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New Remarks on Some Univalence Criteria 

Nowe uwagi o pewnych kryteriach jednolistnoóci

1. Introduction. This paper contains an improvement and extension of some 
univalence criteria contained in my earlier papers [1] and [2]. Section 2 of this article 
contains general results while Section 3 includes some corollaries. We conclude with 
remarks and information about some misprints contained in [1] and [2], although they 
were of no consequence for all results of the above mentioned articles.

We begin with some notations : C is the complex plane ; A, dA denote the 
closure or the boundary of the set A C C = C U (oo), respectively ; R = (—oo, oo); 
K(S',R) is an open disc of centre S and radius R ; Er = {« : |z| < r},- r € (0; 1], 
E,=E; E° = {« € C : |w| >'r > 1} , tf=E°.

3. Main results. Before the formulation of general results we shall give a trivial 
but useful

Remark 1. Let D C C be a convex domain such that dD does not contain any 
rectilinear segment Suppose that AG D and w(Ao) = AoA + (1 - Ao)R G D, where 
A # B are fixed points. Then it is easy to see, that

a) (Ao € (0; 1)] => w(A) GD for each A € (Ao; 1) ,
b) [Ao > 1] =>w(A)e2? for each A € (1; Ao) .

a
We come now to the formulation and proofs of general results.

TTieorem 1. Let « > 1/2 , • = a + fit , a > 0 , fi GR be fixed numbers and 
let f(z) = * + a,*3 + • • • and g(z) be regular in E with f'(z] / 0 for z GE. Suppose 
that the following inequalities

(1) »rw a*| a|«|
• a 1 ~ a ’ »

and •

(2) " /(*)?(*) ' " ’
r,r(s), .«Mi
I /w J

at
a <ii£ia
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hold for z € E. Then } it univalent in E.

Proof. Theorem 1 was proved in [1] for a > 1/2 by using Pommerenke’s subor­
dinations chains. It remains to prove Theorem 1 in the limit case a = 1/2 for which 
the mentioned method cannot be applied directly. In this case from (1) and (2) we
obtain

(3)

and

(4)
|,|»/« */*<«> + h _ |,|*/*) fi£W + _ J- < W
11 /WfW 1 11 U/W fW J 20-2«

Let us' put /r(«) = r~lf(rz), gr(z) = g(rz) where r € (0; 1) is a fixed number. Then 
(4) implies the following inequality

(3) Nl/a //w )+(i - i«i‘/o) [vry+‘ 
fr(*)tr(*) I AW

>*W
0rW

Let us set Ar(z) = z f'r{z)HfT(z)grW), Br(z) = z fr(z)/fr(z)+tz g'r(z)/gr(z). FYom 
the definition and by (3) Ar(z) € K(s/2«;>|»|/2«) for z Ç.E. Applying Remark l,a) 
with D = K(»/2ct\ 1*1/2«) , A = A, (z) , B — Br(z) , Ao = Irzl1/“ to conditions (3) 
and (4) we’obtain the following inequality

(«) Izp/’ArW + (1 - |z|1/“)5r(z) - ./2« < 1*1/2«

± < H 
2« - 2« ’

which is equivalent to the following one

(7) M^PM») - Br (i)l + JVr(x) + 1 - ./2« < 1*1/2«

where ATr(z) = B,(z) — 1. In what follows we will show that there exists e € (0; 1) 
such that the inequalities

(8)

(9)

<0_±Æ ,
V ’ 2« “ 2«

I^O+O/oArix) + (1 - |x|(,+,)/“)Rr(x) - «/2a < 1*1/2«

hold for z € E. In such a case by Theorem 1 for a = (1 + ff)/2 > 1/2 
fT(z) would be univalent in E. Inequality (8) 1s an easy consequence of (3). From 
(5) by Remark l,a) we obtain (9) for |z| > r1^* because ¡rzj1/“ < |z|i,+,^° and 
K’(«/2a;|«|/2a) C K((l + e)«/2a;(l + e)|«|/2a) for each e 6 (0; 1). Now in order 
to complete the proof we ought to show that there exists e € (0; 1) such that (9) 
holds for |z| < r’^*. FYom (3) we obtain z~1f(z)g(z) / 0 for z 6 E and hence 
x-1/r(z)^r(x) # 0 in E. Thus there exists Af(r) > 0 such that |A(z) — R(z)| < A/(r),

)
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¡1V(*)| it M’(r) • Moreover in view of JV(O) = 0 and the Schwarz lemma 
|lV(i)| it Af(r)|z|. Similarly as (6) and (7) inequality (9) is equivalent to the fol­
lowing one

|,|(>+«)/«[Ar(,) - Br(,)] + Nr(t) + 1 - (1 + s)s/2o < (1 + e)|*|/2or .

