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An inequality concerning series with decreasing positive terms
O pewnej nierownosci dotyczacej szeregow o wyrazach dodatnich malejgcych
06 oaHOM HepaBeHCTBE, OTHOCAWlEMCA K PAAM C NOJOMHTEbHbBIMH YObIBAIOLIHMH

YyaeHamMmH

1. Introduction.
Let 3 un be a series (convergent, or not) such that 4,0 and u, >0 (k=1,2,...).
Put

(1'1) U’l — E U, Uo = Uy
k=0
= u,
(1.2) on= Y =X,
U
k=0
n u .
(1.3) r,,=g; o,

It is well known that the sequences {Ua} and {o.} both converge, or both
diverge (see [3], p. 299). Besides, it is easy to prove that {z,} also converges
for convergent {U,} and then lim z, = 1.

n

In order to prove it, consider the following sequence-to-sequence trans-
formation:

1 i
(L4) nnz(m—m_l)eﬁ(un_ U,._)5’+ X

[ 1
. <U1 U)s,, + g 5
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where U,> 0 and U, ? U (i. e. U, increases and tends to the limit U).
Obviously (1.4) is a Kojima (or convergence-preserving) transforma-
tion (see e. g. (1], p. 385). For convergent {(&:] 7. tends to the limit

lim E.q
n

T lim U,
n

Therefore lim 1, = 1, since putting &; = U, in (1.4) we have 9, = ta.

If {U,) diverges, [t} may be convergent (e.g. for U, =} n + 1) or
divergent. (e.g. for U, = n + 1). We shall prove in the sequel that for
divergent 3 u, with positive and decreasing terms we have always

n
1.=0(log n) and that this bound cannot be decreased. This result is an
answer to the question raised by L. Jesmanowicz.

2. We first give an example of a divergent sequence {U,} withu, | 0
for which {t.} diverges and 7, >(1/2—¢) log n (¢ >0, arbitrary) if n is
large enough. N .

It is well known that, if , - + oo and Xf. diverges (8, » 0 for

Pn
ay+ay + . + @n
fo + By + o + Pn
for sequences, an immediate consequence of Theorem 9, p. 52, [2]).

n=20, 1,2, ..). then also — + oo (,,de I’Hépital’s rule”

Suppose the sequence {U,} fulfills the conditions:
(2.1) |U.} increases strictly: Un: —Un=1u, >0,

(2.2) u,— 0 strictly decreasing,

1
Un
(2.3) ' 1———_1' — + co.
Un Un
. 1 1 1
Putting an= 5, ﬂ,,=~u-— —,. We see by the above remark that
1 1 1
i]—0+[71+...+y;_u 1 | 11071
1 —_1— — Wn+, \Uo e T Utl)l__u'”l

Un + U, Uy
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tends to infinity and this implies that also -z,.=gf + ..+ f-‘" does so.

0 n

In particular, U, = logn(:: )(a\ez) fulfills (2.1) — (2.3). We have 1, >

SR Shgupre PR . {ule ol st (logz . 1 log(nta)—1

- (Uo el - Uy [log (n + a)]® ;! x s i log n
—log%o(g:-(}l-—)_ log n > (%—e\’ logn for m large enough.

3. We shall now prove that for any increasing and concave sequence
{Ua} (U, > 0) we have

(3.3) 1+ — + ... T +*i—O(logﬂ).

In order to prove it, we fix n and vary the first n + 1 terms U,, ..., Ur» so
that 7, should attain maximum. We remark also that

IUn L \ Un\u f Uu

| Un—y
W0 T O W |

U, J.

Then the inequality (3.3) is contained in the following
Lemma. Let x,=06=>0 and

+

3.1) Ty==0 >, — Xy > Ty—T, > s > Tn—Tn—y >0
If
= Lo d Tn—y
(3.2) 1a: (x” e D) (xn_, o \r
then
1
(3.3) a1 + + = ——

n+1

for all x,, ... =, fulfilling (3.1). This maximum is attained for x,= (k+1)4,
(k=1,2,..,mn).

Proof. The set D of points of the n-dimensional space whose coord-
inates x,, ..., , fulfill (3.1) is compact and 7, being continuous on this set
attains its maximum at a point P € D. (3.1) implies

(3.4) < L, Lo <Cxa <+ 1)6,
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: €, In . ] - - A
Since —* + =" is for x, == x, a strictly increasing function of x,, so x,, ...,

L
xn—, being fixed, z, attains its maximal value for x, of possibly greatest
value, i.e. Xn=2T y—; — Tn—y, fOr 2xs_,— Tn—o >xs by (3.1). Therefore

it suffices to find the maximum of

o — ( X, + x, Tk Tn—, 4 2Tn 2xq—, — x,._,) o
12 Tn—y — Ln—y Ln— X, X,
xu _____ I!I—1
xn’l .I‘o

Since (cp—:-—l—) =¢p’{1—'1._,), we have
@ @

1
—0
1%

2.
Zodh | \xn bl \x'l—

because (3.1) implies ———>

d 7\ \2
0.’1’,‘: g | 2 Tn_, :z:,,__)

Therefore ¢!") attains its maximum for the possibly greatest value of
Tn—;. Since by (3.1) Tp—y— Tn—g > Tn—y — Xn—y OT 2Xp—y— Tn—g > Tn—y,
therefore xp—, =2xp ,—Tn_3, Ta=2Tpn—y — Tn—g=3Tn—3— 2Xn—,.
Substituting these values into (3.2) we obtain

Lo = NI L. B

7(2) == - +
\ 3 .‘12,,_-, 2 :L‘,._3 2 xn—z . xn_s :1,‘,,_2 Lq

2 xn_z — :r,,._s —|- 3 xu—-2 — 2 .‘L‘,,_S \l = | l .‘L‘U xl

_+- N
&y Xo r’ ‘\2 21,‘"_2 s xn—s 1‘,,_2

+ ..

