
ANNALES UNIVERSITATIS MARIAE CURIE-SKLODOWSKA

LUBLIN-POLONIA

VOL. XU, 7____________________________ SECTIO A__________________ ____________________1987

Inatytut Ma.texm.tyki 
Uniwereytet Maru Cune-Sldodomlaej

M.MAKSYM, A.ZMUREK

. Manifold with the S-structure

Rozmaitoec z 3-strukturq.

Introduction. In the paper [1], the authors studied properties of the Rieman- 
nian manifold M*n with given 3-structure {F} which satisfies certain conditions and

the properties of the 3-structure {F, w,«,} induced on hypersurfaoes A/4"-1 immersed 
cr a

in M*n.
In the present paper we shall give the relations between the Nijenhuis tensors of

the 3-structure {F} on Ai4n and the formulas for a linear connection satisfying the a
0 -

conditions : VF = 0 , a = 1,2,3. Further we shall give the formulas for the induced" a
structure on the hypersurfaces M*n~l immersed in AT4".

1. Linear connections on differentinbie manifold with the S-structure. 
Let M*n, {F} denote 4»-dimensional differentiable manifold and the 3-structure on

° - • 
Af4n respectively ({1]). The F (a = 1,2,3) are tensor fields of the type (1,1) which

Or

satisfy the following conditions

(1.1)

(1-2)

FoF = f’ = s/ » = ±1,
a a a a a

<* g ag 1 ag

where I denotes the identity mapping on TA/4”. The coefficients e, e satisfy the 
a ag

following identities

(1-3)

(1-4)
o gn at 1

e • e = e ■ e — « , 
ag ai ga TO a

foiro#3#T#a (Il]>

\
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Tic Nijenhuis tensor for F, F is defined as follow

= [fx, £r] + i£x,£yi - - Ntfr
(1.5) * *

- - <^’^1++? • £ )l* yl •

iar X,Y (zTM*n ({2)).
Let V denote the oovariant differentiation of the linear connection f without 

torsion on Af4”. Fbr arbitrary vector Adda X,Y € TA/4n we have

ix,y) = v*y-v?x.

Moreover, we will make use of the relations

(^r)(y) = vi(ry)-|v*y.

Let N(X,Y) = Nf.j.(X,Y). Hie formula (1.5) of Nijenhuis tensor and the above 
<»4 .5

relations imply

(1.6)

N(X,Y) = (V^F)(Y) + (V^F)(y) - F(?xF){Y) - F^F)  ̂

- (V^F)(X) - (V,y£)(X) + F(Vf F)(X) + F(VfF)(X) .

We have N = N. Hius for the 3-structure {F} on A/4” there exist 6 different afi fia 'o'
Nijenhuis tensoors.

Making use of (1.1)-(1.4) we immediately obtain the following theorem:
• The Nijenhuis tensors of the 3-structure {F} on M*n satisfy the following iden-Or

tities :

(1-7.1)

(1-7.2)

(1.7.3)

(1.7.4) 

(1.7b) 

(1.7.6) 

(1-7.7) 

(1.7.8)

N(PX,tt) = eNtf,Y)
oror a a a aa

££*«*) = £<*•£*) = -f £(x,y)
¿(FX.Fy) = N(X,Y) + ' N(X,Y) -2^F fT(X, Y)

X(Fx,FY) = - g FN(FX,FY)
&ot P t *7 oror *7

+ £(*,») = j[A -1

ifiW+itW=-et*<«.n+£<*■"»

N(F^,trY) =
0-A 7 7 '

= <#(£,?) - e /’lV(^,y) - s F JV(X,y)+l( ' + r )F N(Xf) 
"lap "I fi fin ’ M««7 ' ’WlTl' ’
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It«) j(fi,fy) + /,(FX,py) =

- <A+ A>< ’ - A i X<*’fi - A ? £<*’?>+A ■ A %*’ *>
(L7.10) + £<#*,£?) =

= (« + «)F £(*. f) - « f #(*. t) - ' £ SIX, t) - • F NIX, F >+
afi fia 1 a'l pa a <71 ° °° f af

+ e ■ s N(X,Y) 
on fia fi't

(1.7.11) NlXjm + N(FX,Y) = e N(X,Y) - F N(X,Y) - F N(X,Y)
ap a ap a pa «7 P ® orp

(1.7.12) N(X,FY) + NIFX,Y) =
ap 7 ap 7

= e N(X,Y) + e N(X,Y) - F N(X,Y) - F N(X,Y)01 aa ’ 1 * ' n' or (9< ’ ' fi Or-f ’

X,Y eTM*n.