It follows from the above considerations that

|r|(>+«)/»[Ar(z)-Sr(s)]+JVr(s) < M(r)(|s|<‘+*>'“ + |<|) < M(r)(|s|‘/« + |,|)

and (10) will be fulfilled for |z| < r1^* if Af(r)(|s|’/® + |z|) is smaller than the distance 
<f(e) of the point w = 1 from the boundary of K((1 + s)s/2o; (1 + e)|s|/2o) and if the 
point w = 1 is in that disc. Further we have <f(e) = (1 + s)|«|/2o- ¡(1 + «)s/2o- lj = 
=2s/[(l+e)(x/l+(£/<*)i+>/(l ~ <)*/(!-►«)* + (/’/«)’)] > */[U-H)t/l + (^/o)1] = 
= scos7/(l+e) where 7 = args € (—sr/2; sr/2), • = o+t0. Hence we deduce that the 
point w = 1 lies in the mentioned disc and d(e) > «eos-//2. Since 0<bm (4*/*) = 0

for 0 < 6 < 1 we obtain Jl/fiOO*!1/® + |»|) < + r1^*) < e cos 7/2 < <f(e)
for |s| < r1/* and for sufficiently small « € (0; 1). Hus (10) and so (9) is fulfilled in
E for this e and then fr is univalent there. Obviously f(z) — lim fr(z) is univalent r*'"* 1
in E as well. The proof of Theorem 1 has been completed.

Theorem 2. Suppose that g(w) = w + ho + hi«-1 + ••• , j'(w) # 0 , 
h(w) = 1 + «»«"" + • • ■ are regular in E° \ (oo) or E° respectively. For some fixed 
numbers a> 1/2, s = ar + »0> or > 0, fi € It, let the following inequalities

(11) »/(«) < «1*1 
?(»)*(») a J ~ a

(IV) +,,_,„!»/.)Íídfl + .iüíll . “I < 111!
f(w)h(w) ' ' L g{w) h(w) J o | a

hold for w £ &. Then g is univalent inE°.

The main tool in our proof is the following

Porrwnerenke’s lemma [3]. Let ro € (0; 1] and let f(z,t) = <»i(<)s + ••• , 
a1(t) gb 0 , be regular in Ero for each t G (0; oo) and locally absolutely continuous 
in [0; oo), local uniformly in Er„. Suppose that for almost all t £ [0; oo) f satisfies 
the equation ff(z,t) = zf'g(z,t)p(z,t) for z € Ero, where p(z,t) is regular in E and 
Rep(z) > 0 for z € E. If |oj(t)| —* oo for t —» oo and if {/(s,f)/ai(f)} forms a 
normal family in Ero, then for each t 6 (0;oo) /(s,f) has a regular and univalent
extension to the whole disc E.

Proof of Theorem 2. From the normalizations of g and h we infer that (11’) 
has the form

|w|”'®[(»s - l)e„w-" + o(»-»)l + 1 + Oí«"1) - ™ <
a

W -♦ OO
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and this in turn implies the following inequality

(11*) « < n«/2

FYom /(«) / 0 for w € E° and (11) we obtain ?(w)h(w) 0 in E°. Fbr £ € (0; oo)
let ns put formally

(12) /<M = [1 - (1 -«’‘WVV , zeE.

