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An Extension of Typically Real Functions

Abstract. For a fixed A>0 let Tr(A) stand for the class of functions f
defined by the formula f'(z)=f_‘l 2(1—2zz+2?)"* du(z) , where u is a probability
measure on [—1,1].

Obviously Tr(1) coincides with the class of typically real functions. Some

convolution and coefficient results previously established for T'r(1) are extended
to the class Tr(}).

1. Introduction

Let A;(D) denote the class of holomorphic functions
(1) f(z)=z+a2® +---,

in the unit disk D = {z:|z| < 1}.
By Tgr(A), A 2 0 we denote the subclass of A;(D) consisting
of functions f which have the integral representation

2) 16)= [ g (e

where' p is a probability measure on the interval [-1,1] .

If Sp(a), —0o < a <1, isthe family of holomorphic functions
of the form (1) which are starlike of order @« in D and have real
coefficients, then we see that the function

(3) saz(z,z) :=

z
(1 -2zz+22)2°

36[—1,1],2€D,
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isin Sk(1—A) because

zs\(z,z) 1-zz
SN AT O\ NIRRT
sa(z,z) oy ki Rel—2:z:z+z2 = as

Re

This fact implies that Tr(A1) C Tr(A2) for A; < Az . Because
Tr(0) = {z} in what follow we assume A >0 .

Let us observe that Tgr(l) = Tr is the well-known class of
typically-real functions [1], [6], [11]. Moreover, the class Tgr(A) is
a convex set in the space A;(D) which is a locally convex linear
topological space with the respect to the topology given by uniform
convergence on compact subsets of D. So by Krein-Milman theorem
every convex functional on Tg(A) attains its extremal values on the

extreme points of T'r(A) [6]. It has been proved by Hallenbeck (2]
that

(4) Tr(A) =T@Sk(1-1X), extTr(A) = {sar(z,z):z€[-1,1]}.
The following two results are known for typically-real functions:

Theorem A (Robertson (8]). If f(z) =z+ Y oo ,8n2n € Tr
and g(z)=z+ Y o, bnz" € Tg , then
anby,
n

(fag)z)=2+) ——€Tr.

n=2

Theorem B (Leeman [4]). If f € Tgp, then

1
n—anggn(nz—l)(2—az), n SPdnidoag

Alternative proofs of Theorem A and Theorem B were presented
by Krzyz and Zlotkiewicz in [3] and by Ruscheweyh in [9] and [10].

In this note we extend in an appropriate way Theorem A and
Theorem B to the class Tgr(A). We will use convolution results of



On An Extension of Typically Real Functions ... 195

Ruscheweyh [9] and Lewis [5] and the properties of Gegenbauer poly-
nomials C.(.x)(:t) , A>0, z€[-1,1], n=0,1,... , which are
defined by the generating function

Z
(1-2zz+ 22)A

(5) —zZCm(z)z ,2€D, A>0.

n=0

2. Statements of results

In what follow we will use the following notations:

(@)n:=a(la+1)...(a+n-1),n=12,... , (a)o=1, a#0,

(2\)n—1
(n-1) "

(6) sa(z1)= ZA..(A):. ,A,.(A)-=

Theorem 1. If f € Tr()\), then

(2X)n1
(n-1)"

Inequality (7) is sharp and the extremal function has the form (6).

(7) |an| S = 1,2,‘ P

Theorem 2. If f(z) =z+ Y oo ,anz" € Tr()\) and g(z) =
z+ Y 0y bnz" € Tr()) , then

®) (F wa9)(s) i= Y 420 € Ta()

n=]

Corollary 1. If A =1 then we have Robertson’s result 8]
(Theorem A).

Corollary 2. If A =1/2, then we have the result that the class
Tr(1/2) = Sk(1/2) is closed under Hadamard product.
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Theorem 3. If f € Tr()) , then the following sharp estimate
holds

(2/‘\),1_1 (2/\ + 2),-,_2
OFF ey — %2 oy

For the function f(z) = sa(z,z) we have

(2A—a2), n=3,4,... .

2A)n-
lim ST"‘_'T)Tl e g (2’\ ) 2)1:—2
z—1" 2) - Qa2 iy (n - 2)'

Corollary 3. If f € Sj(1—A), A > 0, then the sharp estimate
(9) holds.

Corollary 4. If C,({\](J:) ,n=1,2,..., A>0, s a Gegenbauer
polynomaial, then
cMa) - cM(z) . (X 2hy
cr1y-cHMiz) =~ (n-1)

forz € [-1,1].

3. Lemmas

For the proof of Theorem 2 we need the following two lemmas.

Lemma 1 (9]. Let V C A (D) with W =% V compact.
Assume there is a function h in Ay(D) such that for all f.ge V
we have

(10) hxijo fri29€W .
Then (10) holds for all f,ge W .