4 Tn—g 2Xp—g=—Xn 3\

. We have similarly
x, X, )

0? x 2
s l e 0 \l _( )
0 In—9 \ 3 .‘L‘,._g Ta=i 2 .‘r,,_3 ] xo 2 xn_z - x,._s x,

g 9 2
b b
| Xn—s] [Xp 22n— Tn—z| 1% Zn—s| |,
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since (3.1) implies 3 xn y—2xn—3 > 2 Ln—g— Tn—g, OF

2y A o 1
— ot [0 D PR T
1 ( 3 xn—-g b g 2 xn—-s ) < 1 (2 xn—a -y 1‘,,_3) and

g 2
h x & o
2 Xp—g — p—gz > p—y O 1— — > 1— ( LB
2 Lp—o = Ln—3y \xn —0

1® attains its maximum for the greatest value of xn—,, i.e. Tn_y=
2Xp—g — Xn—y. Therefore xn—o=2xn—g— Tn—y, Tn—y =2Tp—y— Tp—3=—
=3%xn 3—2Tn—y, Tn=2Tpn——Tn_g=4Tn—y — 3 xn—,. Substituting these
values into (3.2) we obtain the function 7'* of the variables x,, ..., xp—; and
an analogous computation shows that it is also an increasing function of
the variable x,—; and so it assumes the maximum for the possibly grea-
test value of x,—3. Then xn— Tp—3 = Tn—y—Tn—3=Tn—g— Tn—g=Tn—3 —
— Xn—,. The continuation of this procedure gives us that all the differe-
nces x; —Xx;—, (i=1,2,..,7n) are equal and x, shall be of possibly greatest
value, i.e. x,=46, x;,=26,...x,=(n + 1)4. Then

_ %, X, x S |
max 1, = T + ..+ =% —n+1+n+...+1

n— Tn—y _

and this is the desired result.

The obtained result implies an inequality for power series. Put

n

Zunz"=u(z), éUnz"=U(z), S%z"=U‘(2)
n=0

n=0 n=0

where {u,} is a decreasing sequence of positive numbers and U, = u, +
~u, + .. + u,, the series being evidently convergent for |z|<<1. Since

T e Um__ = - 1 1
U,.+Un l—}-...-}-U”—r-,, 1+ 2 +'"+n+1’ therefore
Vel sy T, (o1 1 1
n%;rnr IP(1-’;—r—+—1r '"'j.1+2+'"l—r 1——r10g1——r
1 1

or u('r)U‘(r)\<r(l_r) log T
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for real and positive r << 1. In other words

U (U (r) ‘/'rill—r)z .

iy ] 1
(Uyg+ Uir + Uy v +"')U.,+U1T+U._.r +) r{l—r]"'logl—r

for increasing, concave {U,} with positive terms and with the equality
for U, = n + 1 only.
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Streszczenie
Potézmy U, = u, + u; + .. T u, (4> 0, u, =>0dla k =1, 2, ..). Wy-
1]

kazuje, ze gdy {Ua) jest zbiezny, to 7, = u

g, .U,. ]+ +-. — 1, oraz po-

daje przyklad ciagu U, takiego, ze u, 0, za§ 7, “*( 2 —s) log n. Mamy

jednak zawsze dla ciggu rosnacego i wklestego o wyrazach dodatnich {U,}:

; 1 1
Tn - 1+§+--+‘n+1

i jest to oszacowanie mozliwie najlepsze. Wynika stgd nieréwnosé

Uy +U T+ oo+ Upr +...)(Ui- T T L )

dla0<r<l1,,=*jedynie dla U, =n + 1.
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Pes3ome
Monoxkum Up=u, + 4, + ... + un (4, =>0, ur >0 nua k—l 2,. )H Io-

‘ll.
o'} -n 1
Un—1 +.. + U, >

M a0 IpUMep TaKoi MocJen0oBaTeIbHOCTHA [U,.}, 4T0 Us {0, a T, >

KasblBalo, uro ecau (Ua] cxommresa, To ™=

>(-—--—e’ log n. Opgnako BcerAa Ajs mnocaenoBatesasHocty |(U,} pacty-

wen u BOI‘Hy'l‘Oﬁ C IIOJIOXKNUTEJbHBIMM 4YJIeHaMU MMeeM

: 1
1+ 5 > ;.. - R

M 3Ta OLleHKa BO3MOXKHO JIyd4Illasf. OTcloa BbITEKaeT HepaBEHCTBO

i
(U0+U,r+...+U,.r"+...)(U—+-[}— +.. +E-r"+ )<
n

1

Sri—mp BT

ona 0 <<r<<1. 3HaK = uMeeT MecTO TOJbKO npu U,=n+ 1.