Then we have

*(«•*«“1) = ^- + *o + + • • • ,

/»(«•‘z“1) = l + enzne-nH+ •■■

Putting A(z; a, »,£) = !- (1 — c~iat)h(c*t— e~3at - (1— e~3at)(enzne~n*t + ■ ')

(14)

we obtain that A(z; a,s, t) £ 0 for z € Eri and for each f € [0; oo), where rj € (0; lj is 
a fixed number. Fbr example rj may be chosen so that jen»n + eo+i «"+1 + • • • | < 1 
for s € £?,,. Then |A(s;«,»,£)| > e_J<< - (1 - «-’•‘Je-0"“ =
= e_,0‘ [l - (1 - e-»«‘)e(i<»-»»<»)‘] > 0 for < € [0;oo) because 2a - na < 0 by (11"). 
Hence, for each fixed t € (0;oo), each fixed single-valued branch of f(z,t) is reg­
ular in Eri. Further from (13) we obtain «i(£) = (e“*«3**)*. In what follows we 
choose that fixed branch of power in <»i(f) for which |«i(f)| = e~ate3aot. Thus 
|«i (t)| = —► oo as £ —► oo because a > 1/2 and a > 0. By the definition of
A(z\ a,», t) and (12), (13) we obtain

/(*,<) _ >
«.(«)

________z________ .
(l + boe~*fz + biz3e~3ti +■••)[! — (e3*1 — l)(e„s"e“*** + en+i«"(n+,)*<

It follows from (14) and from (11") that there exists ro, 0 < ro < n such that 
{/(«,£)/«i (£)} forms a normal family in Ero. Furthermore, from the definition of 
/(«,£), its regularity in Ero it follows that /{(«,£) is uniformly bounded in ETo for 
£ € (0;T], where T > 0 is an arbitrarily chosen fixed number. Thus f(z, £) is absolutely 
continuous in [0;T], unformly in Er0- Now from (12) after some computations we 
obtain

= -* + wet*g'(wet,)[l - (1 — «~Ja‘)A(we‘*)] — »[(1 — «-,0,)we,*jr(wc‘,)h'(»et*)] ’

where w — z"1. Thus

(14') P(M) -• +
2a»

e™A(vef) + (1 - «>«‘)B(we‘»)
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where A(.) = ./(«)/[, («)*(«)}, B(u) = u/(.)/f(.) + «.*'(«)/*(.). (11) im­
plies that A(»e(*) € A’(a«/ar;a|«|/a) for each w € £° and t G (0;oo). Moreover 
A(w) # 0, because f'(w) / 0 for w € E°. It follows from (11’) that the quantity

+ (1 — |w|3a/0)5(loe,•) lies in £'(a«/a;a|«|/<ir), and in addition 
> elat. Hence, by Remark l,b) with Ao = |we,*|3’/“ and

A = «’•* we see that the denominator d of the r.h.s. of (14 ') lies in Jf(a»/a;a|«|/a) 
for each w eE° and t € (0; oo). Thus p(s,t) is regular in JB° for each t € [0; oo). The 
inequality Rep(s,t) > 0 and the relation d G ff(a»/or;«|«|/a) are equivalent by (14'). 
Then Rep(x,t) > 0 for z € E and t G (0;oo). Thus we see from the above consi­
derations that all assumptions of Pommerenke’s lemma are fulfilled. Hence f(z,t) is 
univalent in K for each t G (0; oo) and so is j because /(s,0) = l/jr(»~1). The proof 
of Theorem 2 has been completed.

In the special case » = 2 Theorem 2 was proved in [2].

3. Corollaries. We infer from (1) that there exists a function w which is regular 
in E and |w(s)| < 1, w(r) / 1 there and such that (l-w(z)]«»/o = z f'(«)/{/(*)?(«)] 
far z G E. Thking logarithm of both sides of the last equality and differentiating we 
obtain by (2) after simple calculation the following equivalent form of Theorem 1

Theorem 3. Let f(z) = » + «s*3 + • • • , /'(>) # 0 , 4e regular in E. If there 
acute a function u regular in E with |w(s)| < 1 , w(t) / 1 for z EE and tuch that 
the inequality

»<"(*)
1 - w(s)

hold» for tome fixed number! a > 1/2 , t =z a + i& , or > 0 , G 1 then f it 
univalent in E.

