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ABSTRACT. Let {Xn,, n > 1} be a sequence of random variables
uniformly distributed on [0,1] . Put X =inf(X1,X2,...,Xm),
m>1;and Sp =37 _, Xy, n>1.

In this paper the convergence rate for distributions of linear func-
tionals in the invariance principle is obtained.

1. Introduction and results. Let {X,, n > 1} be a sequence of
independent random variables uniformly distributed on [0,1] .
Let us put

Xt =inf (X1, X2,... , Xm), m>1,

"_ZX n>1, So=0,

and define

(1) ( 2::% /(22%)1/2, 1<k<n,

Sn,O 0, n_l.

l
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We will denote by Sp = {Sa(t), t €[0,1]}, n > 1, the random
functions given as follows:

~ t—1x
Sn(t) = Sn,k + ( n,k4+1 — n k)
tiy1 —tk

(2) fOI‘tG[ik,tk.}.l), OSICSTI—].,
Sa(0)=0, n>1,

where tk=Z'_l‘/Zm_1m, <k<n,t=0.

Let {Cjo,1j, Bc} be the space of continuous functions with the
uniform metric, and let £ be a linear continuous functional defined
on Cig,y) - It is known that £ may be written in the form

3) £z) = J{ 2(t) dut) |

where p(t) is a function with bounded variation on [0,1] (see f.e.
(2], p- 304).

We are interested in finding the rate of convergence in the invari-
ance principle:

L(Sn) 2 L(W), as n—o00,

where W = {W(t), t € [0,1]} is a Wiener process on (C[O,I],BC) 4
For simplicify of notations we write

A(X,Y) = sup |PIE(X) < N = PILY) < Al

where X, Y are random elements from (C,Bc¢) .
We can now formulate the following:

Theorem. Let S, = {S.(t), t € [0,1]}, n > 1 be a sequence
of random functions given by (2). Then for any linear continuous
functional £ defined on Cjy,] we have

(4) A(Sn, W) < Cc(logn)™2/3 |



On the Rate of Convergence for Distributions ... 103

where C is a positive constant dependent only on L .

This type Theorem for independent random variables has been
obtained in [2].

The rate of convergence in the invariance principle for integral type
functionals for sums of infima of independent random variables was
investigated in [5].

2. Proof. In the proof we apply some lemmas given by P. De- héuvels
([3], [4], lemmas 3.1, 3.2) and H. Hebda-Grabowska ([5], lemmas 3.3,
3.4) which we state in Section 3 in the interests of clarity.

/ \1/2
To shorten notation we denote ¢, = (25" _~ L) n>1 and
\ m=1] m
set
-1 —FE -
i, dis [Th41 — Tk : (Tk+1 — k)] l<k<n
n
Vn,() = 0 3 n Z 1 )

where r.v’s. T,, n > 1 are given in Section 3 by (3.1) (e(n) = n™1).
Put

k
(5) Un,k=ZVn,k, 1<k<n,n2>1

m=1
and P
LER="N Bnifpad sl o813 2
k=1

By Lemma 3.2 r.v’s. V,k, 1 <k <n are independent and

2
ked '’

0 Upn=1,1<k<n,n>1,

EV,: =0, 0®Vax= o Uns = 13,

Mmoreover

(6) LE‘-'l:O(s!(logn)_%“), s>2,n>1.



104 H. Hebda - Grabowska

Let us define the random functions W,(,” = {W',(.”(t), t €0, 1]} :
n>1:

t— 1tk
Wr(ll)(t) =Unk + Z—:;(Un'k+l — Unk),

k+1
w0 )=0,n>1,

(7)

where tx, 0 < k <n areasin (2).
Now using Theorem 3 ([2], p. 295) we obtain
(8) A(W(l) W) < Cf:l)(Lgls))‘Y(s) ’

n

where v(s) =min(2, 15), s >2,and C'E:l) is a positive constant

dependent only on the functional £ .
Adding s =4 to (6) we get LY = O(4!(logn)™!) and ~(4) =
1/2 hence from (8)

9) AW, W) < CP(logn)™/?

where C?) depends only on £ .

Now define
w®(t) =5 Lo 3
(10) tG[tk,tk+1), OSkSn—-l,

wP0)=0, n>1,

where

L
(1) Sn,rk=(£,\i—z;)./cn, 1<k<n

By the form (3) of functional £, (7), (10), and simply evaluations
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we can see that

PULW) = L(WD)| > 6,)

1
-7|[ (w,gn(_t)_w,gn(t))w)
0
(12) [

(WD(t) - WV (t)) du(z)

2]

tx

IA

rl
P[lr?;af IUn k— n,n“’n Q2 5n] )

where V' p is a variation of p on [0,1].
So, by Lemma 3.3 putting 6, = (logn)~2/> we obtain

(13)  P[|e(w®) - cw)| 2 (logn) %] < C{(10gn) 722 ,

where CE:S) is a positive constant dependent only on L .
By simple arguments we get

A(W},”,W) < A(W.},U,W) 4P Hc(W,52>) 3 L(W,?))\ > 5|

(14) + max [sup |P[L(W) < z + 6,] — P[L(W) < =],

sup |P[C(W) < z] — P[L(W) < z — 5n]|'_ :
By (9), (13) and the fact that
CW) = J/ W) du(t)

is normaly distributed with zero mean and variance o? = ful( p(l) —
1(t))2dt ([2], p. 305) we obtain

(15) AW, W) < CP(logn) 2%

as

sup |P[L(W) < z £ 6,] — P[L(W) < z]| < (27r)_1/2 % ,
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([6], p. 143).
Similar arguments (as in (12)), apply to the caseof S, = {S,(t), t €

[0,1]} we have

P||e(sn) - cwi®)| > 5]

—~ —~ l 1
(16) < P| max |Sne—SanlVe w260

< P logm) 1

by Lemma 3.4.
Replacing in (14) W.® by S., M by W' and using (15)
- (16) we get (4). This finishes the proof.

3. Lemmas. In this section we present some lemmas we needed in
the proof of our Theorem.

Let {¢(n), n >} be a sequence of positive numbers strictly de-
creasing to zero.

By {rn =7(e(n)), n > 1} we denote the sequence of r.v’s. such
that
(3.1) TH= inf{m : inf(Xy,...,Xm) < e(n)} ,

where {X,,n > 1} is a sequence of i.r.v’s. u.d. on [0,1].

Lemma 3.1. The sequence {Tn, n > 1} increases with probability
one and T, - 00 a.s.,as n — 00 .

Lemma 3.2. The random variables 7,4y —7,, n > 1 are indepen-
dent and if e(n) =n~!, then

E(thy1—Ta) =1, 0*(Tny1—Tn)=2n,n>1

Z E(Tk+1 — k)P /kP ~ pllogn .

k=1
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Lemma 3.3.

P[max |S,,,,‘—U,,k]>5 s

—_— 4 4 ’
1<k< : 6n ch

where Unr and Sp. are asin (5) and (11) in Section 2, and

Cn = (2 :':1=l %)1!‘2 :

Lemma 3.4.

P| max [Snk = Sl > (logn) ™| = O((logm) ") ,
where gn,k are given by (1).
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