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Abstract. This paper is a slightly extended version of a lecture given at 
the Workshop on Complex Analysis. In Sections 2 and 3 the author’s results from 
[11] and [12] are presented, whereas Section 4 contains some new, unpublished 
theorems.
E g. for /,j€ BMOA the compactness of the operator H) Hj-HJ Hj is 
equivalent to the condition : lim(A(t _ (1 — | A|2)2 {/'(A)g'(A)—/'(A)9'(A)}=0 .

1. Introduction

Let D denote the open unit disc in the complex plane C and 
let da denote the area measure on D normalized so that the area 
of D is 1. For 1 < p < 00 the Bergman space Lpa is the subspace 
of LP(D, da) consisting of analytic functions on D . When p = 2 , 
we obtain the Hilbert space with inner product given by

<f,9>= I f{z)g(z)da{z) .
Jd

The space of bounded analytic functions on D will be denoted by 
H°° . The Bloch space B consists of analytic functions f on D 
such that

(!) 11/11« = sup{|/'(z)|(l - |z|2) : z £ O} < 00 .

The little Bloch space Bo is the subspace of B consisting of all
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functions f for which

(2> , lim (1 - k|2)|/'0)| = 0 .
|x| —1-

Some alternate descriptions of the spaces B and Bo are given e.g. 
in [3], [13].

Moreover, let Hp , 0 < p < oo , denote the Hardy space of 
analytic functions f on D with the norm 

(3) »/H«, = sup ( [' |/(re«r<ie/2»') .
0<r<l V-jt /

For 1 < p < oo the boundary values of functions of Hp may be 
considered as a subspace of Lp(dD,dQ/2'n') .

Let BMOA and VMOA denote the spaces of functions f in H2 
whose boundary values have bounded mean oscillation and vanishing 
mean oscillation on ÔO , respectively. There are several alternate 
characterizations of BMOA and VMOA spaces, ([7]) e.g. for f 
analytic on D

(4) f € BMOA <=> sup 
«en

< oo .
Hp

The proper inclusions

(5) K°° C BMOA C B

are well known [9]. It has been also noticed ([3],[4]) that in many 
cases the roles BMOA and VMOA functions play in the Hp theory 
are analogous to those the Bloch space and the little Bloch space play 
in the theory of Bergman spaces. The results concerning Hankel op
erators on the Bergman space Lp we are going to discuss strengthen 
this analogy.

Let P denote the orthogonal projection of L2 onto Lp . There 
is the following formula for P

= f , / € L2 .Jo (l - wzy(6)
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The above formula makes sense for f£Lp,l<p<oo, and we will 
use (6) to define P : Lp —> . It is well known that the operator
P is bounded for 1 < p < oo and unbounded for p = 1 ([4], [17]). 
The Hankel operator H f : Lp Lp is defined by

P) = fs - P(fl) ■

In 1986 S.Axler [3] proved the following theorems:

. Theorem A. Let f € L2 . Then Hj -.L2*-* (L^)-*- ” bounded 
if and only if f is a Bloch function.

Theorem B. Let f € L2 . Then Hj : L2a —»(£„)■*■ w compact 
if and only if f is in the little Bloch space Bo .

We prove that the above theorems remain true for 1 < p < oo .
Now to see the analogy between Hp and Lp spaces let us 

consider the Szego projection S: Lp(dD,d0/2ir) -* Hp given by by 
the formula

r* f(eie}(8) S/(z) = £ t , ,eD

and the Hankel operator defined by Hj(g) = fg — S(fg') . It is 
known that for 1 < p < oo , / E ff2 , Hf : Hp —► Lp(dD,d0/2ir>) 
is bounded iff f E BMOA and compact iff f € VMOA .

In Section 4 of this paper we consider only the case p = 2 . 
For f € L°° the Toeplitz operator Tf : L2 —* L2 is defined 
by Tf(g) = P(fg) . Tf is the multiplication operator on Lp for 
f E H°° . We deal with some operators connected with commutators 
of the Toeplitz operators and involving Hankel operators. The main 
result of Section 4 is

Theorem 4. Let f,g E BMOA . If the operator H*Hg : L2 —> 
L2 is compact then

(9) .HP- MWWIli'MI = o •
1*1—1"
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2. Bounded Hankel operators on L£ , 1 < p < oo

We shall start with the following

Theorem 1. For f G L2a the Hankel operator Hj : Lpa —> 
Lp , 1 < p < oo , is bounded if and only if f G B .