If we assume A(w) = w/(w)/p(w) in Theorem 2 then by simple calculation we 
obtain

Corollary 1. Suppote that g(u>) = w + 6o + hi»-1 + • • • it regular in E° \ {oo} 
and /(w) # 0 there. Ear tome fixed numbert« > 1/2 , » = a + »0 , «>0, 0 G It 
let the following inequality

(15)
+ (1 - H3-'“) [(1 - .)^yi + .(l +

f'(w) /J a a

holdt for w eE°. Then g is unvalent in E°.

Note that inequality (11) is satisfied automatically in this case because 
dK(at/a\ s|s|/a) passes through the points w = 0, to = 2s and this in turn im­
plies that tof'(to)/(p(w)A(w)| = 1 6 ff(ae/a;«|«|/a).

Now we will give Theorem 4 which is equivalent to Theorem 2. (11) implies that 
there exists a function w, |w(w)| < 1, u>(w) # 1, regular in and such that

(1«) ^(1-«(•)) = «/(«)
i(w)h(w)
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Thus by simple calculation we obtain from (11') and (16), similarly as previously, the 
following

Theorem4. Letg(w) = w+6o+&i«“1+-"» /(«) # 0, be regular »nf7°\{oo} 
and let w(w), |w(w)| < 1, w(w) # 1, be regular in E°. If for tome fixed numbers 
a >1/2, t = a + if), a>Q, ()€■ IL the following inequality

|w|ta'°w(w)-

. „ _ + ±[(1. .,«$1+^)] }| s 

holds forw (=E° then g is univalent inE°.

It is easily seen from (16) that w(oo) = 1 — a/at. If we assume in Theorem 4 
w(w) = const = 1 — a/as then we obtain

Corollary 2. For the previous assumptions let the inequality
(17)

LI-/.,. - - (. -+ 5[d - ->^+.^]}j
< 1

holds in E°. Then g is univalent in E°.

In the case t~ a = a = 1 we obtain from (17) the well known Becker’s univalence 
criterion, c£p.ex. [3], p.173.

Similarly as in Theorem 1 we come now to present the limit case a = 1/2 in Theo­
rem 2. It must be emphasized that this limit case is somewhat different than the men­
tioned one of Theorem 1. By definition of g and h we obtain » j'(w)/[if(w)A(w)] = 1 
at the point w = oo. A simple geometrical observation tells us that the point 
« = 1 lies on the dK(t/2a\ |«|/2o'). Thus (11) and the regularity of the quantity 

(»)*(»)] in E° implies that A(w) = w /(®)/j(w) in EQ. This leads to the
limit case a = 1/2 of the Corollary 1. Hence (15) implies the following inequality

(1«) < 1*1/2«

Let A(w) denote the expression in square bracket of (18). The function A(w) is 
regular in and A(oo) = 1. If A(w) # 1 then there exists a wo € E° \ {oo} such 
that A(»o) — 1 — e for some e 6 (0; 1). Further we obtain from (18)
|®o|,/» + (l-|®o|,/°')A(wo) = + (1 -|w0|»/«)(1_ff) = i+e(!wo|i/«_i) > i.
Thus + (l — |«o|1^“)A(wo) lies outside the disc R(s/2a\ |»|/2o) in spite of
(18). Therefore A(w) = 1 in E°. Solving the suitable differential equation we obtain 
f(w) = (e+w1^)* with |c| < 1. These functions are regular in JEJ°\{oo} and univalent 
in E° if and only if e = 0 or t = 1. Thus we obtain

Corollary 3. For a — 1/2 , s = a + if) , a > 0 , f) € R only the function 
g(w) = w satisfies Theorem 2 and in addition for t = 1 g(w) = w + ej does so.
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4. Concluding remarks.

Hexnark 2. We infer from (2) and (11) for z = 0 or w = oo respectively th>t 
1 € R(a»/a\ a|«|/o) if a > 1/2 but this cannot be true if 0 < a < 1/2. Then the 
assumption a > 1/2 is essential in our previous considerations.

Remark S. We shall iist here misprints in paper [1]. They are
= 1' = l;88e,fr(f)/l/(f)i(f)l ;89n,xrW/r(r)-xw'(s)/l?->-W(r)l;

924,»/"(«)//'(»); 93*,|»|* , 934,«/(2s-1) , 93», s/*(*)//'(*)-zw'(zW-w(r)| . 
They ought to be replaced by /J (0,0) = 1* = 1 ; f/'(f)//(f) i */"(*)//'(*) + 
+,W'(x)/l^-W(«)l; 1+srW/rW 5 W’ 5 «/(2s-o); zf'(z)/r(z)+zu,'(z)/\^- 
-w(s)l , respectively.

