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ABSTRACT. Cauchy-Riemann systems possess, in particular, global 
solutions w(z) of the topological structure w(z) — (x(zy)n with n an 
integer and x(’) a quasiconformal mapping of C onto itself. If the co­
efficients of the systems satisfy (rather weak) additional smoothness 
properties, then at either of the branch points an asymptotic expan­
sion (exists and) can be prescribed arbitrarily (with a well-defined 
degree of freedom), whereas an asymptotic expansion at the other 
branch point (also exists and) is then determined in a unique (but 
in general unknown) way. For a certain class of Cauchy-Riemann 
sustems we determine here this interdependence between both these 
expansions by means of a well-defined set of Taylor and Laurent co­
efficients. These ones depend (in an, in principle, computable way) 
only on the coefficients of the Caychy-Riemann system in question 
but are independent of our special problem. Moreover, they govern 
the continuability, of certain Taylor and Laurent series, to global 
solutions of Cauchy-Riemann systems.

I. Let a (generalized) Cauchy-Riemann system be given in complex 
notation

(1) w-z — u(z)wz + /i(z)w7,

where i/,/x € Lx, || |p| + |/z| ||ioo < 1. We assume without loss of 
generality that u, n are defined everywhere in CU {oo} = C.

It proves to be natural to ask for special solutions of (1), which 
are analogues of the ordinary powers zn. We have
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Theorem 1 [1,2]. Let v, p be Holder continous at Zo oo and at 
oo,n be any nonzero integer and a any constant / 0. There exists 
exactly one solution u>(z) of (1) in C \ {20} (in C if n > 1) such that

(i) w(z) = (x(z))n, where y is a quasiconformal mapping of C onto 
itself, x(zo) = 0,
and

(ii) w(z) admits the asymptotic expansion

w(z) = a(z - z0 + b(z - 20))” - ba (z - z0 + b(z - 20))”
+ O(|2-20|n+“)

at zq, where b, b are algebraic expressions in v(zo), p(zo), and 
a > 0.

We denote this unique w(z) by [a(z — 2o)"]i/,m or simply by 
[a(z — 20)] if no misunderstanding is possible. Existence and unique­
ness of [a(z — 20)”] also hold under weaker conditions on u, p, cf. 
[1]-

Every such generalized power [a(z — zq)n] also admits an asymp­
totic expansion at 00 ,

[a(z - 20)n] = an(z + boo2)n - 0^600(2 + boo2)n + 0(|2|n+a')

where boo, &oo are fixed algebraic expression in z/(oo), p(oo), and 
a' > 0. The correspondence between a and an is one-to-one for each 
n. Since (1) is real-linear, an runs through a (nondegenerate) ellipse 
around the origin if a runs through the unit circle.

We ask for the kind of this one-to-one correspondence under the 
additional condition that

(2) 1/(2) = 0 in C, p(z) = 0 for \z| < r and for |2| > R,

r, R positive constants, and 20 = 0.

II. For n > 1 we then have 

00
a2n + /3jz^ for |2| < r

j=n+l
00

anzn + ■ • ■ + aiZ + ao+ ^2a-jZ~^ for |2| > R. 
j=i

(3) [az11] = <
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We want to determine «o, <*i, • • •, by a (in fact both a and an 
determine all the remaining coefficients in (3) in a unique way).

To start with we dispense with the condition /z(z) = 0 for \z| < r. 
Let Q(z) be any polynomial,

Q(z) — anzn + • • • + aiz + a0, 

and let ff(z) be the solution of 

(1') w-2 = /z(.z)w7 in C

such that Q(z)— a0 is the principal part of the Laurent expansion of 
H at oo,

(4) H(z) = Q(z)+ ^a-jz 1 for |z| > R.
j=i

By Liouville’s theorem (for solutions of (1)), H is uniquely determined 
by Q. Using the integral operator P defined by

Pg(z) = f for g G Lp A Lq, 1 < q < 2 < p < oo,
7T 7 Q - z

and the two-dimensional Hilbert transformation T, symbolically 

Tg(z) = - | / for 0 £LS, 1 < s < oo,

H admits the representation

(5) tf(z) = Q(z) + /(z)

where

(6) /(z) = P($ + A 

and h = /Z(z) is the unique solution of

(7) h = TuQ7 + T^h in L„
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s from a neighbourhood of 2. This follows easily by means of the 
well-known properties of P and T and the validity of (1') for H.

Let

(8) pk(z) = kzk \

k a natural number for the time being, and let hk be defined by

(9) hk = Tpa^pk + Tphk.

Then
n

h = ^hk.
k=l

We put

(I»°2 = 0, (Tpy'g = T p((T p)”1-1 g) for m > 1,

and

(10)

Gk(z’,p) = Tp

Fk(z\p) = Tp

Then the unique solution of (9) (by the Banach fixed point theorem) 
is

hk = akFk(z; V) + âïGk(z-, p).

Because p(z) = 0 for |z| > R, Fk,Gk are analytic there, and oo is a 
zero of second order,

oo oo

(11) F*(z; m) = E G»(»im) = E
j=2 j=2

Because
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a comparison of the coefficients in (4) and (12) together with Liou- 
ville’s theorem gives, as a first consequence,

Extension criterion 1. Let H*(z) = anzn + ••• + a^z + «o + 
he analytic for R < |z| < oo. H* is the restriction of a

solution o/(l') to {|z| > R} if and only if

iai = + V? =-1,-2,....
1=1

Of course, a corresponding statement holds if oo is an essential 
singularity of H* .

