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ZDZISLAW LEWANDOWSKI

Some Results Concerning Univalent Majorants
Kilka wynikéw dotyczgcych majorant jednolistnych

HekoTopbie po3yabTaTbl OTHOCALUHECH K OAHOJTHCTHLIM MAaXXOpaHTaM

The papers of M. Biernacki [6], [7], G. M. Golusin [8], [9], [10] and
also some papers due to A. Bielecki and the author [1], (2], [3], [4], [h],
[12], [13], indicate that there exists a relation between subordination
and modular majorization. The aim of this paper is to point out further
relations of this kind. The Theorem 1’ stated below is an analogue of
a theorem due to M. Biernacki [6], restated in an improved form by
Golusin [8] and Shah Tao-Shing [15]. Similarly, the Theorem 2 is an
analogue of a well-known result of M. Schiffer [16]. The supposition of
subordination in the results referred to is replaced here by the assump-
tion of modular majorization. The remaining results are of similar type.

In what follows S denotes the class of functions f(z) = 24 a,22+...
regular and univalent in the unit disc [2| <1 and 8* = § denotes the
subclass of functions starshaped w.r.t. the origin.

Let B(a),0 < a < 1, denote the class of functions w(z) = a+ f,2+
+ B222+... regular and bounded in the unit disc such that |w(2)|<1
for |z} <1 and let B be the union |J B(a) of all classes B(a). We now
prove N

Theorem 1. Suppose that F(z)eS and f(z) = az+... (0 < a < 1) 48
regular in the unit disc. If the inequality |f(z)| < |F(z)| holds for any z in
the unit disc, then |f'(2)| < |F'(z)| holds for any z in the disc |2| < r(a),
where r(a) 18 the least positive root of the equation ard—3ar?—3r+1 = 0.
The radius r(a) 18 best possible.
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Proof. Obviously, f(z) = F(z)w(z), with ©(z)e B(a). Besides, we have
(see [11], [10])
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Suppose that r is a fixed real number which satisfies 0 < r < r(a) and
put W(r,a) = —ar®+ 3art+3r—1. We have obviously W(r,a) = r[1}
+a+(A+a)r]—(1—r)2(1+ar) < 0 for re[0,r(a)) and this implies
r 1—r
<—\ 0<r<r(a).
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From (2) and (4) we obtain for 2| = r:
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Using next (1), we get
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Applying finally inequalities (3) and (6) we have

lo(2)| + F ()
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Je'(2)] <1,

that is
|F'(z) w(2)|+ |F(2)w'(2)] < |F'(z)]. This means that |f'(z)| < [F’(2)] in the
disc [2] < 7(a). An easy calculation shows that for F,(z) = 2(1+2)%
wo(2y @) = (2+a)(1+ az)”', we have [Fy(2)w,y(z, a)]’ = Fy(z) at 2z = r(a).
The theorem is proved.

Since the extremal function in Theorem 1 belongs to S°*, the some
results hold for starlike majorants.

It is easy to see that r(a) decreases in [0, 1) and lim r(a) = 2— V3.
This implies immediately Gl

Theorem 1'. Suppose that F(2)e8 and f(2) = az+ ... (0 < a < 1) is
reqular in the unit disc. If the inequality |f(z)| < |F(2)| holds for any z
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in the unit disc, then |f'(2)| < |F’'(z)| holds for any z in the dise |z| < 2— V3.
The number 2—V3 is best possible.

We now show that if we confine ourselves to starlike f and F, the
radius 2—V3 cannot be increased.

Theorem 1''. Suppose that F(z)eS* and that f(z) with f(0) = 0,
1'(0) > 0, is univalent and starshaped (w.r.i. the origin) in the unit disc.
If the inequality |f(2)| < |F'(2)| holds in the unit disc, then |f'(2)| < |F'(2)|
holds for any z in the disc |z| < 2—V3. The number 2—V3 is best possible.

Proof. Suppose that for any f(z) and F(z) satisfying the assumptions
of Theorem 1" we have |f'(2)| < |F'(z)|in the dise |2] < Rwith R > 2— V3.
Put F,(2) = 2(1+ 02)"% w,(2) = (p2+a)(1+ apz)™', where 0 < p <1,
0 <a<1, and comsider f,(2) = F,(2)w,(2). The functions f, and F,
satisfy the assumptions of Theorem 1’’. Besides,

1 = o)
(7) (o) = gt U CER TR
fe(2) 1+02  (1-+aoz)(9s+a)
The real part of the first term on the right hand side is at least equal to
(1—0)(1+ p)~!, whereas the second term tends uniformly to 0 if a — 1
Hence for any fixed p,0 < o <1, there exists {,,0 <1, <1, such.
that for ae[t,,1) we have re {zf;(z)/fo(z)} >0 in [z| <1. However,
H(0) =1, and for ae[t,, 1) the function f,(z) is univalent and starlike

in the unit disc. On the other hand f,(r) = F,(r) for the least positive
root r of the equation

(8) ag’r* —3ag*r* —3or +1 = 0.