To prove the sufficiency we need the following generalization of 
Lemma 5 of [3]

Lemma 1. If 1 < p < oo and f G B then there exists a 
constant c > 0 such that
(10)
f l/(*) - /(“>)l|l - ”>»l"2(l - |w|2)-iAr(w) < c||/||b(1 - k|s)"’ • 

Jd

Throughout this paper the letter c will denote a constant not 
necessarily the same at each occurence.

Proof of Theorem 1. Suppose that f € L2a and 

||if/(ÿ)||p < c||p||p , for ff e L* .

Define
fcw(z) = (1 — wz)-2 , w, z G D .

Then kw G H°° C Lp and = (/— /(w))fcw .
Now for h G Lp , l/p + 1/p' = 1 , the integral

f Hf(g(z))h(z)d<r(z)

defines a bounded linear operator on Lp and

(H) I [ Hj(g(z))h(z)da(z)
IJD

< cll^llrll^llr' < dlffllpll^llp' •
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Replacing g(z) by fcw(z) and h(z) by z|l — wz\ 2 and using the 
well-known estimate (cf. [17, p.53])

L(12)

we obtain

(13)

da(z') 1
------ —— < c —--- ;—TT7T- , a > 0 ,D |1 — wz\2+a (1 — |w|2)c

(l- |w|2)2 ’
< c

On the other hand, in view of the identity,

[ Mzf^da^z) = [ 0(z)/'(z)(l-|z|2)da(z) , f € L\ , g G Hc 
JD JD

we have

)-/W)±.d,w= |/D (Tt|w)(1 - ,W)3

= I f + * r (/W - /(w))(i - |2p>
|7u (1 — zw)(l — zw)3 yD (1 — Zw)2(l — 2w)3

dcr(z)

For all analytic f G LJ(D, (1 — |z]2)“dcr) , a > 0 , the following 
formula holds

(14) /(„) = (a + l)jf . «ED.

Applying (14) with a = 1 to the functions /(z)(l ~ wz)"1 and 
(/(z) — /(w))(l — wz)~2 we get the equality

l/'(w)|
1- Iwl2 ■

Combining this with (13) we see that |/'(w)|(l — |w|2) , w € D , is 
bounded.

In view of Lemma 1 the proof of sufficiency can be performed 
similarly as in Theorem A ([3] p.328 ).
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The bounded Hankel operators on the Bergman one space were 
characterized by K.R.M. Attele in 1992 [2]. He proved

Theorem C. For f 6 lfa the Hankel operator Hf : L\ —> L1 
is bounded if and only if

sup{|/(z)l(l.- |z]2)log 1 :*eD}<oo.

3. Compact Hankel operators

For Banach spaces X, Y let B(X, Y) denote the collection of 
all bounded linear operators of X into Y . Let U be the open unit 
ball in X . An operator T E B(X,Y) is said to be compact if the 
closure of T(Uf is compact in Y .
In the case the space X is reflexive we have an alternate discription 
of compact operators.

Lemma 2 [14,p.107]. If X is reflexive and T E J3(X, Y) then 
T is compact if and only if ||Tx„ — Tx|| —> 0 whenever xn —> x 
weakly in X .

An operator T E B(X*, Y) is called *-compact if ||Ti„|| —> 0 
for every sequence {x„} which converges to 0 in the weak-star 
topology on X* .

For 1 < p < oo , 1/p + 1/p' = 1 , the dual of LJ can be 
identified with L? ( (££)* = L? ). Moreover, under the pairing

we have
(li)’sB , (B,y = L\.

We'have the following theorems, cf. [12].

Theorem 2. For f E L2a the Hankel operator Hy : Lpa —» 
Lr , 1 < p < oo , is compact if and only if f E B„ ■
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Theorem 3. For f E L2a the Hankel operator Hj •. L\—* Ll 
w *-compact if and only if

(15) (1 - |zl2)|/'(z)|log — 0 as 1*1 ->!"•

The next lemma is one of the main tools used in the proof of 
Theorem 2.

