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On a Horiaontal Lift of a Linear Cbnnection to the Bundle 
af Linear Fkarnes

O podniesienia horyzontalnym koneksji liniowej do wiązki reperów liniowych

H
The purpose of this paper is to define a horizontal lift V of a linear connection V 

on M into the total space FM of the bundle of linear frames r : FM — M.
We define »-vertical liftp X** of type a = 1,...», to FM of a vector held

X on M and in the standard way the horizontal lift XH to FM of a vector field X 
a

on M. Later, we define a horizontal lift V on FM of a linear connection V on M 
similarly as K. Yano for the tangent bundle in (3). Our definition of the horizontal

H
lift V on FM is different than the one of L. A. Cordero and M. de Leon in [1].

H
We find a torsion tensor and a curvature tensor of the connection V on FM. Next, 

we describe a geodesic curve on FM and a parallel displacement of the horizontal 
lift AB or the vertical lifts Av*, or = 1,...» of the vector A € TtM with respect to

a
the connection V.

Ws state that if V is a metric connection for the metric tensor g oaM, then the 
H,

horizontal lift V is a metric connection fior the diagonal lift O of g to FM.

1. Let M be an »-dimensional Hansdorff manifold of the class G°°. Let TtM be 
the tangent space at a point x. The ordered basis {Xojowi,...« of the tangent space 
T,M is a linear frame at x. Ws treat the linear frame {Xa}<W|„..n at x as the image 
of the map

(1.1) « : ft" —♦ T,M , «(eo) = Xo , a = 1,...»

where is the natural basis of R".
Let FM be a set of all linear frames over -V and let ir: FM -* M , »(«) = x, be 

the canonical projection. Let (if, s’) be a local chart on M, where U is the coordinate 
neighborhood of a point x. Each vector Xa af the frame « can be expressed uniquely

I
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in local chart (17, z‘) in the form Xa = zj, 3—7. Then, the induced local chart on FM OX*
is of the form (»"*(17),

If (£7,z*) and (17',z’’) are the local charts on M and z*' = z*'(z*) is a change 
of local coordinates, then for the induced local coordinates (r-1(£7),z’,z5,) &ad 
(jr~l(£7'),z,',z£) on FM we get:

(1.2)
a»*
a®*

Thus we obtain the change of the basis of the tangent space T„FM :

(1-3)
a^ ’ d*‘ °azi
a

a»*

o
a

az*«
4«

2. Let T be a linear connection on M as a connection in the linear frame bundle 
z : FM —■ M and V be its covariant derivative. The horizontal distribution JTr 
and the vertical distribution V on F(U) = ir~l(U) are spanned by vectors Z>, and 
Di,, » = 1,...», a = 1,...» defined in local induced coordinates (jr-1(i7j,z’,z,a) by 
formulas respectively:

Di = az* r<^a«*

If we change the local induced coordinates (1,2), then the vectors Di, Di, are related 
in the following way :

(2.2) Di = Ai‘Dt> , Di, = Ai's^D^ .

The dual coframe on z_,(t7) with respect to the frame {Di, Di, consists of
the 1- forms defined in local induoed coordinates by formulas :

(2.3) =dx> +I\iz*dz‘ .

There are two sets: (0°}a—1,„.„ and (w^Ja.^wi,...,, of the 1-forms on FM with local 
expression :

(2.4) 9a=x^ , ^=z“^ .

The 1-form 9 = 9a ® ea is a canonical 1-form on FM and (eo }a»i,...n is a canonical 
basis of IL".
The 1-formw = wjj®e£ is a connection form on FM and {r£}a,3«i,...n is a canonical 
basis of the Lie algebra ql{n, R).

Definition 1. A horizontal lift of the vector field X on M into the total space 
FM the bundle of linear frames is a vector field XH on FM defined by :

(2.5) *.XH = X , w(XH) = 0 .
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Definition 2. A vertical lift of type oa, a = 1,...» of & vector field X on M 
into the total space FM is a vector field X”* on FM defined by :

(2.6) <.X’-=0 , = ,

where [«—1 (X)J" denotes /J—coordinate of vector «_l(X) € Rn with respect to the 
basis

A
If a vector field X on M is of the form X = X* r in local chart (17,x*), then

the horizontal lift X" and the vertical lifts X*“ , a = 1,...» in the induced local 
chart (ar-* (17), are of the form:

(2-7)
Xa = XiDi 

X- = X^Di,

The vertical lifts of type t>o, a = 1,...» for the vectors -t-j- are of the form :
oar

Z g \»« -
UxJ ~ d¿a '

The vertical distribution V on FM is spanned by »-vertical lifts of type va

v = of ft vectors of the natural basis.