Theorem 1. Let the 3-strueture (F) on M*n he given. There exists the linear 
a

0
connection r such that

0 . 0 . 0 .
(1.8) VF = VF = VF = 0 .' ' ill

i
Proof. Let T denote an arbitrary linear connection without torsion on M. 

i
We define the connection T as follow

(1.9) r(x,j) =

=hx,y)+liF[(vJt|)(r)+(vfF)(^]-i<[(vJtF)(Fy)-(v^F)(x)3 

for arbitrary X, Y € TM*n. Then we have

(^/•)(y) = o.

Namely

(v^F)(y) =

=(Vi/’)(f)-/’[|eF((Vi/’)(?)-HVt/’)(jt))-le((V^(/T)-(V^/’)(X))] + 

((Vxf)(^) + (VfyF)(X)) - if((VtF)(F3y)-(Vp#F)(X)) =

= (v^F)(y) - i(vxF)(y) - |(vf F)(X) + |fF(v *F)(Fy) - J<vx|)(?)+ 

4-i(Vyf)(X) =
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= (V*{)(y) - i(V4)(f) + i<F(v±r’y - fv*(fy)) =

= (V^f )(y) - i(v^f)(y) + |{(vxy) - |(v^y) =

= (Vx{)(?) - i(M )<*) - l(Vje{)(y) = 0.

0
Now we are able to define the connection T :

s . .
r(x, y) = r(x,y) + |«f (v±|)(y)+

2(3 tV?) fu + )W +• • «1 * * 1 •13 31

for arbitrary X,Y £ TM*n. Let ns note that

(Vxf)(y> = (Vx<)(y) = 0. 

i
Namely, because V#> = 0, then

i
(Vx{W = (Vxf)(y) - <{ j?r(vx()(y) + [¿|(M><*>+

+,«,<’»{)(*)++,«,(’«>{)<*>]}+lsf(M’<{’?>+

' 18 81^ 1 ** 1 

= ?)(?) + ’¡tf? -

' is ai' L ’ 1 . •
- Jf(’f ?)(■*) - fl’ff f)(x)] =

-+>+{V] -1 [iM#>+f <’*?>] -

-jpuTT) +?<*«?><*>] -

' h >r v 1 1 • J ‘
',s [<’«{■><$'*>+?><*>] + A {'<’«?><*>} =
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=+? s[(M>({*>+?<’* ?><?>] =

= -iê *<’*/■)<*> + i< « • f(V,/■)(?) = 0 , •

and

= (v,{)(?) <{ i; r(vtF)(ÿ) + [., r (V, F)(x)+
v ' it ir1 ’ ( ,

+,V(Vrt{)(x)++ «(’«?)<*)]} + i; {(vJe{)({ÿ)+

+,«, ?<’«?>(*> + 4 {■<’«<)(■*')+- « {(V,f j)(x)-

- « «(’f f)(*) - « f(V jrf )<*> - « ,',<’«(><*> =

- KMx*’+i?V - - 55^T){à {•<W><*>+

V, I ¿[(M>(t*) + f<M<*>l - < f (W)(X)-

— e e e 
31 83 13

[(V^F)(FX) + F(V^F)(X)]| =

2(3
18 81

This condition and (1.2) imply

(VjtF)(ÿ) = * [(Vxf)(|Ÿ) + F(V^F)(ÿ)] = 0 .

3 0
Rernark. The torsion tensor for the connections T and T are given by the 

following formulas

r(x,f)-r(y,x) = -je^(x,r),
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and

r(x,r)-r(y,x) = -I r N(X,Y) - ; N(X,Y)-
8 i ii' ’ ' 4(3« + e) m' ’

' it tr

It II it tr

. J . .

Definition . The linear connection f will be called {F}—connection.

2. Connections induced an submanifolds of Riemannian manifold with
a 3—structure. Let ns assume that Af4n is the 4»r-dimensional Riemannian manifold
with the metric j and the 3-structure {F}. Moreover, let Af4""1 be smooth, oriented o
hypersuriace immersed in AT4". By N we denote the local vector field such that 
N £ TM*n~l and g(N,N) = 1. Then for each vector field X 6 TM*n we have the 
following decomposition

(2-1) FX = FX + e u(X)N , o= 1,2,3,

where F is a tensor field of the type (1.1) , FX € TM*n~l 
the type (0,1) ([1]).