Lemma 3. Let (z,w) —♦ be a bounded measurable
complex-valued function on D x O , to —> <p(u>) be a continuous 
function on D vanishing on dD . Then, for 1 < p < oo , the 
operator S : —> defined by the formula

(16) S(h)(z) = i WM™) h(w)dcr(w) , z E D ,
Jd (.1 ~ ZW J

is compact.

4. Certain operators involving Hankel operators

In this section we shall deal only with the case p = 2.
For f,gE H°° there are the following relations between commuta
tors of the Toeplitz operators and the Hankel operators ([3], [4])

(17) T;T,-T,TJ =H'}H, ,

(18) r;r,-r,r; = #,•»/.
Hence Tf is essentially commuting for f £ H°° if and only if 

Hf is compact. On the other hand, for f E L2a , Hj is compact if 
and only if f E Bo (so f need not be bounded).

The characterization of the functions f,gE H°° for which the 
operator H^Hj is compact was conjectured by S.Axler ([3]) and 
proved by D.Zheng[16] and independently by S. Axler and P. Gorkin 
([6]). It states that the operator H* Hj is compact if and only if for 
each Gleason part G of the maximal ideal space of H°° , except 
for the disc D , either f or g is constant on G .
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In his paper [16] D.Zheng proved that, if f,g € B and

(19) lim(l-|z|2)2|mii,'(z)| = 0,
|*|—i

then H* Hf is compact. He also proved, using Hoffman’s results on 
Gleason parts, that if f,g G H°° and H‘ Hj is compact then (19) 
holds.
Now it seems natural to ask if (19) is also a necessary condition for 
compactness of H* Hj for f,g £ B . Theorem 4 states that it is if 
f,g G BMOA.

Let Aut(D) denote the set of analytic, one-to-one maps of D 
onto D . In the proof of Theorem 4 we will use inclusion (5) and the 
fact that an analytic function f on D is a Bloch function if and 
only if it is is finitely normal i.e. the functions

(20) /,(z) = /(/.(*)) - /(A(0)) , h e Aut(D)

form a normal family where the constant oo is not allowed as h 
limit, cf. [13].

For a continuous function u on D let 72.(u) denote the 
radialization of the function u , that is

r2ir
(21) 7?.u(z) = / u(ze,e^ d0/2n .

Jo
We will need the following lemma due to S. Axler and Z.Cuckovic [5].

Lemma 4. Suppose that u G C(D) Cl Ll(, da) . Then u is 
harmonic on D :/ and only if

(22) i u o hdcr — u(/i(0))
Jd

and
'RJu o h) G C(D) for every h G Aut(D) .

Proof of Theorem 4. Suppose the assertion of the theorem is 
false. Then we could find such a sequence {A„} in D that |An| —» 1 
and

lim (1 - |A„|2)2|/'(A„)||9'(A„)| = a > 0 .n —*oo(23)
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For A 60 let h\, tp\ denote the functions defined by

<24) *6D

and

(25) <?a(z) = , zED .

The sequence {/»a„} is weakly convergent to 0 in the space L2a. 
Hence, in view of Lemma 2,

lim <H*f Hghxn,hxn>= lim < Hgh\n, H fh\n> 
n—*oo J n—*oo J
= lim / (/ o <pab - /(A„))(g o (¿>a„ - g^n^da = 0 . 

n-»°o

Since f,g are finitely normal there exist a subsequence of {An} , 
which we will also denote by {A„} , and analytic functions F, G on 
D such that

/0<Pa„-/(A„) —>F and 0 o y?An - g(An)—> G
n—*oo n—*oo

uniformly on compact subsets of D .
We will show that the function FG is harmonic on D .
By (26)

i

(27) f F(z)&(z)da(z) = 0 .
, Jn

Now let w € D be fixed. Then also

/o^AnQ^w-AAn) —► Foipw and firo¥?Ano<)£>w-gi(A„) —> G o
n—>00 n—*oo

uniformly on compact subsets of D .
Let A'n = ¥>a„(w) and an = arg(l + Anw) . Then