We have:

Proposition 1. For the horizontal lift XH and the vertical lifts Xv", a = 1,...« 
into FM of vector fields X,Y on M, we have the relations:

12 81 [x",y") = [x,yj" - 7r(x,y) , IX",y*i = (vxy)”'
(xv',yH] = [x,y]‘’»-(v^y)”* , [x*«,ytf*] = o

where ~¡R(X,Y) = Rijtx£XiY1D¡u and R,^ are the components of the curvature 
tensor of the linear connection? with the eovariant derivative V.

3. Let V be a covariant derivative on M of the linear connection T.

Definition 3. A horizontal lift cf a linear connection V on M into the total space 
H

FM the bundle of linear frames is a linear connection V defined by :

vx»yv- = (VXY)- 

vx«.y* = o

vXny" = (vxy)" 

VX’.Yh =0

for all vector fields X and Y on M.
H

The components of the horizontal lift V of a connection V on M with components 
T, * in the natural frame { } are of the form in the adapted frame {A* A.} = Dj,



34

if ft
Vd,Dk = r }kDl

(3J)
riJ=rif . ??/={'.{. = « . = ,
JT . H t tt . Hlr<:, = 0 . r,5=« . r,:,, = <i , r,X = » •

We have the relations :

(3-3)
( d d \ ' % 0

1--
-

1 •j?

d„ b$

Thus, the components of the linear connection V in the natural frame 
/ d d \ H H

d„ = \d? ’ dx*J "* the form: = ’

(3-4)

H t H . H" k~ — n^‘.=° , ^<=0 , =
H H

A torsion tensor T of the linear connection V is ci the form:

T(X\Ya) = (T(X,Y)}H+ 'lR{XXl , T(Xa,Yv')=0
(3.5)

r(X’*,rH) = (T(x,y))’* , r(X’*,yD') = o

H 3,
A curvature tensor ft of the linear connection V is of the form:

ft(XH,YfT)ZH = (ft(X,Y)Z)H

(3.3) R(XV‘,YH)ZH = 0

ft(X9*,Y*f)ZH = 0
»

Thus, we have:

P(XH,yH)Z’* = (R(x,Y)zy> 

R(Xa ,Y9‘)Zh = 0 
2(x»-,y»)z’-' =0

Proposition 3. The horizontal lift V is torrionless connection on FM iff a 
H

linear connection V on M satisfies: T = 0 and R = 0 . A curvature tensor ft of the



On a Hohaontal Lift of a Linear Connection ... 35

a
horizontal lift V on FM vanishes iff a curvature tensor R of a linear connection V 
on M vanishes.

4. Let G be a geodesic curve on the total space FAf with respect to the horizontal 
H .

lift V. In induced coordinates the equations of a geodesic curve G : I —♦ FM 
G : t —♦ G(t) = (x*(t),x*Q(t)) = (xA(t)) ft1® the form :

(4.1)
d2^ » i dx* dxv
■ —-I- -k P A ----- -----df* '4*' dt dt = 0 .

Thus, using the formulas (3,4) for F^, we get :

(4-2)

d2? dx> dxk
~^+ ik~dt~dT~Q

+ (ô«r^x* + r^x* - r/tr(i,x*)^.^+ 

„, d? dx2* „ , dx? dx< „
+ r'”’5’“*'+r”'"Sf"S' = 0 •

We denote :

(4-3)

Then if we assume that

(4-4)

*>4 _ , r i
dt dt + ,m ° dt

fix' dx> dxk

we obtain

(4.5)

P2x>o D ZPx»a\ 
-- dd v dt )dt*

*4
dt*

+r,m

= 7^ + <ô'r^ + r"A -
+ rmi• dx‘ dxm dxm dx‘• q i p » q

t dxl dxm
dT“dT

dt dt dt dt

+

Thus, we have :

Proposition 3. A geodetic curve on the total space FM with respect to the

horizontal lift V of a linear connection V on M with tensor torsion T = 0 , Ao» in 
induced coordinates on FM the equations of the form :

(4-6) d*j
dt*

+ r,iIm
dx‘ dxm 
dt dt dt2

2- =0= 0
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each vector Xa(t) = **(<)

Proposition 4. A curve G on the total »pace FM of the bundle of linear frame» 
H

it a geodesic curve with respect to the horizontal lift V, if projection G = x(C) on 
M is a geodesic curve on M with respect to V and the second covariant derivative of 

d
of the frame u along C defined by O vanishes.