We introduce notations

w is a tensor field of a

(2-2)
no
A
a

= FN € TM*n~'Q

We have

(2.3) FN = if + e A N .a a a a

With respect to (2.1) we get

(2.4) FX = FX + « w (X) N

for X e TA/4"-1. 
Thus we obtai

conditions:

(2.5)

a o a

FJ = e(I —o Or Or

U o F = -e A wa Or a a a
Ft, = —e A
»0, a a a
w(l)
a a

= 1-*(A]a a

It satisfies the following
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(2.6)

FoF = t F- < w ®sa p afi 1 9 9 a
usF = * HI - »Av
a S 91 1 9 » 9
Fl = » w- ; fa 9 »9 7 9 9a

w(v) = o A — s AA•7 9t t 9 a 9

(theorem 2, (lj).
Let V denote the covariant differentiation of the linear connection T without 

toreion on Af**. Fbr all vector fields X,Y € TM*n~l we have the decompositions

VxY =VxY + k(X,Y)N 
VXN = -KX + k(X)N . •

where V is the covariant differentiation on M*n~l and K,k,k are tenser fields on 
AT4"-1 of the type (1.1), (0,2), (0,1) respectively. Moreover we have h(X,Y) = 
= k(Y,X) for all X,Y € TM4n~l ([3j). The connection T will be called the induced 
connection by f.

The condition (2.4) implies

(VXF)(T) = (VXF)(K) + «(Vxw)(Y) N + r »(Y)VXN
a Or o o or dr

Hence we get

(*xf)(n

(2.8)
(VXF)(AT)Or

= (VXF)(Y) - e w(Y)KX - k(X, T),+ a a a a
+r[(Vx«)(y) + r k(X,FY) + w(Y)k(X) - A k(X, Y)]N

= Vx,-t\KX- *(X)W + (FoK)(X)+
„ a a a a

+e[dxA + e k(X,,) + (« °K)(X)]N
Ct* Or Or ®

Thus we have the foil owing theorem:

Theorem 2. If V is a covariant differentiation of the linear connection with
out torsion on Riemannian manifold M*n and V is a covariant differentiation of 
the induced connection on oriented hypersurf aee M4n~1 immersed in M4n, then the
eovariant derivatives of the 3-structure (F) on M*n and the induced 3-structure a
{F,w,ij} on M4n~l satisfy the relations (2.8).

a ct y

3. Riemannian connections without torsion. Let V denote a covariant 
differentiation of the Riemannian connection without torsion on Riemannian manifold 
with the 3-structure (F) and with the metric g such that

(3-1) g(FX,FY) = g(X,Y) , «=1,2,3
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for all X, Y 6 TM*n. The existence of such metric was given in [1]. 
Differentiating the above condition we get:

(3-2) g(&iW) , PŸ) + g(FX , (f *£)(?)) =0

for arbitrary Z € TM,n.
Let Af4n_1 denote the oriented hypersurface immersed in M*n. We will assume 

that N is a normal unit vector field to A/4"-1, i.e. g(N,N) = 1 , g(X,N) = 0 for 
X 6 TA/4"-1. Then vre have k(X) = 0 and

¡1
(3.3)

VxK =VxY + h(X,Y)N 

VXN = -kx 

for X,Y € TA/4"-1. Thus the formulas (2.8) have the form

(3-4)

(VxF)(y) = (VxF)(n - » «(K)Æ X - A(X,y),+
Of Or Or a

+e[(Vx«)(K) + » k(X,FY) - A h(X,y)]AT
or Or Or or or

(VxF)(AT) =Vx«j-»AKX + (roK)(X)+a a a a a

+«[9xa + e h(X, n) + (« O X)(X)]N

Substituting (3.4) to (3.2) and making use of (2.1) and the oonditions g(X, Y) =
= g(X,Y) for X,Y € TA/4"-1 g(X,i,) = u>(X) ([1]) and (2.5) we get the following

or a

relation for the induced metric g on A/4"-1

g((VxF)(X),FY)+g(FX,(VxF)(Y))+

+ w(X)[(Vjfw)(y) + e h(Z,FY) + (e - 1)A k(Z,Y) - « g(K Z,FY)] +

+ w(y) [(V2«)(X) + r k(FX, Z) + (e - 1)A h(X, Z) - t g(FX, K Z)1 = 0 .
Or Or Or Or Or Or Or Or

4. On some connections on a manifold connected with a S—structure.
• s

Let V denote the covariant differentiation of the linear connection on Riemannian 
manifold A/4", which satisfies the condition

Vxf = .'(X)f,(4-1) X € TA/4"
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where a£ are local 1-forme. By V we denote the covariant differentiation on A/4n_1 
of the induced connection. Ws have

(4.2)

(VxF)(V)

(Vx«)(F)
s
Vx*

dXX

= » »(Y)k x + h{xyY)n + «2 wry
o <* a »

= A h(X,Y) - ' h(X,FY) - w(Y)k(X) + » • ; • «'(X)w(y)
a Or Or or a p 0

= * A K X + k(X)n - (F O K)(X) + sg(X)n o « a a f

= h(X, n) - (« ° ¿)(X) +'. e «2(X)A
a o o a P P

X,YeTM*n~l.
Hence we get the following theorem 

5
Theorem S. If V is a covariant differentiation of a linear connection on 

Riemannian manifold which »atisfiet the condition (4.1) , then the induced connection 
on the hypersurface satisfies the relation» (4.2).