Remark 4. Similarly, there is b^z + ki»ae-,< on p.17911 and z € E° on p.180* 
in the paper [2]. It should be boze~** +b\z,e~,ti and z € E, respectively.
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STRESZCZENIE

Wcześniej w pracach [l] i ¡2] otrzymano dwa następujące główne wyniki, które cytuje si« tutaj 
igcdme z osiaczemam przyjętym w tych pracach. Dta ustalonych liczb a > 1/2, t — Q + Ż0, 
Ot > 0, Z? € (—oo; oo), K — 2a/a prawdziwe s* twierdzenia

Twierdzenie 3(1]. Niech f{z) = Z + »jZ2 +•••.. f'(z) £ 0, i f(z) bgda funkcjami 

regularnymi wE = {z 5 |i| < 1} tokmw, że |x /’(x)/[y(i)ff(*)l — aa/oj < a|»(/o dla Z £ E. 
Jeżeli proca tego zachodzi nierówność

(A) llK
/(*) f(*)

a* < aj*l 
q “ a

+ (l-ir(’-)

dla Z eE iof jcrt jadnolutna w E

Twierdzenie 3(3]. Ntechg(f) — f+óo + ^f-1 +• ••,/($) # 0, iÀ(ç) = 1+Cjf-Î + -- • 

b^dg funkcjami regularnymi w2?°\{oo} = {f : |f| > l}\{oo} takimi. be |,*/(f)/Ii(f )A(f )) -
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—0»/of| < «|»|/« <0a f € E°. Jeżeli proc* tego zachodzi meróumotć

(B)
u’« "'W + (i _ ki’*) fi/W + "
lfl i(f)A(f) + l lfl JL,(i) + *(f) J «

a •

dla f € E° i 0 < a to g je*t jednotutna w E°.

W niniejszej pracy rozszerza sig te wymiń dowodząc, że twierdzenie 2(1] zachodzi również 
w przypadku granicznym 0=1/2 (twierdzenie 1) oraz, że twierdzenie 2(2] zachodzi również w 
przypadku ogólnym, gdy A(f) ss 1 + enf—” 4" ‘' *, R — 1,2,... . Również dla twierdzenia 2 
rozważa si« przypadek graniczny 0 = 1/2. W p.3 podaje sis pewne wnioski oraz twierdzenia 3 i 4 
równoważne, odpowiednio, twierdzeniu 1 i 2. W zakończeniu formułuje sig pewne uwagi oraz podaje 
się usterki drukarskie jakie znajduj« sig w pracach [1] i [2].

SUMMARY

In the papers [l],[2] the following results have been obtained. Fbr fixed 0 > 1/2, » = a + if), 
a > 0, j9 € (—oo; oo), K — 2a/at we have

Theorem 2(1]. Let f(z) = 2 + 0j2J + • • • , f'(*) -fc 0 and g(z) be regular mE — {z : 
|z| < 1} and meh that |i;//(2)/[/(«)jf(z)) — 0«/o| < 0|»|/« for Z € E. If the inequality (A) 
hold* for all Z 6 E then f u univalent in E.

Theorem 2(2]. Letgfc) = f + 6o+6if_1+- • • , g'(f) 0 ondA(f) = 1 + Cjf-Î + - be

regtdar inE°\{oo) = {f : |f| > l}\{oo} and meh that |f (f)^(f)l~«»/®l «l»l/®
for all f € E&. Then, if the inequality (B) hold* for f 6 E^ and 0 < a, the function Ç it 
univalent in E°.

In this paper the above mentioned results are extended as follows. Theorem 2(1] holds in the 
Uniting case 0 = 1/2 (Thm. l)and Theorem 2(2] holds for A(f ) = l+e»i-n + - ■ • , n = 1,2,... 
Also the Uniting case a — 1/2 is considered. In Sect.3 some conclusions and Thrm 3,4 equivalent 
to Thms 1,2, resp. are given. Finally some misprints appearing in [l] and [2] are corrected.
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