Now let fi also satisfy ^(2) = 0 for |^| < r . Then Fk,Gk possess 
Taylor expansions at z = 0 ,

00 00
(13) Ft(z^) = ^A^zj, =

j=0 j=0

If we now require that H(z') = [azn], we must have

00 °° / n \
(<•*" + £ frziy = q’(z) + £ + ifiBp’) P

j=n+l j=0 \k=l /

for |z| < r . This gives

jai + ¿(«^>-1 + = ° for J = !,•••,«-!

1=1

and
na„ + + «1-3^21) = na

1=1

as necessary and sufficient conditions that the H(z) made up by Q'^z^) 
according to (5) - (7) is [02"]; the missing condition for o0 is simply

(14) oo = —P(ptQ' + /^)(0)-

Here we have used the fact that a solution of (V) having a zero of 
order > n + 1 at 0 and a pole of order < n at 00 must be identically 
zero. Thus we have proved
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Theorem 2. H(z) = [azn] if and only if H is given by (5)-(7), where 
ai,... ,an satisfy

n

(15) = ja6j,n, j = l,...,n,
*=i

and ao satisfies (14).

The equations (15) mean a 2n-dimensional real system of lin­
ear equations for the 2n real unknowns 3£ai,..., 3ftan, Sai,..., 3tan. 
Since we already know existence and uniqueness of [azn], we obtain

Corollary 1. System (15) with any right-hand side bi,...,bn has 
always a unique solution ai,..., an.

The determination of the coefficients /3j in (3) is contained in the 
following more general consideration: Let H(z) be any solution of 
(1') having a pole of order < n at oo, i. e.

oo

h(zï - 52 fcz] for < r’
i=o

H(z) = anzn + a„_i2n-1 -I------ h o^z + a0
OO

+ a_j2~J for |z| > R. 
i=i

Then

(f>A = Q'(z) + /'(z) = (¿«,?Y 

\=0 ' \=0 '

j=0 \=1 '

for |2| < r. This implies

n
(16) 52[afc(Ai-i+ = for j = l,...,n

k=l
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and

n

(17) + «L-B>-i) = jfij for j = n +l,n + 2,....
jfc=i

By corollary 1, the system (16) has always a unique solution, for 
arbitrary /?i,... , f3n. Thus we have proved the following

Extension criterion 2. A function Ht(z) = Pjz3 analytic for
|z| < r can be extended to a solution H(z) of (1') with a pole of at 
most nth order at oo if and only i/ (17) holds, where ax,... ,an are 
the unique solution of (16).

III. We now come to the case n < — 1. We put |n| = m. Let 

R(z) = y-mz~m + • • • + 7-iZ-1,

H(z) be a solution of (1') in C \ {0} with R(z) being the principle 
part of the Laurent expansion of H at 0, and oo be a zero of H,

OO

H(z) = for |-z| > R-
j=i

Then f(z) := H(z) — R(z) admits a Taylor expansion at 0,

OO
/(^) = 52?}^ for |*|<r. 

j=o

Also f(z) has a zero of at least the first order at oo, hence 

fz G LPC\ Lq with l<q<2<p<oo.

Because of (1') we have

fz = pfz 4" pR 1

thus
a^) = m)(^) = ^(^'+^)W
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with
h = TfiR' + Tfih.

Let pjfc(z) be defined by (8), but now k = —1, —2,.... For 

hk = T/j/yUpk +T/j.hk, k = -1,-2,... ,-m

we have

h= 52 hk = ^2hkFk(z-,n) + ^kGk(,z-,n))
k= — 1 k= — 1

with Fk,Gk as in (10), (11), (13), but where k is now a negative 
integer. Thus,

oo / —m \
£ ZMW) «' for I2I < r
j=0 \fc=-lfz(z) = /i(z) = 3
00 / — m

521 52 +^B-j))z 3 for 1*1 >R,
j=2 \fc=-l

and hence

3131 =
>=/
00 / —m

J=1
00 ✓ — m \

52 ( 52 (^^->-1 + )Jz-J_1 f°r 1*1 >

that is
= (-»7-i

(18)
—m

+ E
Jfe=—1

and
—m

(19) (-»/?-> = 52 ^kA'
k=-i

, m

We have H(z) = [7_m2_m] if and only if H(z) has a zero of order 
m at 00 , and this again holds if and only if /?_i = (3-2 = • • • = 
/9_(rn_!) = 0, (3-m / 0. Thus we have proved
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Theorem 3. H(z) = [-y~mz m] if and only if 7_i,... ,7-m satisfy

— m
(20)

= jj — —1, 2, . . . , m.

If we prescribe /3—m, then we again obtain 7-i,...,7_m as the 
unique solution of system (20). Equally, 7_m = a can be pre­
scribed. Then the first m — 1 equations from (20) yield the unique 
7_i,..., 7_(m_j), and the last equation then gives (3-m (and /?_ m 7^ 0 
if a 0). All this, in particular the unique solvability for both these 
variants, is again a consequence of the existence and uniqueness of 
[az-m].

As extension condition we here obtain analogously to extension 
criterion 1

Extension criterion 3. The function

+ OO
.#M = £ 71^

}= — m

analytic in 0 < |z| < r admits an extension to a solution of (1’) in 
C \ {0}, which is bounded at oo, if and only if

— m
hi = £ M‘2, + TTB'i.’,) Vj = 1,2...........

fc=-l

Of course, also extension criterion 2 has an analogue.

Remarks.
1. The situation for Beltrami systems

Wz = vwz

is analogous and simpler.
2. There arise some questions, for instance for
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- necessary and/or sufficient conditions for a system of coefficients
k = ±1,±2,..., j = 0,1,±2,... to belong to a sys­

tem (1'),
- completions of these systems of coefficients such that these comple­
tions determine the corresponding //(z) in a unique way,
- the behaviour of the A^\B^ or their expressions if r —> 0. (The 
corresponding questions of course also exist for Beltrami systems.)
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