In the particular case we get

0
Corollary. If V is a covariant differentiation of the {F}-conneefton on Rieman-or

O'
man manifold (VF = 0 , a = 1,2,3) , then the induced connection on hypersurface 
satisfiSf the following formula»'.

fixF)(Y) = e v(Y)KX + h(X, Y)v 
a a a q,

(Vx«)(y) = A h(X,Y) - e h(X,FY) - w(Y)k(X)
(4-3) 0 “ 0“ 0 ° 0“ °

Vxi, = e A KX + fc(X)«f -(Fa K)(X)
a » a a a

axA = »h(x,,)-(WoX)(x)
a at a a

forX,y eTMtn~l.

0
Theorem 4. Let V denote the covariant differentiation of the {F}-connection

on Riemannian manifold with the metric g , which satitfie» the condition (3.1). 
Then we have

(v^)(Fx,Fy) = (v^)(x,y), 

(vii)(Fx,Fy)=sj (V^ix./Y)



60 M-Matoym, A-Znurak

for arbitrary vector fields X,Y,Z € TMin.

He first identity follows from the assumption and the condition (3.1). Substi
tuting FY instead of Y we get the second identity.

6. Riemannian manifold with Thchibana 3—structure. Let us consider 
the Riemannian manifold M*n with the metric g and with the 3-structure (F). Weor
assume that condition (3.1) is satisfied:

i(/’X,/Y) = ?(X,f), a« 1,2,3
Or Or

lor arbitrary X,Y G TM*". By V we denote the covariant differentiation of Rieman
nian connection without torsion with respect to the metric j.

The manifold M*n is said to be a manifold with Thchibana 3-structure, if

(5.1) (VXf)(y) + (VfF)(X) = 0 , a = 1,2,8

for all vector fields X,Y g TAf4n.
Let us consider a smooth oriented hypersurface M*n~l immersed in M*n. By 

N rwe denote the normal unit vector field on Af4"-1 (with respect to jr). Then we 
get the decomposition (XI):

FX = FX + ew(X)N , a = 1,2,3. 
or Or or or

The condition (5.1) implies

(5.2) (VXF)(Y) + (VyF)(X) = 0 for X,YGTM*n~lOr a
♦

The above formula and the formulas (3.4) imply the following conditions for the 
induced connection on Af4n~* :

$xF)(Y) + (VyF)(X) = 2 k(X, K), + e[w(y)X X + u{X)K y]

(5.3) * " “ “ “

(Vx«)(y) + (Vy W)(X) = 2I(x, y)A - <[ I(x, fy) + *(y, fx)]

Theorem 5. The induced connection on hypersurface of the manifold with 
Tachibana ¿-structure fulfills the relations (5.3).

6. Riemannian manifold with almost Sasaki 3-structure. Let us consider 
the Riemannian manifold M*n with the metric g and the 3-structure (F) , whichOr

satisfies the condition (3.1). By V we-denote the covariaM differentiation of the 
Riemannian connection without torsion wih respect to g.
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We define on M4n the tensor field ♦ of the type (0,2) as follow o

(«.i) «(x,y) = j(j-x,y), «=1,2,3o <v

for arbitrary vector fields X,Y € TM4n.
The manifold M*n is said to be a manifold with almost Sasaki 3-structure if

(6.2) v^(#(y,z)) + v£(»(z,x))+vj(|(x,y)) = o

for X,Y,i € TM4**. The condition (6.2) is equivalent to

(6.29 ^(g(FY,Z)) + i't(j(F2,X)) + VJ(i(/X,y)) = 0

Let M4n_1 denote a smooth oriented hyperaurface immersed in M4n with in
duced metric g , i.e.

f(x,y) = i(x,y)

for Xy Y € TA/4”-1. By 2V we denote the normal unit vector field to M4n~l (with 
respect to g). Using the decompostion (2.1) we get