(28) <PA<n(*) = V’A,, 09?w(2e_2,"B) , -?GD.
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Indeed we have

\ , w+*e~afa"
-2ia„ \ _ n ~T l + wze-łl°n

(29)
i i \ w+ze~2'an 
1 ' An l + ńFze-2*“’»

1 + wAn « 2,On +
—= (z). 
—2iotn W* 7l + wA„l + zc- —"t+Vw 

Since |A'n| —> 1 as n —> oo , by Lemma 2 again

(30) lim / (/o -/(A^)(g o - g(A'n))d<r = 0
n_*°° 7D

Moreover, by (28) and (29) the left hand side of (30) is equal to

/(/
JS)

lim 
n—*oo

°<P\no<Pw(ze 2‘“n)-/(A'„))(goy,An oęjw(ze 2,a")

- g(A'n))dcr(z)
= lim Z(/oVAn o</?w(z)-/(An) + /(A„)-/(A'n)) 

n~°°Js)
(jj ° V’An ° ^w(-e) - <j(A„) + g(A„) - g(A'n))da(z)

= / (F 0 <pw(z) - F o </>w(0))(G O 9?w(z) -Go y>w(0))da(z) .
Js)

It follows that

(31) f Fo^w(z)Go^w(z)<7(z) = Fo^w(0)Goyw(0) , wGD.
Jd

It means that the function FG satisfies the area version of the 
invariant mean value property.

To prove that FG is harmonic it is enough, in view of Lemma 
4, to show that for arbitrarily fixed w GO the radialization 7?.(Fo 
<pwG cupw) extends continuously to D .

First we show that F o <pw and G o <pw are in H2 .
It follows from the above considerations that

(32) F o <pw(z) - F o ę>w(0) = hm (/o y>A, (ze2,“n) -/(A'n)) .
n—*oo
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Since f EBMOA, there is a common bound for ||/°¥>A'n — 7(A'n)||/p 
((4)). In this case, the function which is the limit of the sequence 
{/ 0 V’a; — /(Azn)} *n the sense of uniform convergence on compacta 
is in H2 . To see this notice e.g. that for h analytic on D ||h||/p 

is equivalent to the quantity

/(I - |z|)|h'(z)|2da(z) .

Thus Fotpw — Fo<pw(0) € H2 which implies Fo<pw E H2 . Clearly 
the same is true for Go<pw . Now it follows that 7£(F cupwG o<^w) E 
C(D) (see [5, p. 9]).Hence FG is harmonic and d^^FG}/dzdz = 
F'(z)G'(z) = 0 ,z E D . In particular F'(0)G'(0) = 0 . Thus

(33) 0 = F'(0)G"(0) = lim (1 - |An|2)2/'(An)$'(An)n—>oo

which contradicts (23).

Final remarks

Recently K. Stroethoeff [15] characterized the bounded harmonic 
functions /, g on D for which Toeplitz operators Tf and Tg are 
essentially commuting. He also obtained the following

Corollary . Let 0 < r < 1 be arbitarily fixed , D(\,r) denote 
the pseudohyperbolic disk {z E D : |A — z\/11 — Az| < r} and let f 
and g belong to H°° . Then the following statements are equivalent:

(i) H’ Hj — H* H-g is compact ;
(ii) lim|XHl- |(/ o px - Z(A))(ff o<p\- ff(A)) -(go<px- o

Fx - /( A))| = 0 ;
(iii) lim|AHl- |(/ o<px- ?(\))(g °v>\- 3(A)) -(go<p\- gW)(f o

V>a - 7(A))| = o ;
(iv) lim|AHl- 7D(A,r) l/V “ f'9'\do = 0 ;
(v) lim|AHi- |D(X7yj7D(Ar)l(7o9’A-7(A))(3o9’A-3(A))-(3o<r’A-

3(A))(/o^a-7(A))|=0;
(vi) lim|AHl-(l - |A|2)2{7'(Ay(A) - /'(A)g'(A)} = 0 .
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In his paper K.Stroethoff asked if the above corollary holds for 
Bloch functions instead of H°° functions. Using the method of the 
proof of Theorem 4 and some results from [15] we easily show this 
corollary remains true for f,g€ BMOA.
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