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DOMINIK SZYNAL

On the Strong Law of Large Numbers for Random Variables
Bounded by Sequences of Numbers

O mocnym prawie wielkich liczb dla zmiennych losowych ograniczonych przez
ciggi liczbowe

OG6 ycuieRHoM 3akoHe GonbWMX wHCen AME CAYYHAHHBIX BE/IHYHH OTPAHHYEHHBLIX Yepe3 4HC/I0Bhie
Nnoc/1€e10BATE/IbLAOCTH
1. Introduction

Let {X;} (k =1,2,...) be a sequence of random variables and let
n
Sn — 2 Xk'
k-l

Definition 1. The strong law of large numbers (SLLN) is said to
hold for the sequence {X,} if there exists a sequence of constants {c,}
such that

(1) P[lim (§" = cn) = 0] =1.
n

T

Definition 2. The sequence of random variables {S,/n} is said to
contain the characteristic subsequence ({8, /n} (k =1,2,...) if

. Mgy
10 lim—= =1, np < Ngyy
k-»o00 nk
(2)
S, —E(8
20 P[h[n m‘___(_ n‘i) = OJ = l,
k—co Ny

where E(8,,) is the expectation of S, . )
A well known though unsolved problem in the theory of probability

is to find a set of necessary and sufficient conditions for the validity of

the strong law of large numbers. The results of heretofore investigations
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may be found in the papers of Chung [1], of Loé¢ve [5], and of Pro-
horov [6].

In papers devoted to the necessary and sufficient conditions for
SLLN some authors give such conditions for certain classes of random
variables, expressing them in terms of moments, in terms of probabilities
of sums of some segments of the conridered sequence [6], or in terms of
characteristic subsequences [3], while other authors indicate instead
certain classes of random variables for which necessary and sufficient
conditions, expressed e. g. in terms of moments, do not exist [2].

For uniformly limited variables E. Franckx [3] shows that the existence
of characteristic subsequence is a necessary and sufficient condition
for SLLN.

In this paper it is remarked that the existence of characteristic sub-
sequence is the necessary condition for any sequence of random variables,
and it is proved that this condition is also sufficient for such a class of
random variables for which there exists such a sequence of numbers
{L,} that

(3) D P[IX,| > L,] < oo,
n=1

Furthermore it is shown that the existence of characteristic subsequence
is not always sufficient for random variables which do not obey (3). It
is also shown that the assumption (3) may be replaced by some other
assumptions.

2. Theorem.

Let {X,} be a sequence of random variables such that (3) holds. The
existence of characteristic subsequence 18 the necessary and sufficient con-
dition for SLLN.

Proof.

A. The condition i8 necessary.

The proof of E. Franckx for the class of random variables that are
uniformly limited is based on the convergence almost surely (a.s.) of
{8,/n} and may be transfered to the class of random variables in the above
theorem, and even, to any sequence {.,}, since a convergence almost
surely of a sequence {S,/n} implies a convergence almost surely of sub-
sequence {S, /n} (k — oo).

B. The condition is sufficient.

Without loss of generality we may assume that the median u(X, | X,,
X5y ...y Xx_y) = 0, since if a theorem holds for the sequence of random
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variables centered at the conditional medians, it follows that it holds
also for original sequence of random variables [4]. Let

Ur=Xyy, V=0 for |X;|<Iy,
Uk = 0, Vk = Xk for At” le.
= 57 Uk.
k=1
With the assumption that S;,k/nk — 0 a.s. for k - oo, we have

‘' ’
Snk_s-' S”k 'nk l S"k 1

}‘k = ”-k;l_ — = 0 a&. 8.
Ny Ny N Np_y
Putting
ot
| S.—8
Zy = max -~ M-l
ffe_p<nany Ny

and using extended P. Lévy’s inequality [4] we obtain, for every ¢ > 0,
P[Z, > €] <2P[|Y,| = €], and hence EP[Z; > ¢] <2 ZP[|Y,| = €] < o0
so that Z, — 0 a.s. Therefore, for n,_, <n <,

8,8, S, '

LU

Sﬂ n n
k—1 nk_
l— - kL —Z+ ‘
n n n Nye_y
Ny S
<—Zp+ | —%=1/ 5 0 a.s.
n L7

This proves SLLN for U,, since for {X,}, satisfying (3),
[ (8nl 81y Sayeeey 8 1)) —E(8,18;, 83y ...y Suy)l/n — 0,
for n > oo [4]. Now, we have on the basis of (3)
EP[V, #0] =2ZP[|X;| = L] < o0
80 that SLLN holds for {X,}.

3. Remarks.

Remark 1. The existence of characteristic subsequence is not always
sufficient for SLLN if {X,} does not obey (3).

For example, let {X,} be a sequence of independent random variables
such that P{X, = —k'?} = P{X, = k'*} = 1/loglogn, and P{X, = 0} =
= 1—2/loglogn. It is easy to verify that E(X,) = 0, 0*(X,) = 2k/loglogk.
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The sequence {X,} obeys weak law of large numbers (WLLN), be-
cause

2 a?(X,)[n? = (2‘2k/loglogk)/n’ < 2/Vunloglogn — 0, for n > co.
‘=3 k=3

So there exists a subsequence {S,, /n;} which converges to zero a.s. But
SLLN is not satisfied, which will be shown directly. Because |X,;| =
= o(k/loglogk) the necessary and sufficient condition for the validity
for SLLN is convergence of the series

ar+1

oo'f o : | L 1 -
S = 4 3 o,

L= k>27

for any ¢ >0 [6]. By elementary computation we obtain

Z exp(—e/H,) > 2 exp(—elog(r+1)log2) = oo,

feul F=1]

which shows that SLLN does not hold for {X,} in spite of the existence of
characteristic subsequence.

Remark 2. The assumption (3) may be replaced by some other as-
sumption concerning the sequence {X,}, for example, by assumption

Xngir+Xngrateoo+-Xngy,
ny

— 0 a.s.

K‘=

or, by assumption

' 8
R; = sup |— — ™| > 0 a.s. [5].
k
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Streszczenie

W pracy te) podano warunki konieczne i dostateczne dla spelnienia
mocnego prawa wielkich liczb dla ciaggu zmiennych losowych ograniczo-
nych przez ciggi liczbowe oraz wykazano, ze dla ciggéw pewnych zmien-
nych losowych nieograniczonych nie istnieja warunki konieczne i dosta-
teczne wyrazone przez podciagi charakterystyczne.

Pe3oMe

B aroit paGote, 1ogaHbnl HeoOXOJMMBIC M JOCTATOMHLIC YCIOBMUS IIPH-
JIO}KMMOCTH YCHIIEHHOTO 3aKoHa GojbuMX uucen (y.3.0.4.) K Iociexgo-
BaTeJIbHOCTH CJIyYallHBIX BCIMYMH OrpaHMYEHHBIX Yepe3 YUCIOBHIE IoCIe-
JOBaTEeJIbHOCTH, a TaKie [JOKa3aHO, 4TO I II0CJIeJ0BATEIbHOCTH HEKO-
TOPHIX HEOTPAHWYEHHBIX CIy4YalHBIX BCJIMYUH He CYUIeCTBYIOT Heo6xo-
AMMble M JIOCTATOYHBIE YCJIOBMA NPHIIOHHMMOCTH Y. 3. 0. Y. BhIpaKeHHble
yepes XapaKkTepHbie 110[I10Ce0BATEThHOCTH.