V5r(i(ry,z)) + vt(g(FZ,x)) + vi(i(rx,y)) = o 

for all X, y, Z € TM4n~x. Hence we obtain

$(vvry,z) + g(FY, v'xz) + i(v^rz,x)+a a Q
+ ¡(FZ^'yX) + i(VJFX,y) + g{FX,V'zY) = 0 .

or or or

The induced metric g on AT4"-1 and the induced connection V* satisfy the condition

g(VxFY\Z) + g(FY,VxZ) + ,(VJFZ,X)+

+ g(FZ, Vy X) + g(VfcFX, y) + g(FX, VzY) = 0 .
•<2r Or or

The above condition is equivalent to the condition

Vx(g(FY,Z)) + Vy (,(FZ,X)) + Vz(„(£X,y)) = 0

or
Vx(»(y, Z)) + Vy («(Z,X)) + Vz («(X, y)) = o,

where

(6.3) »(X, y) = g(FX, Y) , X,y € TM4"-' .
Or O

Thus we have
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Theorem6. The aimott Sasaki structure {F} on Riemannian manifoldM*n
Or

induces the almost Sasaki $-structure {F} on on oriented hypersurface of M*n~l with
Or

the induced metric and the induced connection.

Let ns oonaider the tensor fidd # on hypersurlace A/*"“* defined by (6.3). The 
formula (theorem 3, [1]) :

f(Fx,Fy)=f(x,y)-«(X)«(y)
Or or Or or

and the relation (2.5) imply

g(FX, Y) = g(F'X, FY) + (« o F) (X)«(F) =
= e g(X,FY) - e 3(X)(« o F)(K) + (« o F)(X)«(K) =

= e y(X,FY) + A w(X)«(Y) - e A «(X)«(y).
a ot a a a or or or or

Hence we get
#(X,r) = e i(YyX) + (1 - e)A w(X)w(y) •
Or Or Or Or Or O Or .

If e * 1 . then 4 are symmetric
Or Or , ' '

#(x,y) = j(y,x).
or Or

If e = -1 , then we have
Or

|(x,y) + »(y,x) = 2A«(x)«(y)
• Or Ot or or ot

Calculating covariant derivatives from (6.1) with respect to (F}-connection 
(p. 60) we get

(V2f )(x,y) + #(V/X, y) + #(x, vfy) =

= fiii)(?x, y) + dritx, Y) + i(FX, v2y)

for arbitrary Xjje TM*n.
The above relation and the fannnla (6.1) yidd

(v2|)(x,y) = - j(F(v2x),y) - ¡(fx, v2y) + (Vjr)(rx, y)+
• « ® Or Or

+ i(F(ViX),Y)-i(FX^iY)

and we have , • .
(v*«)(x,yj = (vt»(FX,y).

Or O

•^
O

 I



Manifold with the 3-structure 63

Thus we have proved the following theorem:

Theorem T. The tensor field $ on Riemannian manifold M*n with a metric
or

g given by the formula

i(X,Y) = g(FX,Y} , X,Y GTM*n
a a

satisfies the relation
(v2|)(x,r) = (vii)(rx,y), ”

0
where V u a covariant differentiation with respect to {F}-connection (p.60).Or
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STRESZCZENIE

Niech M*n będzie 4n-wymiarowa rozmaitością Rieroanna z zadana na niej 3-struktura {F j, 
'ci

<»=1,2,3 spełniająca określone warunki. W pracy tej zostały podane wszystkie zależności miedzy ten

sorami Nijenhuisa danej 3-struktury oraz wzór na koneksje liniowa zerującą tensory F ,
• ar

<»=1,2,3 (twierdzenie 1 o istnieniu takiej koneksji). Uzyskane wyniki dla 3-struktury {F} na M*n 
a

zostały zastosowane dla koneksji indukowane] na hiperpowierzchni zanurzonej w M*n , na której
określona jest odpowiednia 3-straktura {F,W,^} generowana przez {F}. W dalszej części pracy 

o or a a
otrzymane wcześniej zależności zostały przeniesione na pewne specjalne rozmaitości i zanurzone w 
nich hiperpowierzchme.

SUMMARY

Let A/4n be a 4n-dimensional Riemannian manifold with a given 3-structure {F}, Or=l,23 Or
subject to some conditions. In this paper the relations between Nijenhuis tensor of the given 3- 
structure and a formula for the linear connection annihilating tensors F, Or=1,2,3 are given The
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existence of tuck connection i> established in Thin 1. The results obtained for the 3-etructure {P} 
o

on M*n ait applied to an induced connection on a hypersurface immersed in M*n where a suitable
¿-structure induced by {F } can be defined. These results are applied to some special maniiolds and 

Or
immersed hypersurfaces

*

/ »

\
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