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ZDZISLAW LEWANDOWSKI
On Circular Symmetrization of Starshaped Domains

O symetryzacji kolowej obszarow gwiazdzistych

O Kkpyrosoii CRMMeETpHIALHH 3Be3qco0pa3Ebix obaactel

I. The fact that the circular symmetrization preserves the starsha-
Pedness if the ray of symmetrization emanates from the centre, remained
unnoticed according to the best of my knowledge. Taking it for granted
We can use the method of circular symmetrization for tackling extremal
Problems in the class of starlike univalent functions. As an application
We solve an extremal problem analogous to that treated in a similar

Way by J. A. J enkins, [2]. This example was suggested to me by J. Krzyz.
© now prove

_ Theorem 1. If ¢ is a domain starshaped w. r. t. the point 0 and 0!
8 a ray emanating from 0, then the domain G* arising from G by the
Circular symmetrization w.r.t. 0 is also starshaped w.r.t. 0.
realPTQO'f. We may assume that the ray 0l coincides with the positive
o axi8 in the (z)-plane. The intersection K, ~ G, where K, = {2: |z| = ¢},
I n at most: enumerable set of open circular arcs of total angular measure
.(9)' fo<yo< o and ¢ e@, then ge'’ @ in view of starshapedness. This
Implies that
3 @) > o)-
s the other hand, K, ~ 6"  {s: & = ¢¢", 01 < Ue)j2} for any ¢>0.
is de( ) we deduce ‘that the angular measure of the circular arc K, ~ G*
: creasing function of ¢ which implies the starshapedness of G* w.r.t.
the origin,
unif;'l;ﬁt_s be the class of .functions f(2) = z+4ay2%+ ... regular and
i m |2 < 1 and let 8* be tho subelass of functions mapping the
I8¢ on domains starshaped w.r.t. the origin. Let L(r,f) for feS
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denote the linear measure (w.r.t. the circumference |w| = r) of the set
of points w such that |w| = r and w is not a value taken by f(z) in the
unit disc. J. A. Jenkins determined [2] the precise value sup L(r, f) for
feS. We now solve an analogous problem for the subclass S*.

Theorem 2. We have

sup L(r, f) = are(r),
1eSe

where ¢(r) is the inverse of the strictly increasing function r = 4[(4—
1

—9)"""1 %, 0 <gp <2
Proof. Let A(6) be the complementary set of the closed circular sector
{2: 12 <1,0 <argz <(2—0)n}, where 0 < 6 < 2. The function

/1—;/5)" 1+ 6Vw +w

= | — —
i \14+Vw ! 1—6Vw +w

maps conformally the upper half-plane Sw > 0 on 4(6), cf. [3], p. 221.
Obviously

14+Vw \°* 1—0Vw +w
F(w) =( — | g
\1—vw! 14+60vw +w

maps conformally the upper half-plane S > 0 on the domain P(6) =
={W:|W| <1} v {W:|W| >1, 0 <argW < (2—0)=n}.
Hence the mapping

Wy —1Wy2 \

f(2) =F(——1—_z—,,

where w, = $(02—2 160V 4— 6?), carries in a biunivoque manner the
unit dise |2| < 1 in P(0) so that f(0) = F(w,) = 0. We have

af
dz

dw

i ar
dz

g=0 i dw

(2)

1
[_ =2+ 6)*+%(2 — 6)*~°]3,

w-wa

where w = (w,— %,2)/(1—2). Choose now a so that y(z) = e~ |f'(0)|* X
f(2¢"*) belongs to S*. Then y(z) maps the unit disc |z| < 1 on P,(0) =
={W:|W|<r}v{W:|W|>r, |argW| <}n6, where r-! is equal to
the last term in (2). The et of values taken by y(z) in |2| < 1 does not
contain the circular arc of angular measure (2—6)zn = gn on|W| = r.
This means that L(r,y) = nre(r), where ¢(r) is defined implicitly by
r = 4[(4—g@)* %¢°]""*, 0 < ¢ < 2. Suppose now that we have L(r, y,) >
> L(r, y) for a function y,eS*. Let us now symmetrize the image domain
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G of the unit disc under y, w.r.t. the positive real axis. If y*(z) maps
|2] <1 on the symmetrized starshaped domain @*, we have

(3) 9" *(0)] = |y’(0)] =1,

cf. [1], p. 81. However, G* c Py(6) and G* # P,(6), since L(r,p,) =
= L(r, y}) > L(r, v) and this contradits the inequality (3). The Theorem
2 is proved.

We can use the result of Theorem 2 to estimate the area A[f] of the
part of the unit disc uncovered by the values of feS*. We have A[f] <

2
Sn[1—8 [ (4—¢)° ¢ °dp] < 0,47 for any feS®*.
0
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Streszczenie

Niech 8 oznacza klase funkeji f(z) = 2+ a,2?+ ... holomorficznych
i jednolistnych w kole |z| < 1 za§ §* niech bedzie podklasa klasy S, funk-
¢ji gwiazdzistych wzgledem poczatku ukladu. Niech L(r,f) oznacza
Miare liniowg na okregu |w| = r punktéw w takich, ze f(z) # w dla
l2| <1. W pracy tej dowodze twierdzenia:

Twierdzenie 1. Jefli @ jest obszarem gwiazdzistym wzgledem punktu
0i 07 jest pod prosta o wierzchotku 0, to obszar G* otrzymany z G przez
8ymetryzacje kolowa wzgledem 0l jest tez gwiazdzisty wzgledem 0.

Twierdzenie 2. supL(r, f) = nrp(r), gdzie ¢(r) okre§lone jest na

1eS*®
str. 36.

Drugie z tych twierdzenn jest analogonem twierdzenia Jenkinsa [2]
sformulowanego dla klasy §.

Pesome

Ilycrs S o6oanavaer knace Gynxumit f(z) = 2+ a,2*+... roIOMOPPHHHIX
Y omnonmucTHHIX B Kpyre |2| < 1, a 8* nmycts Gyner momkiaccoM Kiacca S
ynkuni 3Be31000pa3HbLIX OTHOCHTEIbHO Havyana KoopamHar. Ilycts L(r, f)
OGoaHauaer nMHelHYI0 MEPY HA OKPYMKHOCTH lw] = 7 TAKMX TOYeK w,
9To f(2) # w nma |z| < 1.
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B aToli paboTe moKa3aHbl TEOPEMbI:

Teopema 1. Ecan G ob6inacte 3Be3agooOpa3Hasd OTHOCHTeNLHO 0, a Ol
noaynpamas ¢ BeplwmHoii 0, To o61actk G*, nonyyaemaa u3 G KpyroBoi
cMMMeTpH3alueil oTHocuTe/lbHO 0, Toke oOKa3biBaeTcA 3Be3N000pa3HOMN
OTHOCHTEJIbHO 0.

Teopema 2.

supL(r, f) = nre(r),
18
rae ¢(r) onpeneineHa Ha ctp. 36.

Bropaa u3 3Tux Teopem aHainoruyHa rteopeMe [[:kenkmHca [2], cdop-

MYJHpOBaHHOU OnA kaacca 8.