CW

Let X be a vector field defined along the curve G on FM. The vector field 
X = Xx along the curve <7(t) = (xA(t)) is parallel with respect to the horizontal

H
lift V if the equations are satisfied :

(4.7)
dXx H . dx* ~ ^.+F^X^O

If a vector field X = X* —-r- on FM is the vertical lift of type of a vector field 
d °

X = X' —— on M, then the equations (4,7) reduce to : 
ux* /

(«) £ + I7,X‘£ = „
d

If a vector field X = X*Di on FM is the horizontal lift of a vector field X = X1 -r—r 
dx'

on M. then the equations (4,7) reduce to :

(4-9)
^L+r’x*—-o dt +r>*x di 

fdX’

Thus, we have :

Proposition 5. The parallel displacement of the vertical lift Av* of type va or 
the horizontal lift AB of a vector A € Tç^M along the curve G on FM with respect 
to the horizontal lift of a linear connection V coincides with the vertical lift of type 
va or the horizontal lift of the parallel displacement of a vector A along the curve 
G =■ «■(<?) with respect to a linear connection V on M :

(4-10) G(A9‘) = (G(A))V‘ , G(AB) = (G(A))H .

6. Let g be a metric tensor on M. We consider a diagonal lift G of g to FM 
with respect to a linear connection V. If in local chart (tf,x‘) the metric tensor g is 
of the form g = dx' ® dxJ, then the diagonal lift G of g with respect to adapted 
coframe (2,3): {if1, if^} on FM is of the form:

(5.1) G = gij vg* + Safigij
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(vx„c)<y" zH)==(vxi)(y,z)

(Vxir<3)(y,Z’») = 6°’{Vxg)(Y,Z) . 
(vx,.G)(y’*,zH) = o

We have the following formulas for the covariant derivative cf the diagonal lift G of g 
H

with respect to the horizontal lift V of V :

(vx«G)(y’-)zH) = o 
(vx„c)(yH,zH) = o 

(vx^G)(y’»,r,n = o •

Proposition 6. If g is a metric tensor on a manifold M and V » its metric

connection, then the horizontal lift V is a metric connection on FMfor the diagonal 
lift G of g.

REFERENCES
* ‘

[1] Cordero , L. A, de Leon , kl. , Horizontal lift of connection to the frame bundle , Boll. 

Un. Mat. Ital., 6 (1984), 223-240
[2] K u r e k , J . , On a horizontal lift cf a linear connection into linearized tangent bundle of 

second order , An. §tün(. Univ. “Al. L Cuz$.” Iagj Sect- I a Mat. (N.S.), to appear.
[3] Yano , K. , Isihara , S. , Thngeni and Cotangent Bundles , Marcel Dekker Inc., New York 

1973

STRESZCZENIE *

H
W pracy tej definiuje się podniesienie horyzontalne V koneksji liniowej V na rozmaitości Af 

do wiązki reperów liniowych FM analogicznie jak K.Yano [3] do wiązki stycznej.
W tym celu określa się w nowy sposób dla pola wektorowego X na M tt podniesień wer

tykalnych Xv° , O = 1,... fi oraz w standardowy sposób podniesienie horyzontalne X .̂

Wyznacza się tensor skręcenia, tensor krzywizny, geodezyjne, przeniesienie równoległe dla pod
li

niesienia horyzontalnego V na FM.

SUMMARY

H
In this paper a horizontal lift V of a linear connection V on a manifold M into the total space 

FM ot the bundle of linear frames JT : FM —» M, in a way.similar to that of K.Yano, is defined.
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H
The tonion tensor and the curvature tensor of the connection V ha* been determined, aa well a* 

H
geodesics and parallel displacement of the honaontal lift with respect to V are determined.