From (8) we deduce that r = r(a)p™". Now, 7(a)x2—V¥3 for « 1 and
we can choose aand o 80 that 2— ¥3 < r < R which contradicts Theorem 1.

Theorem 2. Let f(z) be regular for |z| <1 with f(0) = 0, f'(0) >0,
and let F(z)eS. If |f(2)] < |F(2)| for |2| <1, then

1+ 2]

(9) @) < G

Proof. We have f(z) = F(2)w(2) with w(z)eB. The well known
estimations: |F(2)] < |z|(1— J2)"%, |F"(2)] < (1+ [2])(1— [2])"*, and (2), (3)
imply

If ()] = [F'(2) o(2) + F(2) 0’ (2)]
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The expression in square brackets attains a maximum for a fixed o, |o| < 1,
and z ranging over the unit disc if |z] = 1, the maximal value being
14 |z
(1— 2]y’
lie within [}, 1], and this proves Theorem 2. Another analogue of a well

known result for subordinate functions is

Theorem 3. If

[lo|+ $(1—|w|?)]. Now, the values of z-+ }(1—22),ze[0, 1],

f(z) = Y a2, F(z) = ZAkzk
= =
are regular in 2| <1 and if |f(z)] < |F(2)| in |2| <1, then

n n
(10) Dlaf < D) 14xf
k=1 k=1

Proof. Put

n

S, Eakz S, = 2 A7 R, Sm‘ A7

pa—
k=1 k=n41

We have f(z) = F(2)w(z) with w(2)eB. IHence

f(2) = 8u(2) 0(2) + Ru(2) 0(2) = 8y(2) w0 (2) + Vmi

k- ﬂ+1
Resides,
(11) 8u(2)o(2) = sa(2)+ Yyt
k.TH
The inequality
[ 1Ba@)o(2)2a6 < [ |8a(2)d0, 2 = re®,
0 0

and (11) imply

2z oo
[ Ba@+ > ardfran < 2|A e
0 k=n+1

that is
lay *r** + la *r* < \ | AP,
Siates 3 et < >

and for r -1 we obtain (10).
The relation (10) holds also under the assumption of subordination,
(ef. [14]). The proofs in both cases are similar.
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Theorem 4. Under the assumptions of Theorem 3 we have
la,] < [4,], lag] <1+ ﬂA2|2/|A1|-

Proof. Let f(z) = F(2)w(z), where w(2) = aqy+a,2+...¢eB. We have
a, = ayA, and a, = qyd,+ a,4,. In view of |gy| < 1 we have |a,| < [4,].
Besides from (3) it follows that |w'(0)] < 1— |w(0)?, i.e. |a,| <1—|ap.
Hence |a,] < |ap||4,|+ |ay| |4, < |ag| |4, + (1 —|ag*)|4,]. Now, the right
hand side attaing a maximum 14 }|4,*/|4,| for |ao] = }|4.]/|4,],
and the bound for |a,| follows.
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Streszczenie

W pracy tej zajmuje sie¢ zagadnieniem wyznaczenia dokladnej wartosci
rs z przedziatu (0,1) promienia kola w ktérym zachodzi nieréwnosé [f'(z)'| <
< |F'(z)| przy zalozeniu, ze funkcja f jest modulowo podporzadkowana
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funkeji ' w kole jednostkowym. O funkeji F zaklada sie, Ze jest jedno-
listna i gwiazdzista w tym kole. Procz tego dowodze dwu innych twierdzen
bedacych analogami odpowiednich twierdzen z teorii majoryzacji funkeji
z tym, ze zalozenie podporzadkowania obszarowego zastepuje nieréwnos-
cia moduléw funkeji f i F.

Pealome

I3 3Toit paGote aBTOp 3anuMaercs onpefeseHneM pajHyca 7ge (0, 1)
Kpyra B KOTOPOM HKCTIIOJIHfIETCA HepaBencTso |f (z)| < |F'(2)|, ecan B ue-
JIOM OfuioylioM Kpyry mumeem [f(z)| < |F(z)|, rne K — omgHoincTHAsA WIN
3Be3noobpasnan QyHkumsda. [Joxasanubie eie OBe TeopeMmbl alajioruyiibi
XOpOUIO M3BCCTHLIM TeoOpeMaM K3 TeopHH 1HORUMileHHLIX (YHKIMIA.