Lemma 2 [5|. Let S*(a), —oo < a <1 denote the class of a-
starlike functions in D . If f(z) =z+ Y oo anz™ € S*(a), ¢(2) =
24302 baz™ € S*(a) then

(11) (f*1-0 9)(2) = Z A,,(1 z" € $*(a) .

a)’
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Lemma 3. Let

n
a,,::Zk(—z& .o Tl 9r L

J
! AFE =1 (2N )kra v . ot
x,.—g ( 3 }(k_l)!,]—1,2,...,n—1,2,...,.

Then the following identities hold

s,,_=(—2’\+|_1)", n=01,...,
n!
= (22 4 2)n—1
(12) On —2’\Ti')'—' ) 1121' )
= n(2A + n) = i3t

222X + 1) °

Proof. The proof of all identities (12) is based on induction
argument. We will prove the third equality of (12). Formula (12) for
Tn is true for n = 1 and let us assume that it is true for (n — 1) .
Then we have

(n-1)!  (n—1)@A+n-1)
2N, "T T 2a2h+1)
(n=-1) & k-1 (2\)k-a
2. Z:“ 3 —k1)!
_(n=-1)224+n-1) (n-1)
B 2X(2) +1) (2)\)n

{1+(1+ DAL

Ta = Tn-1+

g ol I b

n—1 . (2/\),,_1 ]\
X -1/
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_(n=-1)@A+n-1)  (n-1)f L
= WIANDA +.1) (2\)n i"""+/\ |

(R=1)2A+n—-1) (n=1) [(2N)nc1 - (2A+2)n_2)
g7 R XYY W TR e Sy {(n—l)l! e =eur iy
_ n(2X +n)

T 2322 +1)°

which ends the proof.

4. Proofs of theorems

Proof of Theorem 1. From the integral representation (2) and
(5) we find that

&
<
lan| < _max |Csy(2)] -

Using the integ‘ra.l formula for Gegenbauer polynomials (7]

- (2N)aT(A + 1)

C¥(e) =
nIT(3)I(A)
X :t+\/:rz—1cosgo]“sin2'\‘lcpdcp,h=0,1,. 3
0

we get after some manipulation with Euler Gamma function that

(2,\),.

(13) ICM(z)] < for z € [-1,1],

which implies (7).

Proof of Theorem 2. Let f,g € Tr(\) . We will apply Lemma
1 and 2. In our case by (2) and (4) we have

z

V= {s,\(z,z):s,\(z,:r)= =22z + 20 zTeE [—1,1]} )
W =% V = Tr()) .
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Let us put

h(z) =) A'(N)z", Aa(1/2)=1.
k=1

Then we have

(Fx0)2) = 3 220 = (hoaps S o1 )a)

n=1

If f and g are in V, then they are starlike of order (1 — A) and by
Lemma 2 so does f #) g , which implies (h *;/; f *1/2 g) eEW.
Applying Lemma 1 we end the proof.

Proof of Theorem 3. For f(z) =z+3 o ,a,2" € Tr(A) we
define the coefficients B, ,n =1,2,... , by the relation

(14)

From (2) we know that

an—l =nNan41 — 2(/\ +n-— l)a,, + (2/\ + n— 2)(1,,-1 ,
a = 1 y Qg = 0 y

1

(15") an = / c (z)du(z) , n=1,2,....
-1
Using the recurrence formula for Gegenbauer polynomials (7]
nCM(z) —2z(A +n - l)C,(,'\_)l(:r)
(16) +@A+n-2)CM(z)=0, n=23,...,
cM =1, cMV@)=2xz, CH1)=2x/n!,

we find from (15') and (16) that

nBn_; = / l [CP(z) — 2(A +n — 1)CD, (2)
+(2X + n = 2)C (=) du(z)

= -2 /_ llu +n—1)(1 - 2)CY, (2) du(z)

A+n

="—,\—"1‘ /_ ™ (z)(2\ — 2)z) du(z) .
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By (13) we can write

n—1 (2;\),-....1
) )(n —1)!

(17) nBa_y = (1 + [z =2y , n=2,... , ;1 =1

where v, € [-1,1] . From (14) we find

(18) Y kBi_i =nans —(2A+n-1)a., n=12,... .
k=1

After some calculations from (18) and (17) toééther with Lemma 3
one can get the following identity (n > 2)

C @aer - @V
e T )
1 1 (n —2)!

“len > T2t o

(0.2 = 2/\)

Sn—l y

where S, = Y7 (1 + "—;l)%n . Taking into account that
[va] €1, n=1,2,... , we have from the above relations

(2A)n—1 & (2A)n—1

CE S T

(2X = a2)Tn-1 ..

Applying Lemma 3 we find (9).
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