+ b,2% | ... sprzezona
z funkejg f.

W pracy tej podajemy wzory strukturalne dla funkeji klasy & po-
zwalajace, kazdej parze p, q funkeji klasy P przyporzadkowaé pare f, g
funkeji klasy . Podajemy tez pewne warunki konieczne i wystarczajace
aby funkeje f i ¢ byly wzajemnie sprzezone.

PeszwomMme

Ob6o3nauum yepes P knacc oyHkumit p(z2) = 1 +¢,2+ ... roasoMopdHbIx
B kpyrec I,, a Takxke Takux, rae Rep(z) >0 b K,.

®yukunu f u g, ronomopdHsie B I, OyaemM Ha3biBaTh B3aHMHO COMPSAXKEHHDbI-
MH, €CiMi OHHM BBIMONHAIOT YcaoBHA (2) u (3). f(2) = 2+ a2 +...e¥, ecnu
cywectByeT dynkuns g(z) = 2+ b,22 4 ... conpskeHHas c (yHKuHeH f.

B pabGoTe maloTcs cTpykTypasibHbie ¢OpMyabl s kjaacca &, KOTOpbie Mo3-
BONAIOT Kax Ao nape GyHKuMH p, q kaacca P waitu napy f, g Gyskuuu xnacca .

JaloTcs Takxke HeKOoTOopble HeOOXOaMMble M NOCTAaTOYHBIC YCIOBUS [JA TOTO,
4TOOBI (yHKuMH f H g ObUIM B3aMMHO CONPSDKEHHBIE



